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PREFACE TO THE FIRST EDITION 

It is generally conceded that the final aim of mathemati- 
cal teaching should be not only the .acquisition of practical 
knowledge, but that training of the student's mind which gives 
a distinct gain in mental power. In recognition of this prin- 
ciple nearly all college entrance examinations in geometry 
require some original work, and most text-books devote consid- 
erable space to exercises. Comparatively little, however, has 
been done to introduce the student systematically to original 
geometrical work. No teacher of physics or chemistry would 
ask a student to discover a law without so guiding his work 
as to enable him to reach the desired result ; many text-books 
and teachers expect the pupil to invent geometrical proofs and 
to solve problems, entirely new to him, without offering any 
assistance further than a knowledge of the well-established 
theorems of all text-books. Some writers give a description 
of the analysis of propositions, which is entirely logical and 
of great advantage to a person of some mathematical knowl- 
edge, but which is usually too abstract to be of any practical 
value to the beginner. In this book the attempt is made to 
introduce the student systematically to the solution of geo- 
metrical exercises. In the beginning the exercises given in a 
certain group are of similar kind and related to the preced- 
ing proposition; later some general principles are developed 
which are of fundamental importance for original work, as, 
for example, the method of proving the equality of lines by 
means of equal triangles ; the method of proving the propor- 
tionality of lines by means of similar triangles, etc.; and finally 
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the analyses of theorems and problems are introduced, but in 
a more concrete form than usual. 

The propositions are arranged with the view to obtaining 
a perfect logical and pedagogical order. An unusually large 
number of exercises is given, selected with care for the pur- 
pose of securing increased mental power. 

The general plan and the preparation of the greater part 
of the book are the work of Dr. Schultze, while that of Dr. 
Sevenoak has been chiefly editorial. 



PREFACE TO THE REVISED EDITION 

The main purpose of the revision of this book has been to 
emphasize still further and to elaborate in greater detail the 
principal aim of the original edition, viz., to introduce the stu- 
dent systematically to original geometric work. To make the 
teaching of geometry both disciplinary and informational ; to 
give to the student mental training instead of teaching him 
mere facts; to develop his power instead of making him 
memorize, — these are the fundamental aims of this book. 

The means employed for this purpose are similar to those 
used in the first edition. Still greater emphasis, however, has 
been placed upon the general methods which may be used for 
the solution of original exercises. The grading and the selec- 
tion of exercises have been carefully revised. All originals 
that appeared unfit or too difficult have been eliminated or 
replaced by simpler and better ones. Topics of fundamental 
importance, e.g. the methods of demonstrating the equality 
of lines, are represented in greater detail and illustrated by 
a greater number of exercises than in the first edition. 

In addition to these fundamental tendencies, a number of 
minor improvements have been introduced, among which may 
be mentioned : 

Improved presentation of the regular propositions. Many 
proofs have been simplified, a more pedagogic sequence of 
the propositions of Book I has been adopted. Books VI and 
VII have been considerably simplified, and a number of diffi- 
cult theorems of minor importance have been omitted or placed 
in the appendix. 

vii 
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Simplification of the so-^xxlled ^incommensurable case,^^ As 
this is a claim that is made by most text-books, it may be re- 
ceived with some degree of skepticism, but a repeated trial of 
this new method will reveal its simplicity. For the more con- 
servative teacher, however, who dislikes fundamental changes, 
the time-honored method is given in the appendix. 

The introduction of many applied problems. These problems 
have been selected and arranged so as to increase the interest 
of the student, without sacrificing in the least the disciplinary 
value of the subject. Many such problems are given in the 
appendix. 

The arrangement of the propositions and the terminology are 
in accord with the best modem usage. Thus, statements and 
reasons have been separated and placed in parallel vertical 
columns; the term "congruent" and the corresponding sym- 
bol are introduced and applied consistently, etc. 

Many of the diagrams have been improved. The construction 
lines are drawn completely for most problems, graphical modes 
are employed for pointing out important facts, and many dia- 
grams have been otherwise improved. 

Thanks are due to Dr. J. Kahn and Mr. W. S. Schlanch for 
assistance in reading the proof and for helpful suggestions. 

A. S. 
August 1, 1913. 
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SYMBOLS AND ABBREVIATIONS 



+ . 


1 • plus, or added to. 


alt. . . 


. alternate. 


— 


, • minus, or diminished by. 


ax. . . 


axiom. 


= 


, • equals, or is equivalent to. 


circum. . 


circumference. 


Q6 . 


, , congruent. 


comp. 


. . complement. 


¥= . 


, • is not equal to. 


con. . , 


. , construction. 


> . 


. is greater than. 


cor. . . 


. . corollary. 


< . 


. is less than. 


corr. . . 


> . corresponding. 


• 
• • 1 


. . therefore, or hence. 


def. . . 


. definition. 


± . 


. . perpendicular, or is per- 


ex. . . 


. exercise. 




pendicular to. 


ext. . . 


. exterior. 


Js 


. . perpendiculars. 


hom. . , 


, . homologous. 


II . 


. parallel, or is parallel to. 


hy. . 


. . hypotenuse. 


lU . 


. parallels. 


hyp. . 


. . hypothesis. 


/x* 


. . is similar to, or similar. 


iden. . . 


. . identity. 


z . 


, . angle. 


int. . . 


. interior. 


A , 


. angles. 


isos. . 


. . isosceles. 


A . 


. . triangle. 


rt. . . 


. . right. 


Jk , 


, . triangles. 


St. 


, . straight. 


a 


. . parallelogram. 


sub. . 


, . substitution. 


m 


. . parallelograms. 


sup. . 


. supplementary, or 


o 


. . circle. 




supplement. 


(D 


. . circles. 


Q.E.D. 


. . quod erat demon- 


^^ 


» . arc ; as ^4 7?, arc AB, 




strandum (which 


adj. 


. adjacent. 




was to be proved). 



PLANE GEOMETRY 

INTRODUCTION 

DEFINITIONS 

1. A physical body, such as a block of wood or iron, occu- 
pies a definite portion of space. The portion of space occu- 
pied by a physical body is called a geometric solid or a solid. 




2. Def. a solid is a limited portion of space. It has 
three dimensions, lengthy breddth, and thickness. 

3. Def. Surfaces are the boundaries of solids; as ABED 
or BEFC, They have two dimensions, length and breadth. 

The boundary between a window pane and the air is a surface. Ob- 
yiously such a boundary has no thickness. 

4. Def. Lines are the boundaries of surfaces, as ABj AD, 
(Figure of § 1.) Lines have but one dimension, length. 

Thus, the annexed black line AB is 
not a geometric line, for it has breadth. 

A true geometric line, however, is represented by the boundary between 
the black and the white. 

5. Def. Points are the boundaries or the extremities of 
lines. They are without dimensions, having position only. 

Surfaces may be conceived as existing independent of the solids whose 
boundaries they form. In like manner, lines and i)oints may exist inde- 
pendently in space. 

B 1 . 
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6. Def. a geometric figure is a poiat, line, surface, or 
solid, or any combination of any or all of these ; as if or .y. 





A rectilinear figure is a figure composed of straight lines only. 

7. Dep. Geometry is the science that treats of the proper- 
ties of geometric figures. 

8. The simplest line is a straight line. It is represented 
approximately by a string stretched taut between two points ; 
as AB. The word "line" is frequently used to denote a 
straight line. 



•B 




A very simple term is, as a rule, not easy to define on account of the 
difficulty of finding still simpler terms by which to define it. The notion 
of a straight line is such a simple and fundamental one that it is practi- 
cally impossible to give a good definition of it. 

9. Def. A curved line or <:urve is a line no portion of 
which is straight; as CD, 

10. Def. a broken line is a. line composed of different suc- 
cessive straight lines ; as EF. 

11. .The expression, straight line, is used to denote both an 
unlimited straight line and a part of such line. 

A line of definite lengthy also called a seg- 
ment, or line-segment, is represented by a 
line whose ends are marked ; as AB, The 

length of this line is also called the distance c p 

from ^ to B. 



Ah 



iB 
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A line whose ends are not marked represents a line of indefinite 
length; as CD, 

12. The direction of the line AB means the direction from 
A toward B\ of BA, the direction from B toward A. 

A B 

I 1 




13. To produce the line AB means to prolong it through B ; 
to produce BA means to prolong it through A. 

14. Def. a plane surface or a plane is a surface such that 
a straight line joining any two of its points lies entirely in the 
surface. 

15. Def. A plane figure is a geometric 
figure, all of whose points lie in the same 
plane ; as EF. £ 

r 

16. Def. Plane Geometry treats of plane figures only, 

17. Def. Solid Geometry treats of figures which are not 
plane. 

18. When one figure can be placed upon another so that 
each point of one lies upon some point of the other, the fig- 
ures are said to coincide. 

19. Def. Congruent figures are those that can be made to 
coincide. 

For reasons that will appear later congruent lines are frequently called 
equal lines. Similarly angles that can be superposed are usually called 
equal angles, 

20. Proof by superposition is the method of proving the 
congruence of two figures by making them coincide. 

21. To bisect a line means to divide it into two equal parts. 
Thus, AC is bisected if ^Z> = DC. . , 5 .^ 
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Ex. 1. What is the path of a moving point ? 

Ex. 2. What geometric figure is, in general, generated by a moving 
line ? by a moving surface ? 

Ex. 3. Can a straight line move so that its path is not a surface ? 

Ex. 4. How does a stone cutter use the straight edge to determine 

whether a surface is plane ? 

Ex. 6. What kind of surface is represented by each wall of a room ? 

Ex. 6. What kind of surface is represented by a gaa-pipe ? 



ANGLES 

22. If a straight line OA revolves about one of its points O 
until the line reaches the position OB, then the amount of this 
rotation is called " the angle AObP Obviously the amount of 
rotation, and hence the angle, does not depend 
upon the length of the line which rotates. 

The lines OA and OB are called the sides and 
the point the vertex of the angle AOB, i 

The student should note that the preceding statement is not a defini- 
tion, but merely an explanation of the term angle. No definition of this 
term exists that is free from objections.* 

23. Notation. If three letters are used to denote an angle, 
the vertex letter should be read between the others ; as angle 
ABCj angle EOF, A single letter at the vertex denotes the 




* The definition that is at present most widely used is the following one : 
'' An angle is the figure formed by two straight lines diverging from a point." 
This definition, however, not only fails to explain which part of the figure 
really constitutes the angle, but it also makes use of the undefined term 
'diverge.' Moreover it is not applicable to angles greater than 18QP. 
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largest augle at this vertex (if there be several at this point). 
Thus, angle DOF may be read "angle 0," angle ABC may be 
read "angle B." 

Frequently an angle is also designated by a number, or italic 
letter, placed within it, as angle 1, augle 2, angle m. 

Often a curve is drawn to point out more clearly which angle is meant ; 
as angle 2, and angle 3. An arc placed close to a number shows which 
angle is designated. Thus, angle MXP may be read *' angle 3,** and 
angle NXQ may be read " angle 4." 

24. To bisect an angle means to divide it into two equal 
parts. 

Thus, BD bisects angle ABC^ if angle 
ABD = angle DBC. BD is called the bisector 
of angle B, 




25. Def. a straight angle is an angle 
whose sides lie in the same straight line , 

but extend in opposite directions, as ABC. C-^-^ 



/ 



■8 i-^A 



26. Def. A right angle is an angle equal to one half of a 
straight angle. 

Thus, if OC bisects the straight angle AOB, angle 3 and angle 4 are 
right angles. 



B. 




RI6HT AN6LCS 



ACUTC AN6LE 




OBTUSe AN6LE 



27. Def. An acute angle is an angle less than a right angle ; 
as angle 5. 

28. Def. An obtuse angle is an angle greater than a right 
angle, but less than a straight angle ; as angle MNO. 



6 



PLANE QEOMETRT 



129. Def. a reflex angle is an 
angle greater than a straight 
angle, but less than two straight 
angles ; as angle 6. ^..^ 

An angle denoted by the usual 
methods does not signify a reflex angle, 
unless designated as * reflex angle* or 
indicated by an arc. 

30. Def. Acute, obtuse, and reflex angles are called oblique 
angles. 



\ 

A 



V..., 




31. Def. Two lines are perpen- 
dicular to each other if they meet 
at right angles ; as ^C and BO. 

The point of meeting (O) is the 
foot of the perpendicular. 



B 



L 



—A 



32. An angle is measured by finding how many times it contains a 
certain unit. The usual unit is the degree^ or one-ninetieth (^) of a 
right angle. A degree is divided into sixty equal parts called minutes^ 
and a minute into sixty equal parts called seconds. Degrees, minutes, 
and seconds are expressed by symbols, as 6^ 60' 12". Read six de- 
grees^ fifty minutes^ and twelve seconds, 

33. Def. Adjacent angles are two angles that have a com- 
mon vertex, and a common side between them ; as angles AOB 
and BOC, 




—A 




34. Def. Two angles are vertical angles if the sides of each 
are prolongations of the sides of the other ; as angles 7 and 8, 
or angles 9 and 10. 
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35. Def. Two angles are complementary if their sum equals 
a right angle. 



Each is then called the complement 
of the other. Angles 6 and 6, or MPN 
and NPO, are complementary. 



l^ki. 



36. Dep. Two angles are supplementary if their sum equals 
a straight angle. 

Each angle is then called the supplement of the other. Angles 1 and 
2, or angles 3 and 4, are supplementary. 





Ex. 7. How many degrees are in a right angle? In a straight 
angle ? In one half a right angle ? 

Ex. 8. What is the angle made by the two hands of a clock at 
three o'clock ? At six o'clock ? At two o'clock ? At five o'clock ? 

Ex. 9. What is the angle made by the hands of a clock at 1 p.m. ? 
At 2 : 80 P.M. ? At 6 : 30 p.m. ? 

Ex. 10. Over an angle of how many degrees does a spoke of a wheel 
sweep when the wheel makes J of a revolution? ^ of a revolution? 
2 revolutions ? 

Ex. 11. How large is each angle at the center if a pie is divided into 
5 equal parts ? 6 equal parts ? 

Ex. 12. What angle is formed by lines drawn towards north and 
northeast ? Towards S. and S.E. ? Towards N.W. and S. W. ? 

Ex. 13. Over what angle does the large hand of a watch sweep in 
10 min. ? 16 min. ? 30 min. ? 46 min. ? 1 hr. ? 

Ex. 14. In the diagram of Ex. 16 read by three letters : ^a, /.b^ Zd^ 
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Ex. 16. In diagrams similar to the one given here find the numerical 
values of the required angles : 

(a) If Za = 80°, andz:6 = 40%findZ-AOa. 

(6) If Z 6 = 86°, and Z c = 10^ find Z BOD, 

(c) If Z6 = 40°, 2^c = 10^ andz:(! = 60°, findZ^OJF. 

((?) If Z^OC = 60^and2^6 = 40^ find2^a. 

(e) liZ.AOD = 90°, Z a = 86°, and Z c = 10°, find /. h. 

(/) If Z ^0^=110°, Za = 20°, and z:<! = 30°, find 
ZBOD. 

(g) IfZ^OC = 60°,andZa = Z6,findZa. 

(h) If Z ^02) = 76°, and Za = Z& = Zc, find 2^c. 

Ex. 16. In the preceding diagram, v^hich angles are adjacent to 
ZBOC? toZCOD? tX)ZBOD? 

Ex. 17. In diagrams similar to the one shown, if ^ O = 90°: 

(a) Which angle is the complement of Za? ^ 

(b) Which angle is the complement of ZAOC? 

(c) Which angle is the complement of Z BOE ? 

(d) lfZd = 20°, find Z AOD. 

(e) JtZb = 20°, and Z COE = 66°, find Z a. o 
(/) liZAOC = 66°, and Z d = 16°, find Z c. 

(g) If Za = Zb = Zc = Zd, find Z a, 

Ex. 18. How many degrees are in the complement of 30° ? Of 86° ? 

Of I right angles ? Of n° ? Of i of a right angle ? Of (10 + a;)° ? 

n 

Ex. 19. How many degrees are there in an angle that is twice its 
complement ? 

Ex. 20. In diagrams similar to the annexed one, if FBA is a straight 
line, 

(a) Which angle is the supplement of Zp? 

(6) Which angle is the supplement of Z DBF? 
1 (c) Which angle is the supplement of Z ABE ? 

(d) UZp- 40°, find Z ABE. 

(e) If Z w = 80°, and Zp = 86°, find Z CBE. 
(/) If Z DBF = 100°, B,ndZm = Zn, find Z w. 
(g) If Zp = 30°, smd Zm = Zn = Zo, find Zo. 

* (h) If Z FBC = 140°, and ZABD = 80°, find Z n. 

* (i) If Z ABD = 80°, Zn = 36°, and Z QBE = 86°, find Zp, 

Ex. 21. How many degrees are in the supplement of 20° ? of 140° ? 
of } straight angles ? of n degrees ? of (60 — 3 aj)° ? 

* Exercises denoted hy (*) are difficult. 
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Ex. 22. How many degrees are in an angle which is three times its 
supplement ? 

Ex. 23. What kind of angle is less than its sapplement ?. equal to its 
supplement ? greater than its supplement ? 

Ex. 24. Write in algehraic symbols : 

(a) The complement of n^. (6) Three times the complement of x°. 
(c) ITie supplement of (2x)°. (d) Six times one supplement of w°. 

Ex. 25. In diagrams similar to the annexed one find the numerical 
values of the required angles : 

(a) If2^« = 80^ Z6 = 60°, Zc = 60°, 2^<! = 90^and 
Ze = 60^findZ/. A^ 

(6) If Za = 86°, and Z6 = 66^ find reflex angle ^^f 
AOC, e 

(c) If 2^0 = 86°, and Z^OJ& = 86°, find reflex 
angle BOE. ^ 

(d) If reflex angle AOG- 230°, and Z 6 = 50°, find Z a. 

(e) If Za = Z& = Zc = 2^(! = 2^e = Z/, find2^/. 

» (/) If Z ^ OC = 130°, Z 6 = 60°, Z BOD = 110°, and Z DOF = 140°, 
find Z/. 

{g) If Z(! = 90°, and Zc = Z6 = Za = z:/=Ze, find Za. ^ 

Ex. 26. If two lines, AB and CD, intersect in 0, making 
AOC = ttO°, find the other angles. 

Ex. 27. In the same diagram, if AOC=^m degrees, how q 

many degrees are in DOB? in BOC ? 

A 
Ex.28. If in the annexed diagram ZAOB=iZCOD = 

90°, find ZAOD (a) if Z BOC = 60°, (6) ]tZBOC = m°. 

Ex. 29. What relation exists between the angles BOC and 
AOD in the preceding exercise ? 

Ex. 30. If, in the annexed diagram, ^0 is perpendicu- 
lar to CO, and BO is perpendicular to DO, find AOD, 
(a) if COB = 40^ (6) if COB = m°. 

Ex. 31. What relation exists between AOD and BOC 
in the preceding exercise ? 

♦Ex. 32. If, in the same diagram, ZAOC = Z.BOD = 
90°, and A AOD = 3 {BOC), find /.BOC. 
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Ex. 33. Three libes meet in forming the six angles : a, 6, c, d, e, 
and/. 

(a) If Z<j = 20°, and Z 6 '= 60°, find Zc. 

* (6) If Za = 15°, and 2^c = 95°, find /Le. 

» (c) If Z/ = 100°, and 2^ d = 20°, find /. h. 

* (d) If Z ^OC = 85°, and ABOD - 156°, find Z «. 

Ex. 34. Find the angle formed by the bisectors of 
the supplementary adjacent angles AOB and BOC^ 
(a) if z:^OB = 40°, (6) if Z^O5 = 60°, (c) if AAOB^m"". 

Ex. 35. Wliat is the angle formed by the bisectors of any two supple- 
mentary adjacent angles ? 

Ex. 36. Find the angle formed by the bisectors of the complementary 
adjacent angles AOB and BOC, (a) if A AOB = 20°, (6) if A AOB = 
80°, (c) ifZ^05 = m° 

Ex. 37. What is the angle formed by the bisectors of any two comple- 
mentary adjacent angles ? 

37. Dep. a circle is a plane closed curve, all of whose 
points are equally distant from a fixed point; as ABC,\ 

The center (D) is the fixed point. A arc 

radiuz is any straight line from the center 
to a point in the circle ; as DC An arc 
is any portion of the circle ; as AB, The 
length of the circle is called the circum- 
ference. 

The term " circumference " is frequently 
used to denote the curved line, and the 
term ** circle" to denote the area. But 
modem usage is against this terminology. 

38. Instruments used in Geometry. Only two instruments 
are permitted to be used in plane geometry, viz. the compasses 
and the nder or straight edge. 

The niler is employed for the drawing of straight lines, the compasses 
for the drawing of circles or arcs and the transfer of lines of definite 
length (segments) from one position to another. 

t A line in a plane is said to be closed if it separates a finite portion of the 
plane from the remaining portion. 
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EXERCISES IN GEOMETRIC DRAWING 

39. The following exercises are designed to familiarize the 
student with the use of the instruments and to impress upon 
him the meaning of the fundamental notions of geometry. 
They form, however, no logical part of plane geometry, and 
may be omitted without affecting the course. They are based 
upon three constructions, for which no proofs are given here. 
(Compare §§82 and 84.) 

I. To lay off on XT a line equal to AB, 

Al IB 



X 

I- 



From X as a center with a radius equal to AB draw an arc intersect- 
ing XY in Z ; XZ is the required line. 

II. To bisect a given angle ABC, 




From £ as a center with any radius draw an arc meeting AB in 2>, 
and ^O in ^. From D and H as centers with a radius sufficiently large 
draw two arcs intersecting in F, Then the line BF is the required 
bisector. 

III. At a point C in a given straight line AB, to draw an angle 
equal to a given angle 0. 




F B 
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From O as a center, with any radius, describe an arc cutting the sides 
of Z O in 2> and E, From C as a center with the same radius describe 
arc FG, intersecting AB in F. From 1* as a center with a radius equal 
to DE,* draw an arc intersecting FG in H. Draw CH, Then Z BCH 
is the required angle. 

Ex. 38. Draw two points A and B (indicated by small dots or 
crosses) and construct a line through A and B, 

Ex. 39. Draw two points A and B^ and construct a circle from A as 
a center with a radius equal to AB. 

Ex. 40. Draw three points A^ B^ and (7, and construct a straight line 
through each two of them. 

Ex. 41. Draw two lines of definite length, AB and CD, AB being the 
greater one, and construct lines equal to : 

(a) AB + CD 
(6) AB - CD 

(c) 2(AB) 

(d) AB + 2(CD) 
(6) S{AB)-'2(CD) 

Ex. 42. Draw an acute angle and bisect it. 

Ex. 43. Draw an obtuse angle and bisect it. 

Ex. 44. Draw a reflex angle and bisect it. 

Ex. 46. Draw a straight angle and bisect it. 

Ex. 46. Construct a right angle. 

Ex. 47. At a given point C in AB draw a perpendicular to AB, 

Ex. 48. Divide a given angle into 4 equal parts. 

Ex. 49. Divide a given angle into 8 equal parts. 

Ex. 50. Construct an angle of (a) 90° (6) 46°. 

Ex. 51. Construct an angle of (a) 22° 30' (6) 135°. 

Ex. 52. Construct an angle of (a) 270° (6) 67° 30'. 

Ex. 53. Construct the supplement of a given angle A, 

Ex. 54. Construct one half the supplement of a given angle A. 

Ex. 55. Construct the complement of a given acute angle. 

Ex. 56. Construct one half the complement of a given acute angle. 

* Two letters, e.g. DE, used as above, denote a straight line. 



(«) 


^ + B, 


(6) 


2/1. 


(c) 


18(y-^ 


(<0 


90° + ^. 


(«) 


-4-B. 


(/) 


2 


W 


j + B. 
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Ex. 67. Construct the supplement of the complement of a given acute 

angle. 

Ex. 68. Construct the complement of the supplement of a given 
obtuse angle. 

Ex. 69. Draw two angles A and B, A being the greater one, and con- 
struct an angle equal to 

(A) ^• 

'"' 2 2 

(*) ^-5. 
^ •* 2 2 

(I) 90 + |. 

(m) The complement of ^ • 

4 



GENERAL TERMS 

40. Def. a theorem is a statement the truth of which is to 
be demonstrated. 

Thus the statement: '* If two sides of a triangle are equals the angles 
opposite are equal^''^ is a theorem. The conditional part of the statement 
is called the hypothesis^ the assertion that is to be proved is called the 
conchision. Thus in the above example, the hypothesis is : '* 7/" two 
sides of a triangle are equal,^^ and the conclusion is : ^* the angles opposite 
are equals The hypothesis is, however, not always explicitly stated, 
but is sometimes merely implied. 

41. Def, A problem, in general, is a question to be solved. 

The problems of geometry are solved either by constructions or by com- 
putations. Thus the problem : " To construct an angle of 46°" (Ex. 60, 
p. 12) i& Sk problem of construction. *'To compute the angle formed by 
the bisectors of a pair of complementary adjacent angles " (Ex. 86, p. 10) 
is K problem of computation. 

42. Def. A proposition is a general term for a theorem or a 
problem. 
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43. Def. An axiom is a statement whose truth is assamed. 

Thus, the statement: ''If equals be added to equals the sums are 
equal, ^' is an axiom. 

44. Def. A postulate is a purely geometric axiom. , 

Formerly elementary textbooks restricted the term postulate, to 
''geometric constructions whose possibility is admitted without further 
demonstration/' but modern usage favors the more general definition 
given above. 

45. Def. A corollary is a theorem easily derived from an- 
other theorem. 

AXIOMS AND POSTULATES 

1. Things equal to the same things or to equal thing Sy are 
equal to each other, 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remainders are 
equal, 

4. If equals are added to unequals, the sums are unequal in the 
same sense, 

6. If equals are subtracted from unequals,the remainders are 
unequal in the same sense, 

6. If uneqvxils are subtracted from Equals, the reinainders are 
unequal in the opposite sense, 

■ < - - 

7. If equals are multiplied by equals the products are equal, 
(Important special case: doubles of equals are equal.) 

5. If equals are divided by equals, the quotients are equal. 
(Important special case : halves of equals are equal,) 

9. If one of three quantities is greater than the second, and 
the second is greater than the third, then the first is greater than 
the third. 

10. The whole is equal to the sum of all its parts. 

11. The whole is greater than any of its parts. 

12. A quantity may be substituted for an equal one in an equa- 
tion or in an inequality. (Briefly called " substitution,^^) 
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13. One straight line and only one can be drawn through two 
points, ' ' ' 

14. A straight line is the shortest line between two points. 

15. All straight angles are equal. 

(For Axiom 16, see p. 43 on parallel lines.) The preceding axioms 
and postulates are the most important ones, but others are assumed in 
elementary geometry. Among them may be mentioned : 

A straight line may be produced to any required length. 

A circle can be drawn from any point as a center with any line as a 
radius. 

A geometric figure may be moved from one position to another without 
change of form or size, etc. 

The first twelve axioms are general axioms, the following ones are 
geometric axioms or postulates. 

From the thirteenth axiom these truths obviously follow : 

(a) Two points determine a straight line. 
(6) Two straight lines can intersect in only one point, 
(c) Two lines of unlimited length, coinciding in part, coincide 
throughout. 



Ex. 60. Indicate the hypothesis an^ the conclusion of each of the 
following statements : 

(a) If iron is heated, it expands. 

(6). If two angles of a triangle are equal, the opposite sides are equal. 

(c) Two triangles are congruent if the sides of the one are respectively 
equal to the sides of the other. 

(d) Vertical angles are equal. 

Ex. 61. If in the annexed diagram Z1=Z2, and Z2 
= Z 3, for what reason * does Z 1 equal ZS? 

Ex. 62.' If AB = DF, and CB = DE, for what ^ C B 

reason does AC equal EF? ' — "^ 

■ D E F 

Ex. 63. In the following diagram, if GH = IK, — — » 

for what reason does GI= HK? 




:. 64. In the same diagram, if GI ^ |^ 1 

= HK, for what reason does GH equal IK ? 

* The reasons requested in this and the f ollowiDg exercises are axioms. 
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Ex. 65. If OB bisects Z O, and Zl = Z4, why does Z 2 

equal Z3? 

Ex. 66. In the same diagram, if Z1=Z4, and ZZ 
= Z2, why does OB bisect ZO'f 




Ex. 67. In the annexed diagram, if Z 1 = Z2, why does 
Z^OC = ZJBOZ>? 

Ex. 68. In the same diagram, it ZAOC = ZBOD, why 
does Zl= Z2? 



Ex. 69. In the annexed diagram, if 
ZA = ZB and i^l = Z2, why does Z8 
equal Z4? 




Ex. 70. In the annexed diagram, if ZAFC = 9QP, and 
Z ^IT) = 90°, why does Z 1 equal Z2 ? 




Ex. 71. If 8t.Z^BC = 8t.Z^'B'C", 
why does rt. Z DBC equal rt. Z D'B'C? 



B 



B' C' 



Ex. 72. If ZH-Z6 + Z2 = 180°,Zl = Za,andZ2 = Zc, whydoes 
Za + Z6+Zc = 180°? 



Ex. 73. IfZl =Z2, and Z2 = Z8, why does Z1=Z3? \ 



BOOK I 

LINES AND RECTILINEAR FIGURES 
PRELIMINARY THSORSMS 

46. All right angles are equal. 

For all straight angles are equal (Ax. 16), and halves of equals are 
equal (Ax. 8). 

47. At a given point in a given line only one perpen- 
dicular can he drawn to the line, 

D c 

For if two perpendiculars, AT) and AC^ 
could be drawn at A^ we should have two 
unequal right angles BAD and BAC^ 
which is impossible (46). 




E A B 

48. Complenunts of the same angle or of equal 
angles are equal, (Ax. 3.) 

49. Supplements of the same angle or of equal angles 
are equal, (Ax. 3.) 

50. If two adjacent angles have 
their exterior sides in a straight 
linCy they are supplementary. . 
(Ax. 10.) 

51. If two 'adjacent angles are supplementary ^ their 
exteriot sides are in the same straight line, 

c 17 
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Their exterior sides form a straight angle (86), and hence lie in a 
straight line (26). ^ q 



62. Tile sum of oil the angles ^ 
about a point in a plane is equal 
to two straight angles. 




B 



Ex. 74. In the annexed diagram, if ABC is a straight '^^ 

line, and Z 8 is the supplement of Z 2, why is Z 1 = Z 8 ? 



K 



Ex. 76. If in the annexed diagram, AB ± BC^ 
A'B' ± B'C and Z 8 = Z 4, prove Z 1 = Z 2. 



B 




B 
A 



Ex. 76. UAB±CD and Zl = Z2, prove Z^ =Z4. 




B 



Ex. 77. If Z.ABG is a right angle, and Z^ is 
the complement of Z 1, prove Z ^ = Z 2. 




Ex.78. If ^BC is a St. Z,Z1 =Z2, and z$8 and 
4 are rt. ^, prove that Z 6 = Z 6. 




Ex. 79. If AB and CD are straight lines and 
A 2 and 6 are right angles, prove that Z 8 = Z 6. ^ 




? «> 
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Ex. 80. In the annexed diagram, if AB is a straight 
line, and Z2 = ZS, prove that Zl = Z4, 




Ex. 81. If Z 1 is the supplement of Z 2, and Z 3 
is the supplement of Z 2, why is Z 1 = Z 3 ? 

Proposition I. Theorem 
63. Vertical angles are equal. 





Given the vertical A 1 and 2. 

To prove Z 1 = Z 2. 



STATBMBNTS 

Z 1 is the sup. of Z 3. 

Z 2 is the sup. of Z 3. 
.•.Z1 = Z2. 

Q. £. D. 



Proof 

RBASONS 

If two adj. A have their ext. sides in 
a St. line, they are sup. 

For the same reason. 

Supplements of the same Z are equal. 



54. Every proof consists of a number of statements, each of 
which is supported by a definite reason. The only admissible 
reasons are: a previously proved proposition; an axiom; a 
definition ; or the hypothesis. 



Ex. 82. In the diagram for the preceding proposition find Z 1 (a) if 
Z3 = 40°, (6) iiZS = m^ 
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Ex. 83. Three straight lines, AD, BE, and CF, meet in 0, forming 
the six angles: a, &, c, d, e, and/. 

(a) If Z 6 = 20°, and i£ c = 60°, find Z A OE. 
(6) If Z -FO^ = 130°, and Z c = 40°, find Z a. 

(c) If Z ^02> = 140°, and Z 6 = 60°, find Z a. 

(d) If Z/ = 60°, and Z 6 = 26°, find Z rf. 

(e) If zi 6 and / are complementary, find Z d. 
(/) If Z/= Z 6, and Z d = 100°, find Z 6. 
(flr) If Z a = 2(Z c), and Z e = 60°, find Z c. 
(^i) If Z ^OC = 140°, and Z CO^ = 120°, find Z -BOD. 

Ex. 84. In the same diagram prove that 

(a) Zh + Zc = ZAOE. 

(6) ZFOB-'Zc = Za, 

(c) ZFOB-'Zf=Zd. 

(d) Z/+Z6+Z(l = 180°. 

(6) Z^OC+ZBO2) + ZCOJ^=360<». 
(/) Z^0C+ZC0^-Z^0^ = 2(Za). 
Ig) If Z/= Z e, then Zb = Zc, 

*Ex. 86. In the same diagram 

(a) If Z ^OC = 160°, and Z CO^ = 130°, find Z a. 

(6) If Z FOB = 140°, and ZAOC=: 126°, find Z d. 

(c) If Z ^0^ + Z BOO = 140°, and Z c = 40°, find Z «. 

(d) If Z i^OB = Z -FOD, prove that Zf=Ze. 

(c) Prove that reflex ZAOE + reflex Z BOF -\- reflex Z CO-4 = 720°. 

56. Def. a polygon is a portion of a plane bounded by straight 
lines. The lines are called the sides. The perimeter of a poly- 
gon is the sum of all its sides. 

The angles included by the ad- - 
jacent sides are the angles of the 
polygon, and their vertices are the 
vertices of the polygon. An ex- 
terior angle is formed by a side 
and the prolongation of an adja- 
cent one. A diagonal is a straight 
line joining the vertices of two 
non-adjacent angles. 

* Exercises denoted hy (*) are difficult and may he omitted in a first reading. 
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Thus ABODE is a polygon of five sides, AB and BC are sides, /. A is. 
an angle, point £ is a vertex, and AC Ssb, diagonal of the polygon. Z 1 
and Z 2 are exterior angles of the polygon. 

56. Def. a quadrilateral is a polygon of four sides. 



TRIANGLES — PART I 

57. A triangle is a polygon of three side^. 

58. Triangles classified as to sides. A scalene triangle is a 
triangle no two sides of which are equal. 

An isosceles triangle is a triangle two sides of which are 
equal. 

An equilateral triangle is a triangle all sides of which are 
equal. 






SC^LENE 



EQUILATERAL 



ISOSCELES 



59. Triangles classified as to angles. A right triangle is a 
triangle one angle of which is a right angle. 

An 'obtuse triangle is a triangle one angle of which is an 
obtuse angle. 

An acute triangle is a triangle all angles of which are acute. 

An equiangular triangle is a triangle all angles of which are 
equal. 





RIGHT 



OBTUSE 




ACUTE 



E0UIAN6ULAR 



60. Def. The base of a triangle is the side on which the 
figure appears to stand. 
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The two equal sides of an isosceles triangle are sometimes called the 
arms ; the third side is called the base. 

The angles opposite the arms are the hose angles of an isosceles 
triangle. 

61. Dep. The vertex angle of a triangle is the angle oppo- 
site the base. 

The vertex of this angle is sometimes called *Hhe vertex of the 
triangle." 

62. Def. The hypotenuse of a right triangle is the side 

opposite the right angle. 

The sides including the right angle are sometimes called the arms 
of the right triangle. 

63. Def. An altitude of a triangle is the perpendicular 
from any vertex to the opposite side (produced if necessary). 

Thus, AD and CD' are altitudes. Every triangle has three altitudes. 




64. Def. A median of a triangle is a line drawn from any 
vertex to the mid-point of the opposite side. 

Thus, AF and C'F^ are medians. Every triangle has three medians. 

65. Def. An angle-bisector of a triangle is a line drawn 
from any vertex to the opposite side which bisects the corre- 
sponding angle. 

Thus, AE and B'E' are angle-bisectors. Every triangle has three 
angle-bisectors. 

Note. Students who are familiar with the exercises on geometric 
drawing (39) should construct exactly a number of the diagrams defined 
above, as right ▲, obtuse ^, medians, angle-bisectors, equilateral i^, etc. 
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Pboposition IL Theorem 

66. Two triangles are congruent if two angles and the 
included side of one are equal respectively to two angles 
and the included side of the other. 





Given A ABC and A^B'c' with ab^a'b', Z.A = Za', and 
Zb = Zb'. 

To prove A ABC ^ A A'B'cf. 



Proof 

STATBMBIfTS 

Place A ABC upon A A'b'& 
so that AB shall coincide with 
A'B\ 

Then BC will take the di- 
rection b'c*, 

AC will take the direction 
A'C\ 

.'. C will fall upon &. 



.-. AABC^AA^B'C'. 

Q. E. D. 



REASONS 



AB-Z.B\ by hyp. 
Z ^ = i£ ^', by hyp. 



Two St. lines can intersect in 
only one point. 

Figures are congruent if they 
can be superposed. 



67. This method of proof (superposition) is employed in 
fundamental propositions only. The student should place 
those parts upon each other whose equality is known, and, by 
successive steps, trace the position of the rest of the figure. 

Note. In order to facilitate the citing of propositions, the following 
abbreviation is suggested for the above proposition : a. s. a. = a. s. a. 
Similar abbreviations will be suggested for other propositions. 
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68. Def. Polygons are mutually eqiliang;ular if their angles 
are respectively equal, and mutually equilateral if their sides 
are respectively equal. 

If two polygons are mutually equiangular, lines or angles 
similarly situated are called homologous lines or angles. Thus 
AB and A'b' (Prop. II) are homologous sides, C and (f homolo- 
gous angles, the medians drawn from A and A* respectively 
homologous medians, etc. 



Ex.86. Hyp. Za = 30°, Z6 = 30^ Zc = 60°, 
Zd = 60°. 

To prove A ABC & A ADC, a 

Ex. 87. Hyp. Z a = 40°, Z 6 =40^ Ze = 130°, 
Z (2 = 50°, and ACE is a straight line. 

To prove A ABC ^AADC, 




Ex. 88. Hyp. In quadrilateral ABCD, AC bisects 
angle A^ and AC bisects Z C ^ 

To prove A ABC ^ A AD' C 




Ex. 89. Hyp. BD bisects Z B, 

EF X BD, 

To prove A EBD ^ A FBD, 

Ex. 90. Hyp. / is the mid-point of 
KO ± GH, HL ± GH, KL is a straight line. 

To prove A KG I ^ A HLL 



GH, 




Ex.91. Hyp. J[)B±^C, Z3 = Z4and52)^ isa 

straight line. 

To prove A ABD ^ A CBD* 



:. 92. Hyp. DB _L AC, Z ADB is the sup. of Z 4, 
and BDE is a st. line. 

To prove A ABD ^ A CBD. 



^^ 
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Proposition IIT. Theorem 

69. Two triangles are congruent if two sides and 
the included angle of one are equal respectively to two 
sides and the included angle of the other (s.a.s. = s.a.s.). 





Given A ABC and a'b'C* with AB = a'b^, BC=B^(fj and 
Z.B = Z.B\ 
To prove A ABC ^ A A^B^Cf. 



Proof 

STATBMBIfTS 

Place A ABC upon A A^B'c^ 
so that BC shall coincide with 
B'C\ 

BA will take the direction 
of bU\ 

The point A will fall upon 
the point A\ 
.•.-4(7 will coincide with A*c\ 



.-. AABC^AA'B'cf. 



Q. E. D. 



REASONS 



ZB = ZBf,hjhyp. 
AB = A'B\ by hyp. 



One St. line and only one can be 
drawn through two points. 

Figures are congruent if they can 
be made to coincide. 




Ex. 93. Hyp. Two lines AB and CD bisect each k 
other in E, ^^^ 

To prove A ADE ^ A CEB* 

* The foUowing set of exercises is of fandamental importance. No student 
should go on with the work until he is able to discover the proofs of all the 
simpler theorems given below. For additional work of this kind see Schultze's 
Teaching of Mathematics. 
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70. Method I. The equality of lines and angles is usually 
proved by means of congruent triangles. 



Ex. 94. Hjrp. DCSa the perpendicular bisector of AB, 
(I.e. AC=CB and DC±AB.) 
To prove AD = BD. 




Ex. 95. The bisector of the vertical angle of an isosceles 
triangle bisects the base. 





Ex.96. Hyp. BFhvsQc\» /.DBE. 

BD = BE. 
To prove Z FDB = Z FEB. 



Ex. 97. Hyp. BD = BF, BG= BA^ and GO and AE are st lines. 
To prove CD = AF. 

Ex.98. Hyp. BD-BF, CD±EA, AF±CQ, ^ 
and CO and AE are st. lines. 
To prove AC — /.A. 

Ex. 99. Hyp. BD = 52?', Z 1 = Z 2, and C(? and 
AE are st. lines. J/^ ^ 

To prove C5 = ^-B. E ® 

Ex. 100. Hyp. Ci^= AD, DB = FB, and CO and .4JF are st. lines. 
To prove Z.C •= /.A, (Preceding diagram.) 

Ex. 101. Hyp. AD = DC, Z 6 = Z 6, and BE is a st. line. 
To prove A A = Z C 

Ex. 102. Hyp. Z3 = Z 4, Z 6 = Z 6, and B^ is a st. 
line. 

To prove AD = DC. 

Ex. 103. Hyp. AB = BC, Z4 = Z7, and AF and 
EG are st. lines. 

To prove AD— DC. 
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Ex.104. Hyp. AB±AD,DC±BGa.ud^l=Z2. 
To prove ZB = ZD. 




Ex. 105. Hyp. AD=CE,AB=FE,ZS = Z4, 

and AE is a st. line. 



To prove 



ZB = ZR 





Ex. 106. Hyp. AD = CE, AB = FE,ZS = ZQ, 
and EI and HB are st. lines. 

To prove BC=FD. 



Ex.107. Hyp. ZEDB = ZFBD, Z6 

= ZQ, and CE and AF are st. lines. 

To prove AD = BC. 

Ex. 108. Hyp. Z8 = Z4, Z5 = Z6, and 

EC and AF are st. lines. A 

To prove AB = DC. 

Ex.109. Hyp. AD = BF, Z1 = Z2, 

Z 3 = Z 4, and GH is a st. line. 

To prove ZC = ZE. 

Ex.110. Hyp. AD = BF, Z6 = ZQ, 
AC= FE, and GHis a st. line. 

To prove BC = DE, 

Ex. 111. Hyp. AD J. EF, CB±EF, AD = BC, and EF is a st. line. 
To prove ZC = ZD. 

Ex. 112. Hyp. AD = CB, Zb 
= Z6, and EF is a st. line. 

To prove Zl = Z2, 

Ex. 113. Hyp. Z6 = ZQ,Z1=Z2, B 
and EF is a st. line. 

To prove AC= DB, 

Ex. 114. Hyp. Z6 = ZQ, ZS = Z4, and EF is a st. line. 
To prove AD = BC. 
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Ex. 115. Hyp. AB = AE,BC = ED,Kn!diAG9JiiSi 
AD are st. lines. 

To prove CE- BD, 

Ex. 116. Hyp. AB = AE, Zl = Z2, and^Cand ^ 
AD are st. lines. /i 

To prove CE = BD. 

Ex. 117. Hyp. AC = AD, and BC = ED* 
To prove ZC — AD. 

Ex. 118. Hyp. Z1=Z2, Z3 = Z4, and AE and £Z> are st lines. 
To prove AB = BE, • c 

Ex. 119.. Hyp. Z.DAB-AEBA, and Z8 
= Z4. 

To prove ^2) = BE. 

Ex. 120. Hyp. Z6 = Z6, Z1 = Z2, and AF °/^ -At 
and Z>£ are st. lines. s 

To prove AD = BE. " 

Ex. 121. Hyp. Z6 = ZQ,AD= BE, and AE and BD are st. lines. 
To prove Z 1 = Z 2. (Preceding diagram.) 

Ex. 122. Hjrp. ^C72> is a st. line, AB = AC, A 
AD = AE, andZl = Z2. 
To prove BD = CE. 

Ex. 123. Hyp. AB = AC, Z1 = Z2, Z3 
= Z4, and AD is a st. line. 
To prove AD = ^JF. B 

NoTB. The following exercises are more diflBcult because the two parts 
whose equality is to be demonstrated may be considered homologous parts 
of two different pairs of triangles, and the student has to determine by 
trial which pair must be used. ' 



Ex.124. Hyp. Z^ = Z5, and Z3 = Z4. 
To prove AD = BE, 

Ex. 125. Hyp. ^ O = 50, and Z 8 = Z 4. 
To prove AD = BE. 





* If a line is denoted by two letters only, as AC or AD, it signifies that it 
is a straight line. 
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Ex. 126. Hyp. Z 1 = Z 2, and Z3 = Z4. 
To prove EG = BD. 

* Ex. 127. Hyp. Zl = Z 2, DB± ACj 9.nd 
CE ± AD, 

To prove Z.C = ZD» 

Ex. 128. Hyp. AB = AE, Z6 = ZQ. 

To prove EC = BD. 

c D 

Ex. 129. If two angles of a triangle are equal, the corresponding 

angle-bisectors are equal. 

Ex. 130. The medians drawn to the arms of an isosceles triangle are 
equal. 

Ex. 131. If two exterior angles of a triangle are equal, the angle- 
bisectors of the adjacent interior angles are equal. 

Ex. 132. Wishing to determine the distance across A^ 
a pond, AB, we place a stake at a convenient station 
C, and by sighting from A, we locate A' in the pro- 
longation of AC, and make AC = CA'. Similarly we 
produce BCto B'bo that BC = CB' . Which line must 
we measure to obtain AB ? Prove your statement. 

[For additional practical applications see problems on page 285.] 




Proposition IV. Theorem 

71. The bisector of the vertex-angle of an isosceles 
triangle divides the figure into two congruent triangles. 

c 




Given A ABC with AC = BC, and Z 1 = 
To prove A ADC ^ A DBC. 

[The proof is left to the student.] 



Z2. 
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72. Cor. 1. The base angles of an isosceles triangle are 
equal. 

73. CpR. 2. An equilateral triangle is equiangular. 



Ex. 133. In the annexed diagram, AG = BG, and 
AE = DB, then CD = GE. 

Ex. 134. In the same diagram, if AG = BG, and 
ZDGA = ZEGB, then GD = GE. 




Ex. 135. In the annexed diagram, it AG = BGj 
and Z 1 = Z 2, then AE = BD. 

Ex. 136. In the same diagram, if AG = BG, and 
AD and BE are angle-bisectors, then AD = B^. 



Ex. 137. In the annexed diagram, if AG 
= BG, AD = 5^, and DE is a straight line, 
then DEG is an isosceles triangle. 

Ex. 138. In the same diagram, if AG = BG, 
ZAGD = ZBGE, and DE is a straight line, 
then DEG is an isosceles triangle. 

* Ex. 139. In the accompanying diagram, it AG = BG, 
Z 1 = Z 2, and GD and GE are straight lines, then 
^D = ZE. 

Ex. 140. If the base of an isosceles triangle is trisected, 
the lines joining the points of division with the vertex are 
equal. 

Ex. 141. If in the sides of an equilateral 
^ABG, the points 2>, E, and i^be taken so that 

AD=BE=GF, 

then A DFE is equilateral. 

Ex. 142. Lines drawn from the mid-points of the 
arms of an isosceles triangle to the mid-point of 
the base are equal. 







LINE8 AND RECTILINEAR FIGURES 



31 



Ex. 143. In the preceding diagram, if DE = EF = FD, and Z AFD 
= Z BDE = Z CEF, then A ABC is equilateral. 

Note. The equality of angles is sometimes proved by means of 
Prop. IV (compare § 121). 



B' B 







Ex. 145 

Ex. 144. If ABC and ADC are two isosceles triangles on the same 
base, AC, then Z BAD = Z BCD, 

Ex. 146. If In quadrilateral ABCD, AB = BC and AD = DC, then 
ZA = ZC. 

Ex. 146. If two triangles ABD and DBC have BD common, 
AB = BC and AD=DC, then ZA = ZC. 

Ex. 147. If in two triangles ABD and CB'D', AD = CD', AB = CB^, 
and BD = B'Z)', then Z^ = Z C. 

Hint. Place the ^ together, so as to form a quadrilateral. 

Proposition V. Theorem 

74. Two triangles are congruent if three sides of 
one are respectively equal to three sides of the other. 

(S, 8, 8 = 8, 8. S.) ^ ^ 




C B 




Given A ABC and a'b'C*, with AB = A'b', BC= B^&, AC=A^Cf. 
To prove A ABC ^ A a'b'c'. 
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^ B< 



Proof 




8TATBMBNT8 

Suppose no side longer than 
BC. 

Place A ABC so that BC shall 
coincide with B^cf and A and 
A* lie on opposite sides of B'cf, 
Draw AA\ 

A AB'A* is isosceles. 
.•.Z1 = Z2. 

A A&A' is isosceles. 
.•.Z3 = Z4. 

.•.Z1-|-Z3 = Z2-|-Z4. 

Or Z^ = Zj'. 

.'.AAB'&^AA'B'C. 
Le. AABC^AA'B'C*. 

Q. E. D. 



RBA80H8 



AB = ^'5', by hyp. 

The base ^ of an isos. A are 
equal. 

^C = ^'C'byhyp. 

The base A of an isos. A are 
equal. 

If equals are added to equals, the 
sums are equal. 

Sub. 

s. a. s !^ s. otm s. 



Ex. 148. In the diagram oppo- 
site, if AB=CD and BG=DA, ^ 
then ZABD = ZBDC, 

Ex. 149. The median to the base 
of an isosceles triangle bisects the 
vertex-angle. A" B 

Ex. 160. If AE=BD, AD=BE, Ex. 148 

and AG and BC are st. lines, then Z CEB = Z CD A, 





Ex. 150 



a: 



\ ai 

■ 



oi 
di 



P 
li 
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75. Method II. If the lines or angles whose equality we 
wish to demonstrate are not parts of congruent triangles, we have to 
make them parts of congruent triangles hy drawing additional 
lines. 

Ex. 151. If the opposite sides of a quadrilateral are equal, the opposite 
angles are equal. 



Ex. 152. If two circles whose centers are 
and 0' intersect in A and B, then ZAOO' = 
Z B00». 





Ex. 153. If two circles whose centers are 
and O' intersect in A and B, then Z OACy = 
/.OBO. 



76. Method lit. If it is impossible to prove the congruence 
of the required pair of triangles, prove first the congruence of some 
other pair, or pairs, whose homologous parts will enable us to 
demonstrate the congruence of the original pair. 



Ex. 154. If the opposite sides of a quadrilateral 
are equal, and a line be drawn through the mid- 
point of the diagonal, terminating in two sides, this 
line is bisected. 



Ex. 155. In the annexed diagram, if AG=GD, 
OG = FG, and all lines are straight lines, then BG 
= GE. 



Ex. 156. In the annexed dia- 
gram, if AB = AC, AE bisects 
Z BAC, and ^^ is a st. line, then 
Z DBE = Z DCE. 
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:. 157. In the annexed diagram, if AB—CD^ o 
BC= DAj and Z 1 = Z 2, and DB is a st. line, then 
AE = CR 

Ex. 158. In the same diagram, if AB = CD, 
Z8 = Z4 and 5i^ = D-F, then Z 1 = Z 2. A 




:. 159. Two triangles are equal if two sides and the median to one of 
these sides are equal respectively to two sides and the homologous median 
of the other. 

Ex. 160. Two isosceles triangles are equal if the vertex angle and the 
altitude uj>on one arm of one triangle are equal respectively to the vertex 
angle and the altitude upon one arm of the other. 

Ex. 161. If the opposite sides of a quadrilateral are equal, the diagonals 
bisect each other. 

Ex. 162. Two triangles ABC and A'B'O' are equal if AB = A'B', 
ZA = ZA'j and angle-bisector AD = angle-bisector A'D', 

Ex. 163. If in quadrilateral ABCD, AB = BC, CD = DA, and diag- 
onaLs AC and BD meet in E, then AE = EC. 

D 
Ex. 164. If in quadrilaterals ABCD, and A( 
A'B'CfDf, AB^A^B\ BC = B'C\ CD =z 
CD', DA-D'A\ and AC-A'C\ then 
BD = B^DK 





*Ex. 165. If on the sides of an equilateral triangle, 
ABC, the points 2), E, F are taken, so that AD = BE = 
CFy and E, D, and F are joined to the opposite vertices, 
then A A'B'C is equilateral. 



*Ex. 166. If the opposite sides of a polygon of six sides are equal, and 
two of the opposite angles are equal, then all opposite angles are equal. 



* Ex. 167. In the annexed diagram, if AB = AD, 
AC-AE, and BE and DC are st. lines, then ZBAF 
= Z DAF. 

* See footnote on page 20. 
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* Ex. 168. In the annexed diagram, if ZA = ZB, 
and AF= BE, then AD = DB. 

[For practical application see Ex. 3, page 286.] 



77. Method IY. To prove that an angle is a right angle we 
usually demonstrate that it is equal to its supplementary adjacent 
angle. 

Ex. 169. The bisector of the vertex angle of an isosceles triangle is 
perpendicular to the base. 

, Ex. 170. The median to the base of an Isosceles triangle is perpendic- 
ular to the base. 

Ex. 171. If in quadrilateral ABCD AB = BG, and CD = DA, then 

BD±AC. 

C 

Ex. 172. In the diagram opposite, it AG = BC, and 
AO = BOj then GD ± AB. 




f 

*Ex. 173. 


In the diagram opposite, 
AG = BG, 


if 


A 


h 


and 


Z1=Z2, 




r^ 


cA 


then 


GD±AB, 




/r> 


S\ 




A 1 


^ B 



78. A point C is said to be equidistant from two other points 
A and B if AC= BC. c 



It is not necessary that these two lines be drawn. Thus, 
we may say D is equidistant from A and B, even if DA and 
DB are not drawn. In general, two letters, as AD, mean 
the straight line connecting A and Z>. 
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Pboposition VI. Theorem 

79. The line that joins the vertices of two isosceles 
triangles on the same base bisects the common base at 
right angles. 

A 





Given the isos. A ABC and BCE, with the common base BC. 
To prove AJS is the perpendicular-bisector of BC, 



Proof 



STATBKBNTS 


RBA80N8 


In A ABE and CAE 




AB=ACy 


Hyp. 


EB = ECy 


Hyp. 


AE = AE, 


Iden. 


.% ABAE^ACAE. 


9* 9* 0* *^ 9* 9* 0* 


In A ABD and ACD 




AD = ADy 


Iden. 


AB=:ACy 


Hyp. 


Z.BAD = Z CAD. 


Horn, parts of congruent ^ are 




equal. 


.'. A ABD :^ A ACD. 


s. a* 8. ^ 8. a. s« 


.'. BD = DC, 


Horn, parts of congruent ^ are 


• 


equal. 
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STATBKBNTS 

and Z ADB = Z ADC. 



Le. Z ADB 
Or A ADB 



^(Z 5DC). 



Q. E. D. 



RBA80H8 



Horn, parts of congruent A are 
equal. 

Z. BDC is a 8t Z by hyp. 



80. Cor. 1. Two points each equidistant from the ends of 
a line determine the perpendicular-bisector to that line. 

81. Cor. 2. Every point equidistant from the ends of a line 
lies in the perpendicular-bisector to that line. 



Ex. 174. If the four sides of a quadrilateral are equal, the diagonals 
bisect each other. 

CONSTRUCTIONS 
Proposition VII. Problem 
82. To Insect a given straight line. 




(Hven a straight line AB. 

Required to bisect AB. 

Construction. From A and B as centers, with equal radii 
greater than \ AB, describe arcs intersecting at C and E. 
Draw CE. 
Then the line CE bisects AB at D. 
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Proof 



STATBKBNTS 

C is equidistant from 
A and B, 

E is equidistant from 
A and B, 

.*. JD = DB, 

Q.E. D. 



RBA80H8 



Con. 



Con. 



Two points each equidistant from the 
e^ds of a line determine the perpendicular- 
bisector to that line. 



83. Cor. By means of the preceding construction we obtain 
also the perpendicular-bisector (CE) of a given line (AB). 



:. 175. Divide a given line into four equal parts. 

:. 176. Construct the three medians of a triangle. 

Ex. 177. Construct the three perpendicular-bisectors of the three sides 
of a given triangle. 

Pboposition VIII. Problem 
84. To bisect a given angle, 

A 




Given Z CAB, 

Required to bisect Z CAB. 

Construction. From ^ as a center, with any radius, as AB, 
describe an arc cutting the sides of the Z ^ at B and C, 

From B and C as centers, with equal radii greater than 
one half the distance from B to C, describe two arcs intersect- 
ing at D. 
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Draw AD. 

AD is the required bisector. 

Hint. What is the usual means of proving the equality of angles ? 

Note. It is advisable to draw the lines of construction either very thin 
or dotted, while the given and required lines are represented by heavy 
full lines. In complex constructions the resulting lines may be drawn in 
red or in blue. 



:. 178. To divide a given angle into four equal parts.* 

:. 179. To bisect a straight' angle. 

:. 180. Construct an angle of 90°, of 46^ 

:. 181. Construct an angle of 22"" 30'. 

:. 182. Construct an angle of 67'=' 30'. 

:. 183. Construct one half the supplement of a given angle. 

:. 184. Construct the angle-bisectors of a given triangle. [For prac- 
tical applications see page 286.] 



Pboposition IX. Problem 



85. At a given point in a given straight linCy to erect 
a perpendicular to that line. 




'" c 

Given point in line AB. 
. Required a perpendicular to the line AB at 0. 

Constniction. From as a center, with any radius OC, de- 
scribe an arc intersecting AB in C and D. 

From C and D as centers, with equal radii greater than OC, 
describe two arcs intersecting at E. 

* Some of the following exercises are identical with those g^ven in § 99. 
Here, however, all problems should be proved. 



40 PLANE GEOMETRY 

Draw OE. 

OE is the required perpendicular. 

[The proof is left to the student.] 



Ex. 185. Constnict the complement of a given acute angle. 

Ex. 186. Construct the supplement of the complement of a given acute 
angle. 

Ex. 187. Construct one half the complement of a given acute angle. 

Proposition X. Problem 

86. At a point in a given straight line to construct an 
angle equal to a given angle. 





c f"® 6 

Given point C in line AB and Z 0. 
Required an Z at C = Z 0. 

Construction. From as a center, with any radius, describe 
an arc cutting the sides of Z in Z) and E, 

From C as a center, with the same radius, describe arc FO, 
intersecting CB in F, From ^ as a center, with a radius equal 
to DEy draw an arc intersecting arc FO in H. 

Draw CH. 

Z HCF is the required angle. 

Hint. What is the usual means of proving the equality of angles ? 

Note. Two letters, e,g, DE, used as above, denote a straight line. 



Ex. 188. Construct an angle equal to twice a given angle. 

Ex. 189. Construct an angle equal to twice the supplement of a given 
angle. 
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Ex. 190. Given a triangle ABC. Required another triangle A'B^CPy 
having A'B^ = AB, /.A' -A and 2^ 5' = B, What is the relation of 
A ^5(7 and ^'5' C? 

• Ex. 191. Given a polygon of five sides (pentagon) 
ABCDE, Required a pentagon having four of its sides 
equal respectively to AB^ BC, CD, and DE^ and the ^ 
included angles respectively equal to A By C, and D. 




Proposition XI. Problem 

87. From a point xoiihout a straight line^ to let fall 
a perpendicular upon that line. 

A 




Given a straight line BC, and a point A without the line. 
Required a perpendicular from the point A to the line BC. 

Construction. From ^ as a center, with a radius sufficiently 
great, describe an arc cutting BC in & and D'. 

From Z>' and & as centers, with equal radii greater than 
^ />'(/, describe two arcs intersecting at 0. 

Draw AO intersecting BC in Z>. 

AD is the required perpendicular. 

[The proof is left to the student.] (80; 



Ex. 192. Construct the three altitudes of an acute triangle. 
Ex. 193. Construct the three altitudes of an obtuse triangle. 
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Proposition XII. Theorem 

88. An exterior angle of a triangle is greater than 
either remote interior angle. 




A 

Given A ABC and the ext. Z CBD. 

To prove Z CBD >ZAoTZa 

Proof 

STATEMENTS 

Let E be the mid-point of 
BC. Draw AE and produce it 
its own length to F. Draw FB. 

In A ACE and FBE, 

AE = EF. 
EC=BE, 

z cea = z feb. 

.-. aace^afbe. 
.-. Zebf^Z c. 

Z CBD > Z EBF. 



But 



Hence Z CBD >Zc. 

By joining the mid-point of 
AB to C, it follows in the same 
manner that 

Zabq> Za. 

But Z ABG = Z CBD. 

Hence Z CBD > Za. 

Q. E. D. 



REASONS 



Con. 
Con. 

Vertical A are equal. 
s» a. 8. ^^ s« a. 8. 
Horn, parts of equal ^. 
The whole is greater than any of 
its parts. 
Sub. 



Vertical A are equal. 
Sub. 
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Ex. 194. In the annexed diagram, if AD is 
a St. line, prove that (a) Z 1 > Z 2, (6) Z 1 > 
ZA (c) Z1>Z3. 





Ex. 196. In the annexed diagram if DB is a 
St. line, prove that (a) Z2>Z1, (6) Z8>Z1. 

Ex. 196. In the diagram for Proposition XII, 
prove that 

(a) ZFBD>ZF, 
lb) ZBEA>ZACE, 
(c) Z CEA > Z GBD, 
(a) Z CBD > Z C^i?^. 

89. Def. a transversal is a line that intersects two (or more) 
other lines. The various angles formed by two lines and a 
transversal are named as follows : 

1, 2, 7, 8 are exterior angles. 

3, 4, 5, 6 are interior angles. 

1 and 8, 2 and 7 are alternate exterior 
angles. 

3 and 6, 4 and 5 are alternate interior 
angles. 

1 and 5, 2 and 6, 3 and 7, 4 and 8 are 
corresponding angles. 

PARALLEL LINES 

90. Dep. Two lines are parallel if they lie in the same 
plane and do not meet, however far produced (in either 
direction). 




B 



Thus, AB and CD represent two paral- 
lel lines. 



91. Axiom 16. Two intersecting lines cannot both be parallel 
to a third straight line. ^ 
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92. Theorem. Two straight lines which are parallel to a 
third straight line are parallel to each other. 

For if the two lines should meet, we should have two intersecting 
straight lines parallel to a third straight line, which contradicts Axiom 16. 





^ 




tSi 



16 





Ex. 197. In the diagrams given here, tell what kind of angles the 
following are : 1 and 2, 3 and 4, 5 and 6, 7 and 8, 9 and 10, 11 and 12, 
13 and 14, 14 and 15, 16 and 17, 18 and 19, 18 and 20. 

Ex. 198. In the diagram opposite, if AB and BC are st. lines, is 
it possible that 

(a) /.a = 60°, and 2f 6 = 50° ? 
(6) /.a- 60°, and Z6 = 70°? 
(c) Za = 60°, andZ6 = 60°? 

Ex. 199. In the next diagram, is it possible that the prolongations 
of AB and CD (i.e. toward the right) meet if 
(a) Z a = 60°, and 2^ 6 = 50^^ ? 
(6) Za = 60°, and Z 6 = 70° ? 
(c) Z a = 60°, and Z 6 = 60° ? 

Ex. 200. In the same diagram, do the prolonga- 
tions of BA and DC (i.e. toward the left) meet if 
(a) Za = 60°, Z6 = 70°? 
(6) Z a = 60°, Z 6 = 60° ? 
(c) Za = 60°, Z6 = 60°? 

Ex. 201. In the same diagram, can the lines produced meet at all if 

(a) Za = 50°, and Z 6 = 60° ? 
(6) Za = 60", and Z6 = 60°? 
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Proposition XIII. Theorem 

93. Two lines are parallel if a transversal to these 
lines makes a pair of alternate interior angles equal* 




D E 



Given. AC and DF, intersected by BE so that Z ABE = Z BEF, 
To prove AC II DF, 



Proof 

STATEMENTS 

AC and DF either meet or are 
parallel. 

Suppose they meet in O. 

Then BEO is a triangle whose 
ext. A ABE is equal to a remote 
int. Z BEQ^ which is impossible. 

Hence AC and BF cannot meet. 

Or AC II BF. 

Q. E. D. 



REASONS 

Def. of II lines. 



An ext. ^ of a A is greater 
than either remote int. Z., 



Def. of li lines. 



94. Method Y. To demonstrate that two lines are parallel, 
prove the equality of a pair of alternate interior angles. 



* In this proof we make a wrong assumption, viz., that two lines meet if 
the alt. int. A are equal. The diagram which illustrates this wrong assump- 
tion must necessarily he inaccurate, and hence the two angles are not exactly 
equal. Similarly, all proofs which require the investigation of a wrong as- 
sumption (the so-called indirect proofs) are illustrated by inaccurate draw- 
ings, and it is illogical to attempt to make these drawings exact. 
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Ex. 202. Prove that AB and CD are parallel (see annexed diagram) if 

(a) Zc = 70°, Z/=70^ 
(6) Zc = 60°, Zfi = 120°. 

(c) Za = 110°, Z/=70^ 

(d) Z6 = 60°, Z/=80^ 
(c) Z a = 120°, Z flf = 60°. 

Ex. 203. Prove that AB II CD, if Z 6 = Z/ 

Ex. 204. Prove that AB II CD, if Z a = Z ^. 

Ex. 205. Prove that AB II CD, if Z 6 = Z gr. 

Ex. 206. In the diagram opposite, if Z 1 = Z 2, and ^' 
Z 8 = Z 4, prove that AB II 2)^. 

Ex. 207. In the same diagram if /.A = /.D, and Z 3 o 

= Z 4, prove that ^C II DF. 

Ex. 208. In the same diagram if ^^ ± AD, ED ± AD^ 
and Z 3 = Z 4, prove that ^C II DF. 



B 






Ex. 209. If AB and CD bisect each other in E, 
prove that ^C II DB, 



Ex. 210. In the diagram opposite, if AB =DC, f^ 
and Z 3 = Z 4, prove that AD II BC. 



Ex. 211. In the same diagram, if AB = DC, and 
AD = BC, prove that AB II DC. 



Ex. 212. In the diagram opposite, if AB 
= CD, EC=BF, Zl = Z2, and ^D is a st. 
line, then AE II DF, 

£x^ 213. In the same diagram, if AE = DF, 
AB= CD, and EC=BF, then EC II BF, 



Ex.214. In the same diagram, if AB = CD, ZABFt=ZDCE, 
EC = BF, and AD is a straight line, then AE II DF, 
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Proposition XIV. Theorem 

95. Two lines are parallel if a transversal to these 
lines makes a pair of corresponding angles equal. 




Given AB and CD,, intersected by EF so that Z 1 = Z 2, 

To prove AB II CD 

Hint. Prove the equality of a pair of alternate interior angles. 



96. Cor. If a transversal is perpendicular tq two lines, 
these lines are parallej. 



4. A ■ 



Ex. 216. In the diagram for Ex. 202, if Z a = 2(Z 6), and Z/= 60°, 
then AB II CD, 

Ex. 216. In the annexed diagram, if 
Z ^ = 70°, Z ABD = 60°, A DBE = 60°, and 
^C is a straight line, prove that AD II BE. 

Ex. 217. In the same diagram, if BE 
bisects /.DBC, A ABD = 80°, Z ^ = 76^, 
and ACiask straight line, then AD II BE. 

Ex. 218. In the same diagram, if AB = BD and Z Z) = Z EBC, then 
AD II BE. 
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Proposition XV. Theorem 



97. Two lines are parallel if a transversal to these 
lines makes a pair of interior angles on the same side 
of the transversal supplementary. 




Given AB and CD, intersected by EF so that 

Zl+Z2 = 180^ 
To prove AB II CD. 



Proof 



STATEMBVTS 

Z 1 is the sup. of Z. 2. 
Z 3 is the sup. of Z 2. 

.•.Z1=:Z3. 



.-. AB II CD. 



Q. E. D. 



RBASOirS 

Hyp. 

If two adj. A have their ext. 
sides in a st. line, they are sup. 

Sapplements of the same /. are 
equal. 

Lines are II if a pair of alt. int. 
A are equal. 



98. Method VI. Sometimes lines are demonstrated to be 
parallel by proving that 

(a) Two corresponding angles are equal, or 

(6) Two interior angles on the same side of a transversal are 
supplementary. 
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Ex. 219. 



Ex. 220. 



Ex. 219. In the diagram above, if AF= BE, AB = CD, Z^ = Z2, 
and AD is a st. line, prove that CF II DE, 

Ex. 220. In the diagram above, if BE bisects Z B, CE bisects 
Z C, and Z 1 + Z2 = 90°, then BA II CD, 




I c 

Ex. 222. 




Ex. 223. 



Ex. 221. In the diagram opposite, \t AB = BD and ZD ia the 
supplement of Z ABE, then ^2> II BE. 

Ex.222. If Z^ + Z5 + ZC + ZZ) = 360^ ZA = ZC, and Z^ 
zzzAD, then AD II BC. 

» Ex. 223. If Z1=Z2 + Z8, then JFFIIGtfl: 



99. To construct figures that bear certain relations we em- 
ploy the same methods as for proving these relations. Thus, 
to draw a line parallel to another, we may construct a pair of 
equal alt. int. A ; to make an angle equal to another angle we 
use a construction (86) which really involves the construction 
of congruent triangles, etc. 
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Proposition XVL Problem* 

100. Through a given point to draw a parallel to 
a given line. 




Given line AB and point 0. 

Required a line through il AB. 

Construction. Through draw DCy intersecting AB in D. 
At construct Z COB^ = Z. ODB. (86) 

A^^ is the required line. 

Hint. What are the means of proving that two lines are parallel ? 

Note. If previous constructions are employed in a problem, the details 
of such construction should not be stated. Thus, in the preceding problem 
it would be awkward and illogical to describe the method of making 
Z COBf = Z. OBB. 

The beginner, however, should dravo all such details. In other words 
the construction should be carried out exactly by means of ruler and 
compasses. 



Ex. 224. Through a given point to draw a line parallel to a given line, 
by means of equal alt. int. angles. 

Ex. 225. Through a given point to draw a line parallel to a given 
line by means of Ex. 209 (p. 46). 

* See practical application, page 286. 
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Proposition XVII. Theorem 

101. Two lines are not parallel if a transversal to 
these lines makes a pair of alternate interior angles 
unequal. 




^ .6 

Given AB and CD cut by a transversal, so that 

Z1>Z2. 
To prove AB is not . II CD, 



Proof 



STATBMBNTS 

Construct Z FEO = Z 2. 

EF II CD 



.'. AB is not II CD. 



Q. E. D. 



REASONS 



Two lines are 11 if a transversal 
makes the alt. int. A equal. 

Two intersecting lines cannot 
both be II to a third line. 



102. Cor. Two lines respectively perpen- 
dicular to two intersecting lines are not paral- 
lel. 

Hint. Prove Z1>Z2. 



103. A proposition is the converse of another when the 
hypothesis and the conclusion of the one are respectively the 
conclusion and the hypothesis of the other. 
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Proposition XVIII. Theorem 

104. If two parallels are cut by a transversal, the 
alternate interior angles are equal. 

[Converse of Prop. XIIL] 




B 



Given parallel lines AB and CZ>, and the alt. int. A 1 and 2. 
To prove Z 1 = 2. 



Proof 



STATBMBNTS 



Either Z 1 = Z 2, 
or Z 1 =9fc Z 2. 

Suppose that Z 1 ^^ Z 2, 
then AB is not II to CD. 

But this is impossible. 
Hence Z 1 = Z 2. 

Q.E. D. 



REASONS 



Two lines are not II if a transver- 
sal to these lines makes a pair of 
alt. int. A anequal. 

AB II CD, by hyp. 



105. Cor. If a transversal is perpendicular to one of two 
parallel lines, it is perpendicular to the other also. 



Ex. 226. 

transversal. 



Two II lines AB and CD are cut by a 

(a) IfZc = 70°, find^f/. 
(6) If Z c = 80^, find Z e. 
(c) If Z c = 76°, find Z gr. 
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Ex. 227. In the same diagram, if AB II CD, and 

(a) Za = 110^findZ/. 
(6) Z 6 = 80^ find 2^ gr. 
(c) Zh- 100°, find Z 6. 

Ex. 228. In the same diagram, if AB \\ CD, prove that 
(a) Za = Ze. (d) Z c is the sup. of Z e. 

(6) Zb = Zf, (e) Zgis the sup. otZd, 

(c) Za = z\. 

Ex. 229. In the diagram opposite if AD = BC, 
and AD II 50, then Z8 = Z4. 

Ex. 230. In the same diagram, if AB II CD, and ' 
AD II 5C, then ZB^ZD. B^ 2J^C 

Proposition XTX. Theorem 

106. If two parallel lines are cut by a transversal, 
the corresponding angles are equal. 
[Converse of Prop. XIV.] 





F 

Given parallel lines AB and CD and the cor. A 1 and 2. 
To prove Z 1 = Z 2. 



statbmbhts 
Z1=Z3. 
Z2 = Z3. 
•. Z1=Z2. 



Q.E.D. 



Proof 

REASONS 

Vertical A are equal. 
Alt. int. A of 11 lines are equal. 
Things equal to the same thing 
are equal to each other. 
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Ex. 231. K ABWCD and EFWOH, 
prove thati 

(a) Z1 = ZS. 

(b) Z4 = Z6. 

(c) 2^2 = 2:7. 



Ex. 232. If ^B li CA and ^J? Is a at. line, find the numerical value of 
(a) Zd,ifZg = SO°. 
(6) Za, itZh=60°, 

(c) Z FOB, itZb = 60°, and Z c = 70°. 

(d) Zb.itZ FOB = 140°, and Z c = 80°. 

(e) Z/, if Z 6 = 66°, and Z c = 70°. 
(/) Z6, if Z/= 60°, and Zc = 70°. 
{g) Z HQF, if Z c =66°, and Z c = 76°. 

Ex. 233. In the same diagram, if AB II CD, 



prove that 



(a) ZFGH=Zb + Zc. 
(6) Z/= 180^- Z^-Zc. 
(c) ZCEH = Zf-\-Zc. 
{d) Z6 + Z/+Zc = 180°. 



Ex. 234. Prove that the sum of the three angles 
of A ABC equals 180°. 




E ->-'=^-F 




Ex. 235. If ACD is an ext. angle of A ABC, 
then Z ACD = ZA + ZB. 



Ex. 236. In the annexed diagram, if AD 
is a St. line, AB = CD, AF II BE, and 
Ci?'ll DE, then DE = CF. 

Ex. 237. In the same diagram, if 
AB= CD, CF=DE, CFWDE, and AD\^ 
a St. line, then AF = BE. 
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Proposition XX. Theorem 

107. If two parallel lines are cut hy a transversal , 
the interior angles on • the same side of the transversal 
are supplementary. 

[Converse of Prop. XV.] 




Given AB II CD, and the int. ^ 1 and 2, lyitig on the same side 
of a transversal. 

To prove Z 1 is the sup. of Z 2. 



Proof 



STATEMENTS 

Z 3 is the sup. of Z 2. 

Z1 = Z3. 

.*. Z 1 is the sup. of Z 2. 



Q. E. D. 



REASONS 



If two adj. A have their ext. 
sides in a st. line, they are sup. 
Alt. int. A of II lines. 

Sub. 



Ex. 238. If AB II CD, and AD II BC, prove 
(a) Z 2 is the sup. of Z D. 
(6) AA-LC. 



/ 



// 



i/i 



B 



£x. 239. In the annexed diagram, if EDWAB, 
AC=CD^ and EB and AD are st. lines, A ABC 
^ A CDE. 
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Ex. 240. If the opposite sides of a quadrilateral are 

parallel, they are also equal. 

Ex. 241. If two sides of a quadrilateral are equal and parallel, the 
other two sides are equal. 

Ex. 242. If in the diagram given here AB = ED, 
BCW FE, AFW DC^ and AD is a st. line, A AEF must 
equal A BCD. 

Ex. 243. In the same diagram, if AB = ED, 
BC = FE, BCW FE, and AD is a st. line, ^^must 
equal CD. 

Ex. 244. In the same diagram, if AB = ED, A 
AF=DC, AFW DC, and ^D is a st. line, then BC 
is parallel to FE. 

Ex. 245. If two sides of a quadrilateral are equal and parallel, the 
other two sides are parallel. D c 

Ex. 246. In the diagram given here, if AB II CD, 
ADWBC, AE= FC, and AC in a, st. line, then 
DE II BF, 

Ex. 247. The bisectors of a pair of corresponding angles formed by 
parallel lines are parallel. 








Ex. 248 Ex. 249 Ex. 250 

Ex. 248. If in the diagram given here, AB II CD, and ZB = ZD, prove 
thaX BCW DE. 

Ex. 249. In the diagram given here, if Z 1 = Z2, then Z8 = Z4. 

*Ex. 260. If in the diagram above, ^BIICD, prove thatZl=Z2-f-Z3. 
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*Ex. 251. If in the diagram opposite, A A, B, 
and C are right angles, ZDis also a right angle. 




« Ex. 252. If in the diagram opposite, ^ C II FD, 
AFW CD, and FBWEC, prove that 

A AFB ^ A BCD. 



Proposition XXI. Theorem. 

108. Two angles whose corresponding sides are 
parallel and extend in the same direction from their 
vertices are equal. 

A 




Given AB II AB' and BC II B'tf. 

To prove ZB= Zb'. 

Hint. Produce if necessary BC and B'A' until they meet at Z>. 

109. Cor. Angles whose corresponding sides are parallel 
are either equal or supplementary. ^/^ / 

Thus, in the diagram opposite, if the correspond- / '/^ 

ing sides are parallel, A 1 and 3 equal Z. A^ and -— 
A 2 and 4 are sup. of Z A, 
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Ex. 263. If COXAO, and DO±OB, then Zl 




\ 



Ex. 254. Two angles are either equal or 
supplementary if the sides of one are respec- 
tively perpendicular to the sides of the other 
(as I and a, or i and 3, or i and 4, or i and 5). 

Hint. Draw Z 6 whose sides are parallel to 
MN and PQ respectively. 



TRIANGLES — PART II 



C 

I 
I 



P Jf 



I 







B 
A 




* Q 



Proposition XXII. Theorem 

110. The sum of the angles of a triangle is equal to a 
straight angle. 

p TZCf E 




Given A ABC, 

To prove Z^-fZ5-f-Zc=ast. Z. 



Proof 



STATEMENTS 

Through A draw DE II EC, 
Z1 = Zb. 
Z2 = Za 
But 

Zui-f-Zl-f Z2 = ast. Z. 
.-. Zui-f Z5-f ZC7=a St. Z. 

Q. E. D. 



REASONS 



Alt. int. A of II lines. 
Alt. int. A of II lines. 

2>^0is a St. line. 
Sub. 
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111. Cob. 1. In a triangle there can be only one obtuse 
angle or one right angle. 

112. CoR. 2. The acute angles of a right triangle are com- 
plementary. 

113. CoR. 3. If two triangles have two angles of the one 
respectively equal to two angles of the other, the third 
angles are equal. 

114. Cob. 4. Two triangles are congruent if two angles and 
the side opposite one of them are equal respectively to two 
angles and the homologous side of the other (s. a. a. = s. a. a.). 

115. Cob. 6. From a point without a line there can be only 
one perpendicular to that line. 

116. Cob. 6. Each angle of an equiangular triangle is equal 
to sixty degrees. 

Ex. 255. In the annexed diagram find the 
value of 

(a) Z^, if ^ 5 = 60°, and ^ (7 = 60°. 
(6) ZJ5, if Z^ = w°, andZ(7 = n^ 

(c) Z3, if Z^ = 60°,and^5 = 70°. 

(d) ^4, if ^2 = 110°, and ^^ = 60°. 
(€) Z 1, if Z 4 = 40%. and Z J5 = 70°. 
(/) Z3, if Z2 = 140% and Z 1 = 120°. 
(flr)Z^4-ZJ5if ZC7 = m°. 

Ex. 256. If (7 is the vertex angle of isosceles triangle ABC, find 

(a) ZA,ifZC=40^ 
(6) Z5, if Z(7 = m°. 

(c) ZG, if Z^ = 40°. 

(d) ZC, if Z5 = n°. 

Ex. 257. How many degrees are there in each angle of an isosceles 
right triangle ? 

Ex. 258. If two angles of a triangle are 60° and 40° respectively, 
what is the angle formed by the blsectoi*s of these angles ? 

Ex. 259. If two angles of a triangle are given, construct the third. 

Ex. 260. If a base angle of an isosceles triangle is given, construct 
the vertex angle. 
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Ex. 261. If the vertex angle of an isosceles triangle is given, con- 
struct a base angle. 

Ex. 262. Construct an angle of 60"". 

Ex. 263. Construct an angle of 30''. 

Ex. 264. Construct an angle of 120'' ; of 76''. 

Ex. 266. The bisectors of two interior angles on the same side of a 
transversal to two parallel lines are i)erpendicular to each other. 



Ex. 266. If CB and ED are drawn respec- 
tively perpendicular upon the sides of angle A^ 
prove Z 1 = Z 2. 




Ex. 267. If CD is the altitude upon the hypot- 
enuse of right triangle ABC^ prove that Z AGD 




Ex. 268. If CD and AE are altitudes of triangle 
ABC, prove that Z 1 = Z 2. 




Ex. 269. Find the sum of the four angles of a quadrilateral. 



D B 



Ex. 270. If two angles of a triangle are equal, the bisector of the 
third angle divides the figure into two equal triangles. 

Ex. 271. Two right triangles are equal if the hypotenuse and an 
acute angle of the one are equal respectively to the hypotenuse and an 
acute angle of the other. 

Ex. 272. The altitudes upon the arms of an isosceles triangle are 
equal. 

Ex. 273. The lines drawn from the mid-point of the base of an 
isosceles triangle perpendicular to the arms are equal. 
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Proposition XXIIL Theorem 

117. An exterior angle of a triangle is equal to the 
sum of the two remote interior angles. 




c 

Given the ext. Z ACD of A ABC. 

To prove Z ACD = Z ^ + Z 5. 

Hint. Draw GE II BA. 

118. Cor. An exterior angle of a triangle diminished by a 
remote interior angle equals the other remote interior angle. 



Ex. 274. Given two angles of a triangle, construct an angle equal to 
the remote exterior angle. 

Ex. 275. (xiven an exterior angle and a remote interior angle of a 
triangle. Construct an angle equal to the other remote interior angle. 

Ex. 276. If two angles of a triangle are equal, the bisector of the 
remote exterior angle is parallel to the opposite side of the triangle. 

Ex. 277. If at each vertex of a triangle, one exterior angle is drawn, 
the sum of the three angles is equal to four right angles. 

Ex. 278. The sum of two exterior angles of a triangle diminished by 
the third interior angle is equal to two right angles. 

* Ex. 279. If the sum of two exterior angles of a triangle is equal to 
three right angles, the triangle is a right one. 

* Ex. 280. The bisectors of two exterior angles of a triangle include 
an angle equal to half the third exterior angle. 

* Ex. 281. The sum of two interior angles of 
a quadrilateral is equal to the sum of the two 
nonadjacent exterior angles, (/.e. AA-\- /. B 
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Proposition XXIV. Theorem 

119. If two angles of a triangle are eqacdj the sides 
opposite these angles are equal. 

c 




D -B 

Given A ABC, with /.a = Ab, 

To prove AC=BC. 

Hint. Construct CD^ the bisector of angle ACB, and prove the 
congruence of the triangles. 

120. Cor. An equiangular triangle is also equilateral. 

121. Method YII. Propositions IV and XXIV are occasion- 
ally used to prove the equality of lines or the equality of angles. 
(Compare note on p. 31.) 

Ex. 282. If two exterior angles, formed by producing one side of a 
triangle at both ends, are equal, the other sides are equal. 

Ex. 283. If the vertex angle of an isosceles triangle is 60°, the tri- 
angle is equilateral. 

Ex. 284. If the bisector of an exterior angle of a triangle is parallel 
to one side, the triangle is isosceles. 

Ex. 286. The bisectors of the base angles of an isosceles triangle 
form, if they meet, an isosceles triangle. 

Ex. 286. If at the ends of the base of an isosceles triangle perpen- 
diculai-s are erected upon the arms, another isosceles triangle is formed. 

Ex. 287. A line parallel to the base of an isosceles triangle, inter- 
secting the two arms, cuts off another isosceles triangle. 

Ex. 288. If in quadrilateral ABGD, AB = BC, and ZA = /:C, then 
CD = DA, 

Ex. 289. If OA and OB are two radii of a circle, and a point O 
yritkin the'6ircle^is equidistant from A and J5, then Z OAC = Z OBC* 
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Ex. 290. A tower TT stands on a de- 
clivity //' which is inclined 20° to a horizontal 
line IH (i.e, ^/=20°). At a point 0, 60 
feet from T.^TOV = 35°. Find TT. 

[For additional practical applications see 
problems 7-18, p. 286.] 



Proposition XXV. Theorem 

122. Two right triangles are congruent if the hypote- 
nuse and an arm of the one are respectively equal to the 
hypotenuse and an arm of the other, (hy. arm=hy, arm.) 






Given A ABC and A *B'&, with AB = A'b' ; AC = A^C', and the 
rt. A C and &. 

To prove A ABC ^ A a'b'C. 



Proof 

STATEMENTS 

Place Aui'^'c/ so that A'& coin- 
cides with AC, and that B and B' 
fall on opposite sides of AC 
BCB^ is a St. line. 

AB = a*bK 
.-. Zb = Z.b'. 

.'.AABC^AA'B^C'. 

Q. E. D. 



REASONS 



ZBCB =2 rt. i4 or ast. Z. 

Hyp. 

Base A of isos. A are equal. 

s. a. a ^^ s. a. a. 
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Ex. 291. If the perpendiculars from the mid-point of one side of 
a triangle upon the two other sides are equal, the triangle is isosceles. 

Ex. 292. If two altitudes of a triangle are equal, the corresponding 
sides are equal, and the triangle is isosceles. 

Ex. 293. Two triangles are congruent if two sides and the altitude 
upon one of them of one triangle are respectively equal to two sides and 
the homologous altitude of the other. 

Ex. 294. Two triangles are congruent if the base, the median, and 
altitude to the base of one triangle are equal respectively to the base, 
the median, and altitude to the base of the other. 

Proposition XXVI. Theorem 

123. Every point in the perpendicular-bisector of a 
line is equidistant from the extremities of that line. 

p 




Given PD, the perpendicular-bisector of AB, and C any point 
in PD, 

To prove C is equidistant from A and B, 

Hint. What is the usual means of proving the equality of lines ? 



Ex. 295. In a given line AB find a point equidistant from two given 
points P and Q. 

Ex. 296. In a given circumference find a point equidistant from two 
given points. 

Ex. 297. Find a point equidistant from three given points. 

Ex. 298. Given three fixed points A, B, and C. Required to con- 
struct a point X, so that AX= BXy and CX= \ inch.* 

* For applied problems see problems 19 and 20, p. 288. 
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124. Def. The distance of a point from a line is the length 
of the perpendicular from the point to the line. 



p 



Thus, if PQ is perpendicular to MN, PQ is called 
the distance of P from MN, 




H 



Proposition XXVII. Theorem 

125. Every point in the bisector of an angle is equi- 
distant from the sides of the angle, 

B 
P. 




P' 

C 

Given AD, the bisector of Z bac, and 0, any point in AD, 
To prove is equidistant from AB and AC, 

Hint. Draw OP±AB B.nd OPf ±AC, and prove the congruence of 
the two triangles. 

126. Cor. A point equidistant from the sides of an angle 
is in the bisector of that angle. 



Ex. 299. In a given line AB to find a point equidistant from the sides 
of the given Z DEF. 

Ex. 300. In a given circumference find a point equidistant from two 
given lines. 

Ex. 301. Find a point equidistant from three given lines. 
p 
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UNEQUAL LIN£S AND UNEQUAL ANGLES 
Proposition XXVIII. Theorem 

127. The sum of two sides of a triangle is greater 
than the third side. 




Given A ACS. 

To prove 

HiKT. See Axioms. 



AB-^AC>BC. 



Ex. 302. Ls it possible to draw a triangle whose sides are 

(a) 4 in., 6 in., 10 in.? (6) 8 in., 19 in., 12 in.? 

(c) 4 ft., 12 ft., 8 ft.? ' (d) 6 in., 2 in., 6 in.? 




Ex. 303. Prove that the perimeter of polygon 
ABCDEF > perimeter of A ACE, ^ 



C D 

Ex. 304. If in A ABC, AC = BC^ and a point 2> in the prolongation 
of .4(7 be connected with J5, -then DA > DB. 



Ex. 305. If in the side BC of A ABC any 
point D be taken, then 

AB ■¥ BC> AD ^- DC. 



Ex. 306. If from any point ^ in A ABC EB and EC are drawn, then 

AB-\-AC>EB-\-EC, 

Hint. Produce BE until it meets ACin D, 
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Ex. 307. The difference of any two sides of a triangle is less than the 
third side. 

Ex. 308. A diagonal of a quadrilateral is less than one half the per- 
imeter of the figure. 

Proposition XXIX. Theorem 

128. If two sides of a triangle are unequal^ the angles 
opposite are unequal^ and the greater angle is opposite 
the greater side. 




Given A ABC, with 
To prove 



AC > AB, 
Z.B>Z C, 



Proof 



8TATB1SBNTS 

Draw the angle-bisector AE. 
On AC lay off AD = AB and 
draw DE. 

In A ABE and ADE 
AB = AD, 
jA.JS ^^ JLlS, 
J.BAE = Z.DAE. 
.'.AABE^AADE. 
.\ Z. B =: Z. ADE. 
But Z EDA > Z C. 



.\ZB>Z C. 



Q. E. D. 



REASONS 



Con. 

Iden. 

Con. 

D* cIp* 0« «"^ Da lw« D* 

Homologous parts of congntent ^. 

Ext. Z of a A > either remote 
int. Z. 

Sub. 
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Ex. 309. If in A ABC, AB = 1, BC=Sy C^ = 6, which is the 
greatest angle of the triangle ? which the smallest ? 

Ex. 310. If one arm J. (7 of an isosceles triangle 
ABC is produced to D, then 

Z ABD > Z ADB. 

Ex. 311. If in t.ABC, AB>ul(7, and Z B = 60°, 
prove that AO/.A, 

Ex. 312. If in A ABC, AB>AC, and Z ^ = 60^ 
which is the greatest angle of the triangle ? 

Ex. 313. If in quadrilateral ABCB, AB > BC and AD > CD, then 
/LC> ZA, 

129. NoTB. The sides of a triangle are often designated by italics 
which correspond with the letters of the opposite vertices. Thus, in 
A ABC, AB = c, BC = a, and CA = 6. 




Proposition XXX. Theorem 

130. If two angles of a triangle are unequal^ the 
sides opposite are unequal^ and the greater side is 
opposite the greater angle. 

[Converse of Prop. XXIX.] 

A 




Given A ABC, with Z B > Z C. 

To prove b> c. 

Proof 

STATEMENTS 

6 < c, or 6 = c, or 6 > c. 
Suppose 5 < c, 
then ' - ^ ' 



Zb <Zc, 



REASONS 



In a A, the greater Z lies oppo- 
site the greater side. 
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STATEMENTS 

But this is impossible. 
Suppose 6 = c, 
then Z B=zAc. 

But this is impossible. 
.*. 6 > c. 

Q. £. D. 



REASONS 

ZB>ZC,\)y hyp. 

The base A of an isos. A are 
equal. 

ZB > ZC, by hyp. 



131. Cob. The perpendicular is the shortest line that can 
be drawn from a point to a given line. (115.) 

Note. The method used in the above proof is known as the indirect 
method or reductio ad absurdum. Instead of showing that a certain con- 
clusion is true, we examine all conclusions which contradict the one to 
be proved, and demonstrate that these are false. Thus, in order to 
demonstrate a=&, we simply prove that the statement a =^5 is false. Or 
to prove w>n, we disprove the only contradictory conclusions, viz. 
m = 71, and m<n. 

The indirect proof is often used to prove converses, especially those 
that establish inequalities. (Compare Props. XII and XVII.) 



Ex. 314. Which is the greatest side of a right triangle ? of an obtuse 
triangle ? 

Ex. 315. If two angles of a triangle are 50^ and Q0° respectively, 
which is the greater of the two opposite sides ? which is the greatest side 
of the triangle ? which is the shortest ? 

Ex. 316. If in A ABC, AB >ACsindZB = 60°, which is the greatest 
side of the triangle ? which is the smallest ? 

Ex. 317. If in AABC, AB>AC,a,ndZA= 60°, which is the greats 
est side of the triangle ? 

Ex. 318. Of two lines drawn from a point in a perpendicular to a 
given line, cutting off on the given line unequal segments from the foot of 
the perpendicular, the more remote is the greater. yi> 

Ex. 319. It ZA of A ABC equals two thirds of 
a right angle, and the exterior angle DBC equals 
110°, which is the greatest side of the triangle? 
which is the shortest ? 
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Ex.320. liinl^ABC AB=AC, 
prove that DC> DB, 

Ex. 321. In triangle ABC, AC 
>BC. If the bisectors of angles A 
and B meet in D, prove AD > BD. 

Ex. 322. In the diagram given 
here, AC>BC, AD±AC, and b' C 

DB ± BC. Prove BD > AD, Ex. 320 

Ex. 323. Prove Prop. XXX directly. 

Hint. At B draw angle CBD = Z C. 

Ex. 324. The sum of the altitudes of a triangle is leas than the perim- 
eter of the triangle. 

[See practical problems, p: 289, No. 21.] 



Ex. 322 



Pboposition XXXI. Theorem 

132. If tioo triangles have two sides of the one equal 
respectively to two sides of the other, hut the included 
angle of the first greater than the included angle of the 
secandy then the third side of the first is greater than 
the third side of the second. 





Given A ABC and A'b'& with 

ABzzzA^B^'j AC=AC"', ZA>Za\ 

To prove BC > B'&. 
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Proof 



8TATBHBNTS 
Apply A A^E'Cf to A ABC SO 

that A'b' coincides with AB. 

A'(f will fall between AB 
and AC as AC*. 

Draw AD bisecting Z CAC' 
to meet BC in D, and draw DC\ 
A& = AC, 
Z &AD = Z CJi), 
AD = ^D. 
/. A (fAD ^ A CilD. 
.-. D(f = DC. 
But JBD + ZX/ > B&y 

.-. SD+DOS&, 
or JBC > BC?* or JB'C*. 



RBASONS 
AB = ^'JB', by hyp. 

ZA>ZA', hyhyp. 



Hyp. 
Con. 
Iden. 

Ba Cm B. — B. Ca. B. 

Horn, parts of congnient A. 

The sum of 2 sides of a A> 
third side. 

Sub. 
Sub. 




Ex. 326. If and 0' are two equal 
circles, and 

ZAfOfBf>ZAOB, 
then A'B' > -4JB. 



Ex. 326. If in triangle ACB the median AD 
be drawn forming the acute angle ADB^ prove 

(a) ^C>AB 
(6) ZB>a 



Ex. 327. If in A ^BC, ZA = ZBj and a point Z> in AB be taken 
so that AACD> DCB, then ^Z> > DB. 

Proposition XXXII. Theorem 

133. If two triangles have two sides of the one equal 
respectively to two sides of the other ^ hut the third side 
of the first greater than the third side of the second, 
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then the included angle of the first is greater than the 
included angle of the second. 
[Converse of Prop. XXXI.] 





a ^/ o a' 

Given A ABC and a'b^C, with 6 = 6'; c = c''j a>a. 
To prove Z A>Za', 



Proof 



8TATBMBNT8 
A<A\ OT A= A\ ox A> A\ 

First, suppose A < A', 
Then a<a'. 



But this is impossible. 
Second, suppose A = A*, 
Then A ABC ^ A A'B*C\ 

.', a = a'. 
But this is impossible. 

.-. A>A'. 

Q. E. D. 



RBAS0N8 



If two A have 2 sides of the one 
equal respectively to 2 sides of the 
other, but the included Z of the 
first > the included Z of the second, 
then the 3d side of the first > 3d 
side of the second. 

o > a', by hyp. 

8. a. 8. = 8. a. 8, 
Homologous parts, etc. 
o > a', by hyp. 



134. Note. In the demonstrations which follow, the reasons will, as 
a rule, not be given in detail, but merely by reference to the paragraph 
number. The student, however, should in many cases state the proofs 
completely, with reasons in full, although occasionally the mere *' state- 
ments" will be sufficient to test the pupil^s understanding. 
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Ex. 328. If in A ABC, havingMC > BO, the 
median CE is drawn, then ZAEC is an obtuse 
angle. 

Ex. 329. Given A ABC, having ZA = ZB, 
If the point D in AB be taken so that AD > DB, 
then ZACD>ZDCB. 

135. Method' VIII. Inequality of lines is generally proved 
by means of Props. XXVIII, XXIX, XXXI. If it is impossible to 
discover any relation of the angles, Prop. XXVIII is used ; if the 
two lines are parts of the same triangle, and the opposite angles 
can be proved unequal, PiH)p. XXIX is used; but if the sides or 
angles are parts of different triangles. Prop. XXXI is used. In 
some cases several methods will lead to the desired result. 

The inequality fit angles is proved in a similar manner by 
Props. XII, XXX, and Prop. XXXII. 




Ex. 330. li AD and BC 

intersect in E, prove AD-^BC 
<AB-\- CD. (Which of the 
three propositions must be 
used?) 

Ex. 331. If AC, a side of 
an equilateral triangle, is pro- 
duced to D, and BD\b joined, ex. 330 Ex. 331 
then AD > BD> AB. 

Ex. 332. A point P, not in the perpendicular -bisector of AB, is 
unequally distant from A and B. (Find 3 proofs corresponding with the 
methods of 135.) ^ 

Ex. 333. In the annexed diagram, if AB = AC, 

prove that 

(a) BD>DC. 

(6) BE>EC. 

(c) AF>AB. 

Id) AB>AH. 

Ex. 334. The sum of the diagonals of any 
quadrilateral is less than the perimeter, but greater than the semiper- 
imeter of the quadrilateral. 
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^£z. 335. If the opposite sides of a a 

quadrilateral ABCD are equal, but AB 
<AD, prove that ZAOB<Z AOD. 

* Ex. 336. The sum of the lines drawn 
from any point in a triangle to its vertices is B 
less than the perimeter, but greater than the 
semiperimeter of the triangle. (Ex. 306.) 

* Ex. 337. If in A ABC, having AB < BC, BD, the bisector of angle 
JB, is drawn, meeting ^C in Z>, then AD <DC. 

* Ex. 338. If in A ABC, having AC> BC, the median CD is drawn, 
then any point E in BD is nearer to B than to A, 



QUADRILATERALS 

136. Def. a trapezium is a quadrilateral haying no two 
sides parallel. 

A trapezoid is a quadrilateral haying two, and only two, 
sides parallel. 

A parallelogram is a quadrilateral haying its opposite sides 
parallel. 

^0\ rj 



TRAPEZIUM 



TRAPEZOID 



.PARAU.CL06RAM 



137. Def. A rectangle is a parallelogram whose angles are 
right angles. 

A rhomboid is a parallelogram whose angles arei oblique. 



RECTAN6LE 




RHOMBOID 




138. Def. A square is an equilateral rectangle. 
A rhombus is an equilateral rhomboid. 
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SQUARE 



RHOMBUS 



139. Def. An isosceles trapezoid is a trapezoid whose nou- 
parallel sides are equal. The parallel sides of a trapezoid are 
called its bases, and are distinguished as upp^r and lower. 

The median of a trapezoid is the line joining the mid-points of the non- 
parallel sides. 

140. Def. A diagonal of a quadrilateral is a straight line 
joining opposite vertices. The altitude of a parallelogram or 
trapezoid is the perpendicular distance between the two bases. 



Proposition XXXIII. Theorem 

141. The opposite sides and angles of a parallelo- 
gram are equal. 





Given O ABCD, 

To prove AD = BC\ AB =sOD', Z. A = ZC; Zb = Zd. 

Hint, What is the usual means of proving the equality of lines and 
angles ? 

142. Cor. 1. A diagonal divides a parallelogram into two 
congruent triangles. 

143. Cor. 2. If one angle of a parallelogram is a right 
angle^ the figure is a rectangle. 
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144. Cob. 3. Parallels included between parallels are equal. 

145. Cob. 4. If two adjacent sides of a parallelogram are 
equal, the figure is equilateral, and hence either a rhombus or a 
square. 

Ex. 339. The perpendiculars to a diagonal of a parallelogram from the 
opposite vertices are equal. 

Ex. 340. Let ABCD be a parallelogram and BE and DF lines drawn 
perpendicular to AD and BC, Prove BE = DF, 

Ex. 341. If in parallelogram ABCD the diagonals meet in E, then 
AE = EC. 

Ex. 342. Let ABCD be a parallelogram and BD a diagonal, prove 
that the angle-bisectors AE and CF of triangles ABD and CBD respec- 
tively are equal. 

Ex. 343. If the points G and E trisect the diagonal BD of parallelo- 
gram ABCD, prove that AG = CE. 

Ex. 344. The diagonals of a rectangle are equal. 

Ex. 345. The diagonals of a rhomboid are unequal. 

Ex. 346. If the diagonals of a parallelogram are equal, the figure is a 
rectangle. 

Pboposition XXXIV. Theobem 

146. If the opposite sides of a quadrilateral are 
eqimly the figure is a parallelogram. 





Given quadrilateral ABCD, with 

AB=:CD\ AD=BC. 

To prove AD II BC ; AB II en. 

Hint. Prove the equality of a pair of alternate interior angles by 
means of congruent triangles. 
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Ex. 347. If the four sides of a quadrilateral are equal, the figure is 
either a rhombus or a square. 

Ex. 348. If ABCD is a parallelogram, AE A H p 

= CG, and BF = DJET, then EFGH is a paral- Ey 
lelogram. 

Ex. 349. If the diagonals of a quadrilateral 
bisect each other, the figure is a parallelogram. B 



Proposition: XXXV. Theorem 

147. If two sides of a qiiadrUateral are equal and 
parallely the figure is a parallelogram. 






r 

Given quadrilateral ABCD, with 

AB II CD ; and AB = CD. 
To prove ABCD is a parallelogram. 

[The proof is similar to that in Prop. XXXIV.] 



Ex. 350. If on opposite sides of AB the parallelograms ABCD and 
ABEF are drawn, then CDEF is also a parallelogram. 

Ex. 351. If two opposite sides of a parallelogram are produced by the 
same length in opposite directions and their ends joined to the nearest 
vertices, another parallelogram is formed. 

148. Method IX. Lines may be shown to be parallel by 
proving them to be opposite sides of a parallelogram. 



Ex. 352. If two opposite sides of a parallelogram are divided into 
three equal parts, and the respective points of division are joined, the 
lines are parallel. 
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Ex. 353. If two opposite sides of a parallelogram are produced by the 
same length in the same direction, a line joining the ends is parallel to the 
other sides of the parallelogram. 

Ex, 354. If from two opposite vertices of a parallelogram lines be 
drawn bisecting two opposite sides, respectively, the lines are parallel. 

[For practical problems, see p. 280.] 



Proposition XXXVT. Theorem 

149. The diagonals of a parallelogram bisect each 
other. 

^T^ ^D 




Given O ABCD. 

To prove AO = OC, BO = OD. 

[The proof is left to the student.] 

Ex. 355. In the diagram of Prop. XXXVI let E be the mid-point of 
BO, and F the mid-point of OD, Prove that AECF is a parallelogram. 

Ex. 356. The diagonals of a rhombus are perpendicular to each other. 

Ex. 357. If the diagonals of a parallelogram are perpendicular to each 
other, the figure is a rhombus, or a square. 

Ex. 358. If each half of the diagonals of a parallelogram is bisected , 
and the mid-points are joined in order, another parallelogram is formed. 

Ex. 359. If a diagonal bisects an angle of a parallelogram, the figure 
is equilateral. 

Ex. 360. If the ends of two diameters of a circle be joined in succes- 
sion, a rectangle is formed. 

Ex. 361. The base angles of an isosceles trapezoid are equal. 
Ex. 362, State and prove the converse of the preceding exercise. 
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Pboposition XXXVII. Theorbm 

150. Tivo parallelograms are congruent if two adja- 
cent sides and the included angle of one are equal, re- 
spectivelyy to tivo adjacent sides and the included angle 
of the other. 







Given ZI7 ABCD and A*B'&d\ with AB = A'b\ AD = A^D^ 
AA = ^A' 

To prove O ABCD = O a'b'c'd'. 



Proof 



STATBMBNTS 

Place O ABCD upon A 'B' (fD\ 
80 that AB coincides with A^B\ 

Then AD takes the direction 
A'D\ 

And D coincides with D\ 

BC takes the direction of 
B'(f. 

Or C must lie in B^cf or in 
JB'c' produced. 

Similarly, C must lie in D^Cf 
or in D^(f produced. 

Hence C coincides with C', 
and CJ ABCD coincides with 
O A*B'&D\ 

Le, CJ ABCD ^ O A'B'&D'. 

Q. E. D« 



RBA80NS 



Z^rrZ^', byhyp. 

u4D = -4'Z>', by hyp. 
Axiom 16. 



Axiom 16. 
Axiom 13 b. 
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Ex. 363. If two opposite sides of a parallelograin are trisected and 
the corresponding points are joined, the figure is divided into three equai 
parallelograms. 

151. Method X. To prove that a line is twice as large as 
another we usually double the smaller, and prove that its double 
equals the greater, or sometimes we bisect the greater, and prove 
that its half equals the smaller. The same relation between angles 
is proved in a similar way. 



Ex. 364. If two angles of a triangle are 30° and 60° respectively, the 
side opposite the angle of 30° is one half the side included by the two angles. 

Ex. 365. In triangle ABC^ if through the mid-point i> of AG 2k line 
DE is drawn parallel to AB^ and E lies in CB^ then DE is one half AB. 

Ex. 366. The median to the hypotenuse of a right triangle is one half 
the hypotenuse. 

Ex. 367. The angle formed by the base of an isosceles triangle and 
the altitude upon one arm is one half the vertical angle. 

♦ Ex. 368. If in quadrilateral ABCD, ABWDC, CD = DA, and 
Z i> = 2 (Z JB) then CD is one half AB. 

Pboposition XXXVIII. Theorem* 

152. If three or more parallels intercept equal lengtfts 
on one transversal, they intercept equal lengths on every 
transversal. 




R 
* For practical applications, see p. 289- 
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Given AB 
To prove 
Proof. 
Then 

But as 



II CD I EF II QHy and AC= CE=:BG. 
BD^DF^FH. 
Draw BO, DP, FB II AG, 
ACOB, CEPDy and EQBF are ZI7. 

.-. BO = ^C, DP = CE, FB = -K<?. 
AC=CE=: EG. 
BO = DP = FB, 
Z1 = Z2 = Z3. 

Z4 = Z5 = Z6. 
A BOD ^ A 2>P^ ^ A i^J2£r. 



(136) 
(141) 

(Hyp.) 
(Ax.1) 

(106) 

(106) 

\o, at, a* ■— • s* a* a* ) 



,'.BD = DF=FH, (Horn, parts of congruent A.) 



g. B. D. 



153. Gob. A parallel to one side of a triangle, bisecting 
another side, bisects the third side also. 



Proposition XXXIX. Problem 

154. To divide a given line into any nurnber of equal 
parts. 




Given line AB, 

Required to divide AB into n equal parts. 

Construction. From A draw any line AC. 
On AC lay off any segment, as AD, n times in succession, as 
AD, DE, etc. Join the last point of division, G, with B. 

Q 
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Through the other points of division on ^6^ draw parallels 
to OB. 

These lines divide AB into n equal parts. 
[The proof is left to the student.] 



Ex. 369. A line bisecting one non-parallel side of a trapezoid, and 
parallel to the base, bisects the other non-parallel side. 

Proposition XL. Theorem 

155. A line which joins the mid-points of two sides 
of a triangle is parallel to the third side and equal to 
half of it. 




Given A ABC, with AD = DB, AE=EC. 

To prove l"* DE II BC. 

2"* DE = ^ BC. 

Proof. Produce ED by its own length to F. Draw FB. 



and 



But 



AD = DB, 




(Hyp.) 


ED = DF, 




(Con.) 


Zade=:Zbdf. 




(63) 


.'. AADE^A BDF. 


(s.a. 


8. — 8. a. S. J 


.AE = BF axid A A = /.DBF. 


(horn. 


parts etc.) 


.'. AC II FB. 




(93) 


AE = EC. 




(Hyp.) 


.'.BF=EC. 




(Ax. 1.) 


.'.BCEFis a O. 




(147) 


DE II BCy and DE = ^{FE) = ^ 


(BC) 


(141) 

Q. E. D. 
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Ex. 370. If the mid-points of the three sides of a triangle are joined, 
four equal triangles are formed. 

Ex. 371. A line joining the mid-points of two adjacent sides of a 
quadrilateral is equal and parallel to the line joining the mid-points of the 
other two. 

Ex. 372. The lines joining the mid-points of the sides of any quadri- 
lateral, taken in order, inclose a parallelogram. 

Ex. 373. If the mid-points of the arms of an isosceles triangle are 
joined to the mid-points of the base, an equilateral parallelogram is formed. 

Ex. 374. If in A ARC, the medians AD and BE meet in 0, the line 
joining the mid-points of ^0 and ^0 is equal to DE. 

ft 

Ex. 375. In quadrilateral AS CD, the line connecting the mid-points 
of AD and ^C is equal to the line joining the mid -points of BD and BC. 

Ex. 376. If the points A' and B' are lying respectively in the sides 
AC and BC of i^ABC, CA' = \{CA) and CB' = J (CB), then 
A'Bf = \{AB). 

* Ex. 377. The median of a trapezoid is parallel to the base, and 
equal to half the sum of the bases. 

Ex. 378. Given three fixed points A, B, and C, not in a straight line, 
construct a tiiangle the mid-points of whose sides are A, B, and C 

[See practical problems, p. 290, No. 26.] 

156. Def. An equiangular polygon is a polygon all of whose 
angles are equal. An equilateral polygon is a polygon all of 
whose sides are equal. 

A polygon of five sides is called a pentagon; one of six sides, 
a hexagon; seven sides, a heptagon; eight sides, an octagon; 
ten sides, a decagon ; twelve sides, a dodecagon. 

All the polygons discussed are understood to be convex, i.e. such that 
no side produced will enter the polygon. 

157. Polygons that are mutually equiangular and equilateral 
are congruent, for they can be made to coincide. 

Ex. 379. Draw two mutually equiangular quadrilaterals that are not 
mutually equilateral. 

Ex. 380. Draw two mutually equilateral quadrilaterals that are not 
mutually equiangular. 
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Proposition XLI. Theorem 

158. The mm of all the angles of a polygon of n 
sides is equal to (n — 2) straight angles. 




Given ABODE •••, a polygon of n sides. 

To prove Z ^ + Z 5 -f- Z C'H = (n — 2) st. A 

Proof. Connect any point within, as O, with all the vertices. 
There will be n A thus formed. 

. Since the sum of the angles of each A = 1 st. Z, (H^) 

The sum of the z^ of all A = n st. A» 

But the sum of all A about = 2 st. A, (52) 

.-. ZA-^-ZB-i-Zc-i =(n — 2) St. A 

159. Cor. Each angle of an equiangular polygon of n sides 

equals "~ straight angles. 
n 



Ex. 381. How many straight angles are in the sum of the angles of a 
polygon of 9 sides ? of 12 sides ? of 100 sides ? 

Ex. 382. How many right angles are in a polygon of 20 sides ? of 41 
sides ? of 200 sides ? of 1000 sides ? 

Ex. 383. How many degrees are in the sum of the angles of a polygon 
of 4 sides? of 6 sides? of 6 sides ? 

Ex. 384. How many sides has a polygon the sum of whose angles is 
1000 St. ^^? 200 rt.^^? 24rt. 4? 720°? 

Ex. 386. How many degrees are in each angle of an equiangular 
quadrilateral? pentagon? hexagon? decagon? 



QUADRILATERALS 85 

Proposition XLII. Theorem 

160. If the sides of any polygon be successively pro- 
ducedf forming one exterior angle at each vertex, the 
sum of these angles is equal to two straight angles. 




Giyen ABCDX, a polygon of n sides, with the ext. A a, h, 
c, etc. 

To prove Za-+-'^&-f-'^c+«- = 2st. A 

Proof. ZA-\-Z.a = lstZ. (60) 

ZjB 4-^^ = 1 St. Z, etc. (60) 

.\(Za + Zb-\ )-\-(/.a-\-Z.h-\ ) = w St. A. (Ax. 2) 

But (Z^4-^^+--) =(ri-2)st.A (168) 

.-.Za-j-Zft + Zc . • = 2st ^i. (Ax. 3) 



Ex. 386. How many degrees are in each exterior angle of an 
equiangular polygon of 10 sides ? of 9 sides ? of 36 sides ? of 72 sides ? 

Ex. 387. How many sides has a polygon each of whose exterior 
angles equals 30° ? one right angle ? 60"^ ? 46'' ? 

Ex. 388. How many sides has a polygon each of whose interior 
angles equals 160° ? 179° ? 136° ? J rt. <4 ? 

Ex. 389. How many sides has an equiangular polygon, three of whose 
exterior angles are together equal to 90° ? 

Ex. 390. How many sides has an equiangular polygon, four of whose 
angles are together equal to seven right angles ? 

Ex. 391. How many sides has a polygon, the sum of whose interior 
angles equals twice the sum of its exterior angles ? 
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Ex. 392. How many sides has a polygon each ot whose interior angles 
equals eight times the adjacent exterior angle ? 

161. Def. Three or more lines are concurrent if they meet 
in a common point. 

Proposition XLIII. Theorem 

162. The, bisectors of the angles of a triangle are con- 
current in a point which is equidistant from the sides 
of the triangle. 



Given A ABC, and AD, BE, and CF, the bisectors of A A, B, and 
C respectively. 

To prove (a) AD, BE, and CF meet in a point, as 0. 
(b) is equidistant from AB, BC, and CA. 

Proof. Since AD and BE cannot be ||, (1^ 

AD and BE meet in a point, as 0. 
From draw OX, OT, and OZ respectively ± AB, BC, and CA. 

OX = OZ. (126) 

OX=:OT. (125) 

.\OZ=OT. (Ax. 1) 

.'. lies in CF or its prolongation. (126) 

.*. AD, BE, and CF meet in point 0, and is equidistant from 

AB, BC, and CA, Q.E.D. 

Ex. 393. Find by a constraction a point equidistant from the three 
sides of an obtuse triangle. 
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Ex. 394. Prove that the bisectors of two exterior angles and the bisec- 
tor of the third interior angle of a triangle meet in a point. 

Ex. 395. Construct a point equidistant from the sides AB, BC, and 
CD of parallelogram ABCD, 



Proposition XLIV. Theorem 

163. The perpendiculars erected at the mid-points of 
the sides of a triangle are concurrent in a point which 
is equidistant from the vertices of the triangle. 




Giyen A ABC, and DG, EH, and Fl, the perpendicular-bisectors 
of AB, BC, and CA respectively. 

To prove (a) DO, EH, and FI meet in a common point. 
(b) The point of intersection is equidistant from A, B, and C. 

Proof. DO and EH intersect at a point, as 0. (1^2) 

Draw OA, OB, and OC 

OA = OB, (123) 

OB = OC (123) 

.-. OA = OB, (Ax. 1.) 

.'. lies in the ± bisector of AC (81) 

Or DO, EH, and FI meet in 0; and is equidistant from 

A, B, and C Q. E. D. 

Ex. 396. Construct a point O equidistant from three vertices of a 
quadrilateral. 
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Ex. 337. Constract a circle which paases through the three vertices 
of a given triangle. 

Ex. 398. If EK, FI, and DH are perpen- 
dicular bisectors of the sides of triangle 
ABC, what kind of lines are they in regard 
to triangle DFE ? 

Ex. 399. Must the altitudes of triangle 
FDE (preceding exercise) meet in a point? 
For what reason ? 

Ex. 400. Construct a triangle ABC so that the 
altitudes of FED become perpendicular bisectors of 
triangle ABC. 

Ex. 401. What fact relating to the altitudes of 
any triangle follows from the preceding proposition ? 





Pboposition XLV. Theobem 

164. The three altitudes of a triangle {produced if 
necessary) are concurrent 




Giyen A ABC and the altitudes AD, BE, and CF. 

To prove AD, BE, and CF meet in a common point. 

Proof. Through the vertices of 4BC, draw B^Cf \\ BC, A^Cf II AC, 
zsAa^bIWab, 
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Since • AD JL BC^ (Hyp.) 

AD ± B'Cf. (106) 

But ABCB^ and ACBC^ are parallelograms. (^^) 

.\ AB^ = BCy and A& = BC. (141) 

.-. ^B' = ACf. . (Ax. 1.) 
Or AD is the ± bisector of D'cf. 
In like manner it follows that 

BE is the JL bisector of A'cf, 
and OF is the ± bisector of -4'J5'. 

.-. AD, BEy and C^ are concurrent. 0-^) 

Q. E. D. 



ANALYSIS OF THEORSMS 

165. The demonstration of a theorem is most frequently 
discovered by the so-called analytic method. An analysis con- 
siders the various *^ means''* by which a conclusion can be 
proved, and thereby reduces the original proposition to 
another, simpler one. This reduction is continued until a 
known fact is obtained. A number of concrete examples will 
explain the true character of this method. 

166. Theorem. ITie bisectors of the opposite angles of a 
rhomboid are parallel. 

D F C 




A E B, 

Given DE and BF, the bisectors of two angles of the rhomboid 
ABCD. 
To prove DE II BF, 

*The principal "means" are the directions given under the heading 
''method/' but in the absence of a specific method any theorem or axiom 
may be nsed. 
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Analysis. 1. The means for proving that two lines are 
parallel are : 

(a) A parallelogram. 

(p) Equal alternate interior angles. 

(c) Corresponding angles. 

(d) Supplementary interior angles, etc. 




Let us select any one of these methods, e.g, 1 (a), i.e. 
to prove EBFD is a parallelogram. 

2. The means for proving that a quadrilateral is a O are : 

(a) Opposite sides are equal. 
(p) Two opposite sides are equal and parallel, etc. 
Again we select any one, e,g, 2 (a), Le, 

to prove ED = BF, EB = DF. 

3. The means for proving the equality of lines is usually a 
pair of congruent triangles, i.e. 

to prove A AED ^ A BCF, 

4. The congruence of the two triangles is easily established. 
Hence we obtain the following demonstration ; 

Proof. AD = BC. (141) 

Z.A=:Z.a (141) 

Z ADE = Z FBC, (Ax. 8.) 

.•. A ADE ^ A FBC. (a. s. a. = a. s. a.) 

.\ ED = BF, and AE = FC. (hom, parts, etc.) 

But AB = Da (141) 

.\DF=EB. (Ax. 3.) 

.-. DEBF is a O. (146) 

.-. ED II BF, (136) Q. E. D. 
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The above demonstration is not the only one nor the shortest 
one. Each of the possibilities indicated under 1 (a), 1 (6), 1 (c), 
1 (c?), 2 (a), 2 (6), will furnish one or more proofs. 



Ex. 402. Prove the above proposition by means of 2 (&). 
Ex. 403. Prove the above proposition by means of 1 (6). 
Ex. 404. Prove the above proposition by means of 1 (c). 

167. When in an analysis new lines or angles are drawn, 
the student should — before proceeding with the regular 
analysis — determine whether thereby any new equalities of 
lines or of angles are produced. This is illustrated by the 
following 

Theorem. If one acute angle of a right triangle equals 60** 
the arm forming this angle is one half the hypotenuse. 




Given A ABC, with Z c = 90**, and Z J5 = 60°. 
To prove AB — 2 (BC) 

Analysis. 1. The usual method of proving that one line 
is twice as large as another requires the doubling of the 
smaller line. 

.*. produce J5C by its own length to D and 
prove BD = BA, 

Before proceeding determine any obvious equalities produced 
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by the drawing of new lines. It is easily seen that A ACD ^ 
A ACS (s. a. s. = s. a. s.), and that hence 

Z CAD = Z CAB = 30**. 

2. To prove BD = BC we may use either the method of 
congruent triangles, or demonstrate in A BAD the equality of 
the two angles opposite BD and BC, 

The former method (which is more diflScult) is left to the 
student. The latter requires the proof for the equality 

Z D=z Z BAD. 




3. Obviously Z BAD = 60**, and since Z Z) = 60°, the proof 
can be easily established. 

Ex.405. If in triangle ABC, ZA = 60°, JB = 30^ and ^JB = 12 
inches, find the length of AC. 

Ex. 406. If in triangle ABC, AB = 10 inches, Z ^ = 60°, Z O = 90^ 

and CD is the altitude upon AB, find the length of AD. 

* 

Ex. 407. The base angles A and B of isosceles triangle ABC equal 
15°, and JBC = 8 inches. Find the length of AD. 

Ex. 408. In quadrilateral ABCD, AB=: BC = 6 inches, ZA = 120°, 
Z 5 = 60°, and Z (7 = 160°. Find the length of AD. 

Ex. 409. DC, the upper base of trapezoid ABCD equals 14 inches, 
and AB = BC. Find the length of AB, if Z -4 = 90°, and Z ^ = 60°. 
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168. Theobem. If a median of a triangle is intersected by 
another one, the segment of the median between the point of inter- 
section and the vertex is twice its other segment. 

B 



Giyen the medians DC and AE of A ABC meeting in 0. 
To prove -40 = 2 (OE) ; and CO = 2 (OD). 
Analysis. 1. The means of proving that one line equals 
twice another are : 

(a) Bisect the greater 1 /iiq\ 

(b) Double the smaller r ^ 

Each method furnishes a proof. Select 1 (a). Bisect AO and 
CO in F and G respectively, and prove FO = OE, GO = DO. 

2. The means of proving the equality of lines is usually a 
pair of congruent triangles, i.e. 

to prove (a) A DOE ^ A FOG, 

or (b) Adof^AOGE. 

Either pair may be used : e.g. 2 (a). 

3. Draw DE and FG. 

DE=:\ACRnd\\AC\ 
FG=:Iac and WACj ^ * 

The congruence of the triangles may now be easily estab- 
lished. Hence, 

Proof. DE is parallel and equal to ^ AC. 0-^^) 

FG is parallel and equal to ^ AC. 0-^) 
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.'. DE is parallel and equal to FO. 

,\ Z EDO = Z OGF, 

and Z Z)OZ = Z ^0(?, 

/. Adoe^afoo, 

.-. A0=z2 (OE) ; OC = 2 (OD). 

Ex. 410. Demonstrate the proposition by proving the equality of 
ADOFandA EOG, (Draw OB.), 

Ex. 411. Prove the proposition by showing that DFGE is a paral- 
lelogram. 



-^ 



(92 and Ax. 1) 

(104) 

(53) 

(8* a* Sv* — s« a* a. ) 

(horn, parts,- etc.) 

Q. E. D. 






Ex. 412. Prove the proposition by means of 1 (&) of analysis (three 
methods). 

Proposition XL VI. Theorem 
169. 77ie medians of a triangle are concurrent 

A 




Given AE, BF, CD, the medians of A ABC. 

To prove AE, BF, and CD are concurrent. 

Proof. Trisect EA, and let be the first point of division. 

BF passes through 0. (1^8) 

CD passes through 0. (1^8) 

.-. AEy BFy and CD are concurrent. q. e. d. 

Ex. 413. If two medians of a triangle are equal, the triangle is 
isosceles. 
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Ex. 414. Two observers, at A and at C, on 

opposite sides of a balloon, B, measure the 

angles 

BAC= 76^ and BCA = 30°. 

Find BD, the height of the balloon, if ^C = 3 
miles, and the balloon is directly above a point 
D in line AG. 

[See applied problems 27-31, p. 290.] 

Ex. 415. Given the vertex angle B of an isosceles triangle, required 
Z DAC, formed by the base and the altitude upon one arm, in terms of B. 
Solution. Let ZB = m°. 




Then 
But 



ZA-hZC^ 180° - m°. (Why ?) 
ZA = ZC. (Why?) 
.-. 2 (Z C).= 180° - m°. (Why ?) 



.•.ZC = 90°- 



m^ 



(Why?) 



But 



Or 



Z7>^C=90°-ZC. (Why?) 

Z 7>^C = 90° - ^90° - ^V (Why?) A- 




ZDAC = ^ = ^ 



2 2 

Therefore the angle formed by the base and the altitude upon an arm 
of an isosceles triangle equals one half the vertex angle. 

170. Method XI. Geometrical propositions may be demon- 
strated by algebraical computation. 

At this stage of the work, the above method may be em- 
ployed to establish relations between two or more angles. In 
case of two angles, express the value of one in algebraic form 
(e.g, m°) and from this try to derive the value of the other. 

If a relation between three or more angles has to be demon- 
strated, express the values of all of them excepting one by 
algebraic symbols (as m°, n**, p®, etc.), and try to discover the 
value of the remaining angle. After some practice the symbols 
which designate the angle, os Z.A ot Z.B, may be used to ex- 
press their value. 

If the student is unable to find the value of the last angle when all others 
are given in algebraic form, he should at first attack the problem for numer- 
ical values of these angles and then try to solve the general problem. 



96 PLANE QEOMBTBT 



416. Giyen A ABC^ and point i> in ^C, so that AD = AB. 
Prove Z BBC = i (^ ^ - ^ C') • 

Proof. Let Z ^ = wi**, and ZC = n''. 4 

Then Z^ = 180°-.m°- 11°. 

But Z^lB2> + /f^2)-4 = 18(y-ZA 
J.c. Z ABi) + Z ^2)-4 = 180° - (ISO** - i»° - n°) s^ 

= m° + n^ 

But A ABB = A ABB. 

.\2{^ABB) =i»^ + n°. 

2 2 
But ZBBC=ZB-ZABB 




= -°-(T+f) 




2 2 

2 2 
or ZBBC = i(B- C), q.b.d. 

Ex. 417. Perpendiculars drawn at the vertex of an isos- ^^ ^^ 

celes triangle upon the arms inclose an angle equal to twice 
either base angle. 

Ex. 418. An exterior angle formed by the prolongation 
of the base of an isosceles triangle equals 00° increased by 
one half the vertex angle. 

Ex. 419. The sum of the two exterior angles of a right triangle which 
are formed by the prolongations of the hypotenuse equals 270°. 

Ex. 420. If in the base AC of an isosceles B 

A ABC, 2 points B and E be taken such that 

AB = AE and BC = CB, 
prove Z BBE =ZA, 



Ex. 421. In the diagram opposite, if AB 
= AC= CB, and BB and EB are st. lines, then 

ZEAB = S{ZB). 
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Ex. 422. If the arm CA of isosceles triangle ABC 
be produced so that AD equals the base AB, then Z. C 
= 180°-4(Z/>). 

Ex. 423. If the base AB of isosceles triangle ABC 
is produced to i>, and CD is drawn, then 

Z BCD = Z u4 - Z J9. 

Ex. 424. If in isosceles triangle ABC^ one end {B) 
of the base AB is connected with a point D in the op- 
posite arm, then 

Z.A = \{A CDB-Z. CBD). 

Ex. 425. If the side ^C of triangle ABC is produced to D so that 
CD = CB, then ^ 

Z ABD = 90°+ i(Z ABC - Z A), 

Ex. 426. If AD is the altitude and AE the 
bisector of the angle BAC of the triangle ABC, 
prove Z7>^JSr = l(ZJB-ZC). 

Ex. 427. The sum of three angles of a quad- 
rilateral, diminished by the fourth exterior angle, is equal to a straight 
angle. 



Ex. 428. The bisectors of two exterior angles of 
a triangle include an angle equal to one half the third 
exterior angle. 

Hint. Express every angle in terms ot ZA and 
ZB. 



MISCELLANEOUS EXERCISES 

Ex. 429. What are the different tests by which to determine the con- 
gruence of triangles ? 

Ex. 430. State some of the properties of all triangles. 

Ex. 431. State some of the special properties of isosceles triangles. 

Ex. 432. State some of the properties of all parallelograms. 

Ex. 433. What additional properties does a rhombus have ? 

Ex. 434. The bisectors of supplementary adjacent angles are perpen- 
dicular to each other. 

Ex. 435. If the bisectors of two adjacent angles are perpendicular to 
each other, the exterior sides of these angles form a straight line (i.6. they 
form a straight angle). 

H 
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Ex. 436. The bisectors of vertical angles are in a straight line. 
Ex. 437. In the diagram opposite, if 

then ABC is a straight line. 



D 






Ex. 438. In the annexed diagram, if 

then AEC is a straight line. 

B 
Ex. 439. The altitude upon the hypotenuse of a right triangle divides 
the figure into two triangles which are mutually equiangular. 

Ex. 440. If through any point D on the bisector 
of an angle A a parallel be drawn to one of the sides, 
to meet the other side in JS, then AB = BD, 

Ex. 441. If from a point in the bisector of an 
angle, lines are drawn parallel to the sides of the 
angle, either a square or a rhombus is formed. 

Ex. 442. If the vertex angles of two isosceles triangles are supple- 
mentary, the base angles are complementary. 

Ex. 443. If an arm of an isosceles triangle is produced by. its own 
length through the vertex, and the end of the prolongation is joined to 
the nearest end of the base, the line joining is perpendicular to the base. 

Ex. 444. Homologous medians of equal ttiangles are equal. 

Ex. 445. Homologous altitudes of equal triangles are equal. 

Ex. 446. Two isosceles triangles are equal if the vertex angle and the 
altitude upon an arm of the one are respectively equal to the vertex angle 
and the homologous altitude of the other. 

Ex. 447. If in the pentagon ABCDE^ 

AB = BC, 

AE^CD, Y V 

and ZA = ZC, 

then BE = BD, 

and ZE=ZD, ^ ~E 

Ex. 448. Two equilateral triangles are equal if the altitude of one 
equals the altitude of the other. 
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Ex. 449. If the opposite sides of a hexagon are 
parallel, and two of opposite sides are equal, all opposite 
sides are equal. 

Ex. 450. If from the ends of the hase j5(7 of an isos- 
celes triangle ABC, equal parts, BD and CE^ be laid ofE on 
one arm and the prolongation of the other, the line joining 
D and E is bisected by the base. 

Ex. 461. If two lines are intersected by a transversal, 
and the bisectors of the interior angles on the same side 
of the transversal are perpendicular to each other, these 
lines are parallel. 

Ex. 452. If the opposite angles of a quadrilateral are equal, the figure 
is a parallelogram. 

Ex. 453. In the diagram given here, if AB II ED, 





Ex. 454. State and prove the converse of the pre- ^ 

ceding proposition. 

Ex. 455. Find the number of diagonals in a polygon of 5 sides ; of 
8 sides ; of 10 sides ; of n sides. 

Ex. 456. How many sides has a polygon, the sum of whose interior 
angles equals three times the sum of the exterior angles ? (/.e. one ext. Z 
at each vertex.) 

Ex. 457. How many sides has a polygon the sum of whose interior 
angles is equal to n times the sum of the exterior angles ? 

Ex. 458. How many sides has a polygon, the sum of whose interior 
angles is equal to three times the sum of the angles of a hexagon ? 

Ex. 459. How many sides has an equiangular polygon whose ex- 
terior angle equals the interior angle of an equilateral triangle ? 

Ex. 460. If the upper base of an isosceles trapezoid is equal to one 
of the arms, the diagonals bisect the angles at the lower base. 

Ex. 461. If a perpendicular be dropped from the vertex to the base 
of a triangle, each segment of the base will be shorter than the adjacent 
side of the triangle. 

Ex. 462. If the vertices of a triangle lie in the sides of another tri- 
angle, the perimeter of the first is less than the perimeter of the second. 

* Ex. 463. The perpendiculars from two viertices of a triangle upon 
the median drawn from the third vertex are equal. 
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Ex. 404. The lines joining the mid-points of the sides of a rectangle, 
taken in order, inclose a rhombus. 

&x^ 466. The lines joining the mid-points of opposite sides of any 
quadrilateral bisect each other. (Ex. 372.) 

Ex. 466. The mid-points of two opposite sides of a quadrilateral and 
the mid-points of the diagonals determine the vertices of a parallelogram. 
(Ex. 376.) 

Bix. 467. A line from the vertex of an isosceles triangle to any {Joint 
in the base is shorter than either arm. q 



Ex. 468. If in the triangle ABC AB>AC, and D is 
a point in the prolongation of BA^ then DB >DC, 






Ex. 469. Lines joining the mid-points of two op- 
posite sides of a parallelogram to the ends of a diago- 
nal trisect the other diagonal. 

* Ex. 470. If a point D in a side BC of triangle ABC is joined to A^ 
andJ[(7 = JBC, -4JB = -4D = />C, thenZC = 36°. C 

* Ex. 471. If any point E in the median 
CE is joined to A and B and ZB>/.A^ prove 
that Z 2 > Z 1 (annexed diagram) . 

A D B 

Ex. 472. From a given point without a line, to draw a line forming 
with the given line an angle equal to half a right angle. 

Ex. 473. From a given point without a line, to draw a line forming 
with the given line an angle of 60°. How many such lines can be drawn ? 

Ex. 474. From a given point without a line to draw a line, making a 
given angle with the given line. 

Ex. 476. Construct a line terminating in the sides of a given angle 
and equal and parallel to a given line. 

Ex. 476. The diagonals of an isosceles trapezoid are equal. 

* Ex. 477. If the diagonals of a trapezoid are equal, the trapezoid is 
isosceles. 
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171. Method XII. In order to prove that the sum of two 
lines, a and b, equals a third line, c, either 

(a) Construct the sum of a and 6, and prove the line so ob- 
tained is equal to c, or 

(b) Lay off a (or b) on c, and prove that the line representing 
the difference equals b or (a). 

Ex. 478. The sum of the perpen- 
diculars dropped from any point in 
the base of an isosceles triangle to the 
arms is equal to the altitude upon one 
of the arms. 

Ex. 479. In A ABC, if 

AE = BF 
and AC II EG II FH, 

prove that EG + FH = AC. 

Ex. 480. K through a point D in the base 
AB of isosceles triangle ABC, parallels are drawn 
to the arms meeting the arms in E and irrespectively, then 

DF+DE^AC. 

Ex. 481. The sum of the three perpendiculars dropped from any 
X>oint of an equilateral triangle upon the 
sides is constant, and equal to the altitude 
of the triangle. (Ex. 478.) 

«Ex. 482. If the altitude BD of 
A ABC is intersected by another altitude 
in Gf and EH and HF are perpendicular- 
bisectors, prove 

BG = 2(^HE), and AG = 2(^HF). 

Ex. 483. The line joining the point of inter- 
section of the altitudes of a triangle and the point 
of intersection of the three perpendicular-bisectors 
cuts off one third of the corresponding median. 
(Ex. 482.) 

* Ex. 484. The points of intersection of the 
altitudes, medians, and perpendicular-bisectors of a triangle lie in a 
straight line. 
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172. Def. a circle is a plane closed curve, all of whose 
points are equally distant from a fixed point in the plane, 
as ABC (37). 

173. Def. The fixed point in the plane (D) is the center. 

The length of the circle is called the circumference. An arc is 

any portion of the circumference, as 

AB, A semicircumference is half of 

the circumference. A minor arc is an 

arc less than a semicircumference ; a 

major arc is an arc greater than a ^i 

semicircumference. 

The word arc taken alone generally signi- 
fies a minor arc. 

174. Def. A radius is a line join- 
ing the center to any point in the circle, as DC, A diameter is a 
straight line through the center terminated at each end by the 
circle, as EF. 

175. Def. A chord is a straight 
line joining any two points in the 
circumference, as OH, A secant is 
a straight line that intersects the 
circle in two points, as IK, A tan- 
gent is a straight line that touches 
the circle at one point only, and 
does not intersect it if produced, 
as MN. This point (L) is called the point of contact or point 
oftangency, 
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176. Def. a central angle is an angle formed by two radii, 
as Z EDC. 

An angle is said to intercept any arc that is cut ofE by its sides, and 
this arc is said to subtend the angle. A chord that joins the ends of an 
arc is said to subtend this arc ; thus chord 6^ir subtends the arc GH. 

177. Def. Circles having the same center are called c<mi- 
centric. 

PRELIMINARY THEOREMS 

178. All radii of the same circle are equal. (By definition.) 

179. A point is within, on, or without a circumference, ac- 
cording as the distance from the center is less than, equal to, 
or greater than a radius. 

180. All diameters of the same circle or of equal circles are 
equal. 

181. Two circles are equal if their radii are equal. (Prove 
by superposition.) 

182. A diameter bisects the circumference. (Prove by 
superposition.) 

Proposition I. Theorem 

183. In the same circle or in equal circles, equal cen- 
tral angles intercept equal arcs ; and, conversely, equal 
arcs subtend equal central angles. 





I. Given in equal ©, and 0', 

Zo = Zo', 
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To prore abssa'b*. 

Proof. Place the circle whose center is on the circle whose 
center is 0' so that OA coincides with 0A\ (19) 

Then OB takes the direction OB (Z.O=s Zo') 



r^ 



B coincides with B', 
,\ AB coincides with ab 



• ** AB =: A B , 



(OB = O'B*) 

Otherwise the radius of one O 
would be greater than that of the 
other. 

Q. K.D. 



II. Conversely. I. Given in equal ©, and 0', 

AB==A^'. 

To prove Z Oz=Z 0\ 

Hint. By superposition. 

184. Cor. In the same or in equal circles, the greater of 
two unequal central angles intercepts the greater arc, and con- 
versely. 

185. Method XIII. The equality of arcs in the same circle 
or equal circles can be demonstrated by the equality of the sub- 
tended central angles. 



Ex. 486. If AB and CD are diameters of the 
same circle, arc ^C = arc BD. 

Ex. 486. If, in the diagram opposite, AB is a 
diameter, OD a radius, AC a chord, and ZBOD 

= 2(Z A), then BD = BC, 
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Ex. 487. If a diameter AB bisects the angle A^ which is formed by 
two chords ilCand AD, then EC = BD. 

Ex. 488. If from a point A in a circumference a chord AB and a 
diameter AC are drawn, a radius parallel to AB bisects BC. 

Ex. 489. If through a point equidistant from two points in the circum- 
ference a radius is drawn, the arc between the two points is bisected. 

Ex. 490. If a secant is parallel to a diameter, the lines intercept equal 
arcs on the circumference. 

Ex. 491. Any two parallel secants intercept equal arcs on a circum- 
ference. (Ex. 490.) 

Ex. 492. If the perpendiculars drawn from a point in the circumfer- 
ence upon two radii are equal, the point bisects the arc intercepted by 
the two radii. 

Ex. 493. K the line joining the mid-points of two radii is equal to the 
line joining the mid-points of two other radii, the radii intercept equal 
arcs respectively. 

Ex. 494. Divide a circumference into four equal parts. 

Ex. 496. Divide a circumference into eight equal parts. 

Ex. 496. Divide a circumference into six equal parts. 

186. The circumference of a circle may be divided into 360 
equal parts called degrees, A degree may be subdivided into 
60 equal parts called mintUeSy and similarly a minute may be 
divided into 60 seconds. 

An angle is measured by an arc, if both angle and arc contain the 
same number of degrees. 



Ex. 497. Prove that a central angle is measured by its intercepted arc 
if the central angle equals 

(a)- 90°. (6) 30°. (c) 1°. (d) 7°. 

(c) w°, where m is an integer. (/) ( - ] • 

(g) ( - ) , when n is an integer. 

(A) any common fraction I e.g. S, when w and n are integers ]. 
Ex. 498. Construct an arc of (a) 46°, (b) 60°, (c) 150°. 



i 
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187. Def. a polygon is inscribed 
in a circle, if all its vertices are in the 
circumference ; as ABCDE. The circle 
is then said to be circumscribed about 
the polygon. 

The center of the circumscribed circle is 
called the circumcenter of the polygon. 



Proposition II. Theorem 

188. In the same circle^ or in equal circles, equal arcs 
are subtended hy equal chords ; and, conversely^ equal 
chords subtend equal arcs. 






I. Given in equal (D, and 0\ 

AB = A^B\ 
AB = A'B\ 



To prove 



Proof 



STATEMENTS 

Draw OA, OB, 0A\ and 0B\ 

Z AOB = Z A'0'B\ 

AO = ^'0' 
BO = B^O\ 
.'.AABO^AA'B'O', 
.'.chord AB = chord A'b'. 

Q.E. D. 



REASONS 



In equal (§), equal arcs subtend 
equal central A. 
Radii of equal (D. 
Radii of equal (D. 
s« a^ s. ^ s* a« s. 
Homologous parts of congruent ^ 
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II. Conversely. Given in equal (D, and O', 

AB = a'b'. 



To prove 



AB = A^B', 



Hint. Draw radii OA, OB, O'A', 0^B\ and prove the congruence 
of k. OAB and O'A'B . 

189. Method XIY. The equality of arcs, in the same circle 
or equal circles, may also be demonstrated by the equality of the 
subtending chords, and vice versa. 



Ex.499. In the annexed diagram, if ZBAC 
= Z. DAC and AB = AD, then BC = 6b. 

Ex. 500. In the same diagram, if Z. BAG = /. DAC 
and Z CBA = Z CD A (not drawn in the figure), then 

CB= CD. 



Ex. 601. If A ABC is inscribed in a circle and 
ZA = AB, prove that j{c = BC. 

Ex. 502. If two chords bisect each other, the arcs 
intercepted by the sides of a pair of vertical angles 
are equal. 

Ex. 503. If two chords bisect each other, they are diameters. 

Ex. 504. If chords AB, BC, CD, ^ 

DE are equal, then chords AC^ BD, 
CE are equal. 





Ex. 505. If in the diagram oppo- 
site, AB = CD, then BC = AD. 



O 

Ex.604 




Exs. 505 and 506 



Ex. 506. If in the same diagram 
two intersecting chords, AD and BC, are equal, then AB = CD. 

Ex. 607. The diagonals of an equilateral pentagon inscribed in a 
circle are equal. 

Ex. 508. The radii drawn to the vertices of an inscribed equilateral 
hexagon divide the figure into six equilateral triangles. 
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Proposition III. Theorem 

190. A radius perpendicular to a chord bisects the 
chord and the subtended arc. 




Given in O 0, the radius OD ± AB. 
To prove AJS=EB. 

AD=zDB. 
Hint. Draw radii AO and OB, 

What is the usual means of proving : 

(1) The equality of lines ? 

(2) The equality of arcs ? 

191. Cor. A perpendicular-bisector of a chord passes 
through the center of the circle. 

c 



Ex. 609. In the diagram opposite, if the radii 
OD, OE, and OF are respectively perpendicular to 
the sides of the equilateral triangle ABC, then 

ad = db = be = ec=z6f=fa. 

Ex. 610. If, in the diagram opposite, AB = AC, 
OD±AB, and OE ± AC, prove that A ADO 
S A AEO. 

Ex. 511. In the same diagram, if OD ± AB, 
OE ± AC, and ODzz OE, prove that AB = AC, 

Ex. 612. li two chords are equal, the perpendic- 
ulars from the center upon the chords are equal. 
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Ex. 613. If from a point without a circle two equal lines are drawn 
to a circumference, the bisector of the angle they form passes through 
the center of the circle. 

Ex. 614. Two points, each equidistant from the ends of a chord, de- 
termine a line passing through the center of the circle. 

Pboposition IV. Pboblem 

192. To circumscribe a circle about a given triangle. 




Given A ABC. 

Required to circumscribe a circle about A ABC. 

Construction. Draw the perpendicular bisectors of the sides 
AC and AB. (83) 

They will intersect at some point E. (1^2) 

Erorn J? as a center, with a radius equal to EAy describe a 
circle ABC. 

ABC is the required circle. 

Proof. E is equidistant from A, B, and C. 0-^) 

.'.A circle drawn from JP as a center with a radius equal to 

EA will pass through A, B, and C, Q. e. d. 

193. Gob. 1. Three points not in a straight line determine 
a circle. 

194. Cob. 2. A circle cannot be drawn through three points 
which lie in the same straight line. 
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195. Cor. 3. A straight line cannot intersect a circle in 
more than two points. 

196. Cob. 4. Two circles cannot meet in more than two 
points. 

Ex. 616. To find the center of a given circle. 
Ex. 516. To biuect a given arc. 

Proposition V. Theorem 

197. In the same circle^ or in equal circles^ equal 
chords are equally distant from the center ; andy con- 
versely, chords equally distant from the center are equal. 




I. Given in O ABCD 

chord AB = chord CD, 0E±ABf OHl, CD. 
To prove OE = OH, 

Hint. What is the means of proving the equality of lines ? 

II. Conversely. Given in O ABCD, 

OE = OH, 0E± AB, 0H± CD. 

To prove AB = CD 

The proof is similar to the above. 

198. Method XY. The equality of two chords in the same 
circle, or in equal circles, is usually established by means of equal 
distances from the center or equal subtended arcs. 
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Ex. 517. If the perpendiculars from the center upon the sides of an 
inscribed polygon are equal, the polygon is equilateral. 

Ex. 618. If from any point in the circumference two chords are drawn 
making equal angles with the radius to the point, these choi*ds are equal. 

Ex. 619. If through any point in a radius two chords are drawn mak- 
ing equal angles with the radius, these chords are equal. 

Ex. 620. A line joining the point of intersection of two equal chords 
to the center bisects the angle formed by the chords. 

Ex. 621. In a giyen circle, to draw a chord equal and parallel to a 
given chord. 

Ex. 522. In a given circle, to draw a chord equal to a given chord, 
and parallel to a given line. 



Proposition VI. Theorem 



199. In the same circle^ or in equal circles^ the greater 
of two minor arcs is subtended hy a greater chord ; and 
conversely^ the greater chord subtends the greater arc. 





I. Given in equal ©, and o\ 

AB > A'B', 

To prove AB > A'b\ 

Proof. Draw radii OA, OB, 0'A\ &b\ 

In A AOB and A^O^B', 

A0> A0\ ' (184) 

but AO = A^O and BO = B^O' (181) 

.\AB> A'B'. (132) 

Q. E. D. 
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II. GoKYBRSELT. Given in equal (D, and 0\ 

AB > A^B\ 

To prove AB > a^b\ 

Proof. Draw radii 0-4, OB, 0'^', o'b'. 

In A AOB and ^'O'B^ 

^0 = ^'0', BO = B*0\ 

AB > ul'B'. 
.\/.AOB> ZA^0^B\ 

.'. AB >A^B\ 



(181) 

(Hyp.) 
(133) 

(184) 

Q. E. D. 



Ex. 623. If ABC is any triangle inscribed in a circle and Z.A>/.B^ 

then BC > AC. 

Ex. 624. State and prove the converse of the preceding proposition. 

Ex. 626. In the diagram opposite, if 

AD = DC, 
and ZADB>ZBDC, 

then AB > BC. 

Ex. 626. In the same diagram, if AD = DC, and 

AB>BC, then ZADB> ZBDC. 

Ex. 527. If upon a radius two perpendicular chords are drawn, the 
one nearer the center is the greater chord. 

Ex. 628. In the diagram opposite, if AB > CD, 
and arcs ACB and DAC are minor arcs, prove that 
CB > AD. 

Ex. 529. In the same diagram, if CB>AD, 
and arcs DAC and ACB are minor arcs, prove that 
AB>CD. 
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Proposition VII 

200. In the same circle^ or in equal circles^ chords un- 
equally distant from the center are unequal^ the nearer 
one being the greater ^ and conversely. 




Given in O ABDCy OJB± chord AB, OFl, chord CD, and 

OF > OE. 

To prove AB > CD. 

Proof. On OF lay off OQ = OE. 

Through G draw chord HKl. OF, 

Then HK=AB. (197) 

Since OG < OF, O lies between and F. 

.'. S> CD. (Ax. 11) 

.\HK>CD. (199) 

.\AB> CD. 

Q. E. B. 

II. Conversely. Given AB > CD. 
To prove OF > OE. 

Prove by the indireqt method. 

201. Cor. The diameter is greater than any other chord. 

202. Method XVI. The inequality of chords, in the same 
circle or in equal circles, is usually established by means of unequal 
distances from the center or by means of unequal arcs. 
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Ex. 630. The perpendicular from the center of a circle to a side of an 
inscribed equilateral hexagon is less than the perpendicular from the 
center to the side of an inscribed equilateral octagon. (^ 

Ex. 631. In the diagram opposite, if EO±AB, 
0F± CD, and Z OEF> Z OFE, -then AB > CD. 

Ex. 632. If A ABC is inscribed in a circle and 
ZB> ZC, then the perpendicular from the center 
upon AB is greater than the perpendicular from the 
center upon A C. 

Ex. 633. The shortest chord which can be drawn through a point 
within a circle is perpendicular to the radius drawn through the point. 

Ex. 634. Two chords drawn from a point in the circumference are un- 
equal if they make unequal angles with the radius drawn from that point. 

* Ex. 636. Two chords drawn through an interior point are unequal 
if tbey make unequal angles with the radius drawn through that point. 




Proposition VIII. Theorem 

203. A straight line perpendicular to a radius at its 
outer extremity is a tangent to the circle. 




Given in O 0, 

radius OA ± BC at A. 

To prove i?C7 is a tangent. 

Proof. Join any other point D in BC to 0. 

OD > OA, 

,'. D lies without the circumference. 

/. J5a is a tangent to O 0. (175) 



(131) 
(179) 

Q. E. D. 
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204. Cor. 1. A tangent is perpendicular to the radius drawn 
to the point of contact. 

205. Cor. 2. A perpendicular to a tangent at the point of 
contact passes through the center of the circle. 

206. Cor. 3. A perpendicular from the center to a tangent 
meets it at the point of contact. 

207. CoR. 4. At a given point of contact there can be one 
tangent only. 

208. Def. The length of tangent drawn from a point to a 
circle is the length of the line from this point to the point of 
contact ; as AB (Prop. IX). 

Proposition IX. Theorem 

209. The tangents drawn to a circle from a point 
without are equal. 




Given tangents AB and AC to circle 0. 

To prove AB = AC. 

Hint. What is the means of proving the equality of lines ? 

210. Cor. The tangents drawn to a circle from a point 
without make equal angles with the line joining the point to 
the center (i,e Z OAB = Z OAC). 
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211. Def. a common tangent 
to two circles is called an internal 
tangent if it lies between the two 
circles, as AB. Otherwise it is 
called a common external tangent, 
as CD. 

The length of a common tangent is the length of the segment between 
the points of contact. 

212. Def. A polygon is circumscribed 
about a circle if all its sides are tangent to 
the circle ; as ABODE, The circle is then 
said to be inscribed in the polygon. 

The center of the inscribed circle is called the 
incenter of the polygon. 

Ex. 636. The common internal tangents of two circles are equal. 

Ex. 637. The common external tangents of two circles are equal. 

Ex. 638. A chord forms equal angles with the tangents drawn at its 
ends. 

Ex. 639. The sum of two opposite sides of a circumscribed quadri- 
lateral is equal to the sum of the other two sides. 

Ex. 640. If hexagon ABCDEF is circumscribed about a circle, 
-4B+ CD + EFz=BC+DE+ FA, 

Ex. 641. The sum of the arms of a right triangle circumscribed about 
a circle is equal to the hypotenuse increased by the diameter of the circle. 

Ex. 642. If two tangents make an angle of 60°, the chord joining the 
points of contact equals either tangent. 

* Ex. 643. Triangle ABC is circumscribed about a circle, which touches 
the sides AB, BC, and CA in X, F, and Z, respectively. Find the lengths 
of AX, BY, and CZ\iAB = 8, BC = 4, and CA = 6. 

[See practical applications, p. 291.] 

213. Def. The line of centers is the line joining the centers 
of two circles. 

Thus OC (diagram for Prop. X) is the line of centers of circles 
and O'r 
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Proposition X. Theorem 

214. If two circles intersect^ the line of centers bisects 
their common chord at right angles. 




Given circumferences ACB and AEB interaecting at A and B, 

To prove 00\ their line of centers, is the perpendicular- 
bisector of AB. 

Proof. and O' are each equally distant from A and B, 

(178) 
.'. 00* is the perpendicular-bisector of AB, (80) q. e. d. 

215. Def. Two circles are tangent to each other if both are 
tangent to the same straight line at the same point. They are 
tangent internally or externally, according as one circle lies 
within or without the other. Thus, circles A and B are tangent 
internally, and circles C and D are tangent externally. 
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Proposition XI. Theorem 

216. If two circles are tangent to each other, their 
line of centers passes through the point of contact. 





Given 00^ is the line of centers of circles and o\ that are 
tangent at C. 

To prove 00* passes through C. 

Proof. Draw common tangent AB at C. At the point of 
contact, C, draw a perpendicular to the common tangent. 
This perpendicular passes through and o'. (205) 

.*. 00* passes through C. q. e. d. 



Ex. 644. What are the relative positions of two circles, if the line of 
centers is 

(a) Greater than the sum of the radii ? 
(&) Equal to the sum of the radii ? 

(c) Less than the sum but greater than the difference of the radii ? 

(d) Equal to the difference of the radii ? 

(e) Less than the difference of the radii ? 
(/) Equal to zero ? 

Ex. 545. If in the diagram of the preceding proposition (XI) tan- 
gents are drawn from A to circles and 0', these tangents are equal. 

Ex. 546. If a secant intersects two concentric circles, its segments, 
intercepted by the two circumferences, are equal. 

Ex. 547. Two parallel chords, drawn from the extremities of a di- 
ameter, are equal. 
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Ex. 548. In the diagram given here, if the radins OB is equal to AB, 
prove ZCOD = SZA. 

Ex. 549. If from A the tangents AB and AO are drawn to a given 






Ex. 548 

circle 0, and a third tangent intersects AB and AC in D and F, 
Prove (1) AD-{^DF-\-AF=2 AB. 

(2) ZO = Tt,Z-^- 

^ ^ 2 

* Ex. 550. The two common external tan- 
gents of two circles intercept on a common in- 
ternal tangent a segment, CD, equal to the 
external tangent, AB, E o 

MEASUREMENT 

217. To measure a quantity is to find how many times it 
contains another quantity of the same kind, called a unit of 
measurement. 

218. Def. The numerical measure of a quantity is the num- 
ber that expresses how many times the quantity contains the 
unit. 

Thus a line is measured by finding the number of yards or inches 
that it contains. If the result is 16 inches, then 16 is the numerical 
measure of the line. 

219. Def. A number is rational if it can be expressed as a 
common fraction, proper or improper. 

Obviously this definition includes all integers. 

Thus ^, 9, 2|, 11.4 are rational numbers. If m and n are integers, all 

rational numbers can be represented in the form — 

n ■ 
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220. Def. a number is irratiooal if it cannot be expressed 
by a common fraction, proper or improper.* 

Thus V2 cannot be a fraction, for if V2 were equal to— (where m and 

n 

n are integers that have no common factor), then 2 = ^ *^ , which is 

u • n 

impossible since m and n have no common factors. Hence \/2 is an 

irrational namber. Other irrational numbers are -^, v^, \^, etc. 

6 

221. In the following chapters we shall designate as suc- 
cessive approximate values the decimals that we obtain if we 
calculate the values of irrational numbers to one, two, three, 
etc., decimal places. 

Thus the successive approximate values of V2 are : 

1.4, 1.41, 1.414, 1.4142, etc. 

Since the true value of V2 lies between 1.4 and 1.5, the 
first approximation differs from the true value by less than .1. 
Similarly the second approximation differs from the true value 
by less than .01, the third by less than .001, etc. It is evident 
that by continuing the decimal this difference may be dimin- 
ished to less than one millionth or one billionth or less than 
any assigned value, however small. 

222. Irrational numbers cannot be expressed exactly in 
figures, but approximate values can be found that differ from 
the true value by less than any assigned value, however 
small. 

223. Two irrational numbers are called equal if all their 
successive approximate values are respectively equal. 

Obviously two numbers that satisfy this condition cannot 
differ by any value, however small. 

* The definition of " irrational " as given in many texts on elementary 
algebra refers to a special kind of irrational numbers ooly, viz. those that 
can be obtained by evolution. This is the only kind of irrational numbers 
that can be obtained by the operations of elementary algebra. 
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Thus, it can be shown that all successiye approximate values of V3 

3 

and — are respectively equal, no matter to how many places of decimals 

we carry the calculation. Hence we call \/S and -^ equal irrational 
numbers. V3 

224. Def. The ratio of two quantities of the same kind is 
the quotient of their numerical measures expressed in terms 
of the same unit. 

Thus, the ratio of two quantities, a and 6, is - or a -i- & ; the ratio of 

b 

four yards and two yards is |, or 2. A ratio is used to compare the 

magnitude of two quantities. 

225. If the ratio of two quantities is a rational number, 
there always exists a third quantity, called a common measure, 
which is contained an integral number of times in each. 

Thus, if AB and CD designate the length of two lines expressed in 

terms of the same imit, and =^ = -, then the ninth part of CD is con- 
CD 9 

tained in AB five times. Or if CD be divided into nine equal parts and 

one of these parts be laid off on AB, as often as possible, then AB 

contains 5 of these parts. Each of these parts is a common measure of 

AB and CD. 

226. If the ratio of two quantities is an irrational number, 
it can be shown that they have no common measure. E.g. if 



AB 
CD 

wise V7 would equal a rational number. 



= V7, AB and CD cannot have a common measure, for other- 

CD ' 
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Proposition XII. Theorem* 

227. A central angle is measured by its intercepted 
arc. 




Given central Z intercepting AB, 

To prove Z and AB are measured by the same number of 
degrees. 

Proof. Case I. The number of degrees contained in is 
rational. 
Then the number of degrees in can be represented by 

— , where m and n are integers. 
n 

If we construct 360 equal angles about 0, each angle would 
intercept ^^ of the circumference. (1^^) 

Or, A central Z of 1® intercepts an arc of 1°. 

If the angle of 1° be divided into n equal parts, all inter- 
cepted arcs would be equal. 

Or, A central Z of ( - ) intercepts an arc of [ - ) • 

Taking m of these parts, we have 

A central Z of f — ] intercepts an arc of f ^ ] • 

Case II. The numbers of degrees contained in is irrational. 

Let the number of degrees contained in be some irrational 
number, e,g, V2 = 1.41421 .•• and let us consider the suc- 
cessive approximate values of this number. 

* Teachers who prefer the proof which is based upon the principle of, limits 
will find the same in the appendix, pp. 279-2S1. 
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If contained 1.4*", AB contains 1.4^ (Case I) 

If contained 1.41°, AB contains 1.41®. (Case I) 

If contained 1.414*", AB contains 1.414°. (Case I) 

In other words all approximations of the numerical measures 
of Z and of AB are respectively equal. 

.•. the numerical measures of and AB are equal. (223) 

Q. £. D. 

Note. In the aboye demonstration a concrete nnmerical value is 
assumed for 0. It is evident, however, that the proof does not at all 
depend upon the particular value selected ; in other words, that the con- 
clusion follows in like manner for any other numerical value of 0. 
Hence the proof is general. For a more general form of proofs of this 
type see § 344. 

228. Cob. In the same circle, or in equal circles, two 
central angles have the same ratio as their intercepted arcs. 




Ex. 661. In the diagram given here, if AB = 40"^, 
how many degrees are (a) in central Z AOB ? (fi) in 

Ex. 662. In the same diagram if arc BD = 60°, 
how many degrees are in Z C ? 

[See applied problem, p. 291, Ex. 84.] 

229. Def. An inscribed angle of a circle is an angle whose 
vertex lies in the circumference and whose sides are chords, 
Z J, or Z J5. 

230. Def. A segment of a circle is a por- X / \ \ 
tion of a circle bounded by an arc and it& / / \ \ 
chord, as ACD. I / \ I 

231. Def. An angfZe is said to be inscribed v^^^^'^^^jf 
in a segment if its vertex lies in the arc and 

its sides pass through the extremities of that arc. Thus Z D 
is inscribed in segment. ^CZ). 
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Proposition XIII. Theobem 

232. An inscribed angle is measured by one half the 
intercepted arc. 




tASEI 




A ck^ — ^ Hd c 




CASEX 



CASEK 



Given Z ACB inscribed in O 0. 

To prove Z ABC is measured by ^ AB. 

Proof. Case I. One side of the angle is a diameter of the 
circle. 

Draw OB, 
Then 

and 



But 



BO=OC, 
Z C = Z.B, 
Z.AOB=Z.C-\-Z.B. 
.\ZA0B=:2Z a 
.' . Z. ACB =^ ^ Z AOB. 

Z AOB is measured by AB, 
,\ Z ACB is measured by ^ AB. 



(Why ?) 
(Why?) 
(Why?) 
(Why ?) 
(Why?) 

Q. E. D. 



Case II. The center lies within the angle. 
Draw the diameter CD. 

Then ZACDis measured by | AD. 

and Z BCD is measured by ^ BD. 

,', Z ACD H- Z BCD is measured by ^{AD -\- BD). 

Or Zacb is measured by ^ AB, , 



(Case I.) 

(Case I.) 

(Ax. 2.) 
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Case III. The center lies without the angle. 
Draw the diameter CD. 
Then Z ACD is measured by ^ AD, 

and Z BCD is measured by ^ BD, 

.'. Z ACD is measured by ^ -4-B. 



(Case I.) 

(Case I.) 

(Ax. 3.) 

Q. E. D. 




233. Cob. 1. Angles inscribed in the same 
segment, or in equal segments, are equal 

(Za^Zb=zZc = Z.D). 

234. Cob. 2. An angle inscribed in a semi- 
circle is a right angle {Z N= 90**). 

Note. The statement ** Z AOB is measured by 
AB " is a brief form for writing an equation, viz. ** the 
numerical measure of ZAOB= the numerical meas- 
ure of AB. ^' Hence, this and similar statements may 
be treated like equations, e.g. the axioms II, III, and 
VIII may be applied to them. 

Another way of treating such statements is to denote the nume^cal 
measure of any angle or of any arc by the corresponding italics. Then 
the above statement would be written: 

Z acb = ab. 
In this form the proof of Case III is as follows : 

Z acd = i od. 

Z bed = J bd, 

.*. Zacb = Ja6. 




Ex. 563. If in the diagram for Case I, Z C = 30°, how many degrees 
are in CB? 

Ex. 564. If in the same diagram ^ = 3 AB, find Z C. 

Ex. 556. If in the diagram for Case II AC is J, and BC is \ of the 
circumference, find ZACB, ZACB. 

Ex. 566. If in the diagram for Case III, A is the mid-point of CD, and 

B is the mid-point of AD, how many degrees are there in Z ACB ? 
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Ex. 567. If a quadrilateral ABCD he inscribed Id a circle, and the 
two diagonals be drawn, find all the angles in the figure, if AB = 80°, 
BC = 110°, and CD = 90°. 

Ex. 658. In the diagram of the preceding exercise, find four pairs of 
equal angles. 

Ex. 559. The opposite angles of an inscribed quadrilateral are 
supplementary. 



HI 





Ex. 561 




Ex. 560. In the diagram above, find ZB-^ ZD, if AE = 40°. 
Ex. 661. In the diagram above, how many degrees are in. ZO-\-ZK, 
if S?= 20°, and ^FL = 30°? 

Ex. 562. In the diagram above, how many degrees are m ZB + ZC, 
if DA = 60°? 

Ex. 563. If through one of the points of intersection of two equal 
circles a line be drawn to meet the cir- k 

cumferences, the extremities of that line y 

are equidistant from the other point of in- j/^ 

tersection. 

Ex. 564. If a semicircle is placed so 
that the prolongation of its diameter CB 
passes through a point A, and a plumb 
line BD intersects the semicircle at E, the 
angle of elevation of A is measured by 

iBE. 

[For the definitions of angle of elevation 
and additional practical applications, see 
problems 34-36, p. 291.] 
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Proposition XIV. Theorem 

235. An angle formed by two chords intersecting 
icithin the circle is measured by one half the sum of the 
intercepted arcs. 




Given two chords AB and CD intersecting in -E in O 0. 

To prove Z AJED is measured by ^ {AD + CB). 
Hint. Draw DB, and apply Prop. XIII. 

Proposition XV. Theorem 

236. An angle formed by a tangent to a circle and a 
chord drawn from the point of contact is measured by 
half the intercepted arc. 




Given AB b, tangent, and AC a chord in O 0. 
To prove Z CAB is measured by ^ AC. 
Proof. Draw the diameter AD. 
The rt. Z DAB is measured by | DCA. 

Z DAC is measured by ^ DC. 
.*. Z CAB is measured by ^ CA. (Ax. 3.) 



(232.) 

Q. E. D. 
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Ex. 666. If in diagram for Prop, XTV AB = 60°, BA = 140% and 
6b = 20°, find Z AEG and Z DAE. 

Ex. 566. If two perpendicular chords interFiect within the circle, the 
sum of a pair of opposite intercepted arcs is equal to a semicircumference. 

Ex. 567. Prove Prop. XV by demonstrating the equality of /.ADC 
and Z CAB. 

Ex. 668. If, in Prop. XV, arc AC -2 arc CD, 
find /, CAB. 

Ex. 669. A chord is parallel to the tangent drawn 
through the mid-point of the subtended arc. 

Ex. 670. In the diagram given here, circles O and 
O' are tangent to DC at C. Prove that' 
Z.DCB-ZA-Z.EDC. 

Pkoposition XVI. Theorbm 

237. An angle formed by two secants^ or two tan- 
gentSy or a tangent and a secant^ intersecting without 
a circle, is measured by half the difference between the 
intercepted arcs. 







Case L Given AB and AD secants drawn from an external 
point J to O 0, cutting circle at E and C. 

To prove Z ^ is measured by ^(-B-D — EC). 
Hint. ZA = Z1-Z2. 
Similarly for Case II and Case III. 
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Ex. 671. If the angle formed by two tangents is 60°, how many 
degrees are in each of the intercepted arcs ? 

Ex. 672. If in the diagram for Case 1, BD = 100° and Z ^ = 20°, 
find EC, 

Ex. 673. If in the same diagram EC = 60° and EB = BD = cB, 
find Z A, 

Ex. 674. If an angle formed by a secant and a tangent is 20° and the 
greater of the intercepted arcs is 90°, how many degrees are in the other 
intercepted arc ? 

238. Scholium. If we consider an arc which intersects the 
sides of an angle as negative when it turns its convex side 
toward the vertex, and positive when it turns the concave side 
toward the vertex, or passes through the vertex, Props. XIII, 
XIV, XV, and XVI may be stated as follows : 

239. Theorem. If the sides of an angle {indefinitely pro- 
duced) intersect or touch a circumference, the angle is measured 
by one half the algebraic sum of the intercepted arcs. 

Proposition XVII. Theorem 

240. Parallel secants intercept equal arcs on a cir- 
cumference. 




Given AB and CD two parallel secants to O 0. 

To prove AC = BD. 

Draw BC and prove by means of Prop. XIII. 



180 PLANE GEOMETRY 

241. Cor. 1. If a secant is parallel to a tangent, they in- 
tercept equal arcs on a circumference. 

242. Cob. 2. Two parallel tangents intercept equal arcs 
on a circumference. 

Ex. 676. State and prove the converse of Proposition XYIL 

Ex. 676. State and prove the converse of Corollary I. 

Ex. 677. In the diagram for Prop. XVII, find Z ABC \t AB-W 

and CD = 120°. 

Ex. 678. The line bisecting an angle formed by a tangent and a chord 
bisects the intercepted arc. 

Ex. 679. If two sides of an inscribed quadrilateral are parallel, the 
other two sides are equal 

Proposition XVIII. Theorem 

243. The opposite angles of an inscribed qtiadrilateral 

are supplementary. 

A 




Given ABCD an inscribed quadrilateral. 

To prove Z ^ + Z C= 2 rt. A, 

Hint. Find the arcs by which Z A and Z C are measured. 



Ex. 680. In the diagram for Prop. XVIII, prove that an exterior 
angle at C is equal to Z ^. 

■. * Ex. 581. If the opposite angles of a quadrilateral 
are supplementary, its vertices are concyclic, i.e, a cir- 
cumference can be described through them. 

Hint. Construct a circle through A, By and O, 
and assume that it does not pass through 7). Then 
Z D would equal 2>S etc. 
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Ex. 582. Find the sum of three alternate angles of an insoribed 
hexagon. 

Ex. 683. The corresponding segments of two eqnal intersecting chords 
are equal. 

Ex. 684. If in the greater of two concentric circles, chords be drawn 
touching the smaller circle, the chords are equal. 

Ex. 685. If two equal chords intersect, the lines joining their ends 
form an isosceles trapezoid. 

Ex. 686. If the bisector of an inscribed angle be produced until 
it meets the circumference, and through this point of intersection a 
chord be drawn parallel to one side of the angle, it is equal to the 
other side. 

Ex. 587. A circle constructed on an arm of an isosceles triangle as 
diameter bisects the base. 

Ex. 688. If two circles intersect in A and B and AG and AD 
are diameters of the two circles, then a line joining C and D passes 
through B. 

Ex. 589. If two circles are tangent to each other and through the point 
of contact two lines are drawn, each termi- 
nating in the two circimif erences, the chords 
joining the ends of these lines are parallel. 

Ex. 690. If two circles are tangent at C f TC 

and a common exterior tangent touches the 
circles in A and B^ the angle ACB is a right 
angle. 

* Ex. 691. If from the extremities of a diameter perpendiculars be 
drawn upon any chord (produced, if 

necessary), the feet of the perpendicu- 
lars are equidistant from the center. 

* Ex. 692. If two unequal chords be 
produced to meet, the secants thus 
formed are unequal. 

Ex. 693. If the opposite sides of 
an inscribed quadrilateral be produced 
to meet in A and F, the bisectors of 
the angles A and . F meet at right 
angles. 

Hint. Prove ZBG^ir=ZCfflC (117) 



B 
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CONSTRUCTIONS 

244. Note. In the following examples, we shall denote the given 
parts of a triangle always in the same manner ; the sides by a, 6, c, the 
opposite angles by A^ B, and (7, the altitudes by A., A^, and h^ the 
medians by m^, mfr, and mc, and the angle-bisectors by taj h^ a.nd tg. 



Proposition XIX. Problem 

245. To construct a triangle^ having given the three 
sides. 




ai- 



bh 



c^- 



Given a, h, and c the three sides of a A. 

Required to construct the triangle. 

Construction. Draw DE = a. 

From ^ as a center, with a radius equal to 6, draw an arc. 

From D as a center, with a radius equal to c, draw an arc. 

The arcs intersect at F. Draw FE and FD, 

A DEF is the required triangle. q. e. f. 

Discussion. The construction is impossible if one side is 
greater than, or equal to, the sum of the other two. 



Ex. 594. Construct an equilateral triangle, having one side given. 

Ex. 595. Construct an equilateral triangle whose perimeter equals a 
given line. 

Ex. 596. Construct a quadrilateral, having given the four sides and 
one diagonal. 
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Proposition XX. Problem 

246. To constntct a triangle, having given two angles 
and the included side. 
The solution is left to the student. 



Ex. 697. Upon a given base, to construct an isosceles right triangle. 

Ex. 698. Construct an isosceles triangle, having given the base and a 
base angle. 

Ex. 699. To construct a quadrilateral, having given the four sides and 
one angle. 

Is it possible to solve this exercise by constructing first a side not 
adjacent to the given angle ? 

247. Ebmark. The possibility of a solution of a problem de- 
pends often upon the proper choice of the part which is drawn first. 

Ex. 600. To construct a rhombus having given the perimeter and one 
angle. 

Proposition XXI. Problem 

248. Tor construct a triangle^ having given tioo sides 
and the included angle. 

The solution is left to the student. 



Ex. 601. Construct an isosceles triangle, having given an arm and the 
vertical angle. 

Ex. 602. Construct a right triangle, having given the two arms. 

Ex. 603. To construct a quadrilateral (ABCD), having given three 
sides (AB, BC, and CD), the angle formed by the last of these sides and 
the unknown side (/ID), and the angle formed by the same side and a 
diagonal (ZDCA). 

Ex. 604. To construct a pentagon (ABODE), having given the five 
sides (AB, BC, CD, DE, and EA) and two angles including one of these 
sides (ZA&nd^B). 
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Proposition XXII. Pboblem 

249. To construct a triangle^ having given one side, 
one adjacent and one opposite angle. 




' \^ 




Given A and B, two angles of a A, and a, the side opposite Z A. 

Required to construct the triangle. 

Construction. Draw DE = a. 

At D draw Z El)F = Z B. 

At any point, H, in DF, construct Z DHQ = Z.A. 

Through E, draw a line parallel to HO, meeting DH in I. 

A DIE is the required A. 
Proof. DE=a, (Con.) 

Zd = Zb. (Con.) 

Z DIE = Z DHGf . (106) 

ZA = Z DHO. (Con.) 

.-. Z DIE = ZA. (Ax. 1) 

Discussion. The construction is impossible if the sum of 
the given angles is greater than or equal to a straight angle. 



Ex. 606. Construct by means of Prop. XXII a right triangle, having 
given the hypotenuse and an acute angle. 

Ex. 606. Find a construction of the same problem which does not 
depend upon Prop. XXII. 

Ex. 607. Construct a right triangle, having given an arm and the 
opposite angle. 

Ex. 608. Construct an equilateral triangle, having given 
(a) the altitude. 

(p) the radius of the inscribed circle, 
(c) the radius of the circumscribed circle. 
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Proposition XXIII. Problem 

250. To construct a triangle, having given two sides 
and an angle opposite one of tJiem. 




Given a and b, two sides of a A, and Z A opposite side a. 

Required to construct the A. 

Construction. Draw Z QEI=Z A, 

On EO, lay ofE ED = b. 

From D as a center with a radius equal to a, draw an arc 
intersecting EI in F and F^. 

Both A ZDF and Zi)/^ fulfill the required conditions. 

Discussion. If the arc intersects the base twice, there are 
two solutions, and if it touches the line or intersects once there 
is one solution. If it does not touch the line, a solution is 
impossible. 

Ex. 609. In the Prop. XXin, how many solutions are possible, when 
angle .^ is obtuse ? right ? acute ? 

Ex. 610. Construct a right triangle, having given the hypotenuse and 
one arm. 

Ex. 611. Solve the preceding problem by drawing the hypotenuse 
first. 

251. A triangle may be constructed if the following parts 
are given : 

(1) Three sides. 

(2) Two sides and the included angle. 
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(3) Two angles and the included side. 

(4) Two angles and a non-included side. 

(5) Two sides and the angle opposite one of them. 

To construct a triangle, three independent parts must be 
given. 

Ex. 612. Are the three angles of a triangle three independent parts, 
and can a triangle be constructed when the three angles are given ? 

Ex. 613. Is a triangle determined if there is given 

(a) a, 6, Wo (6) 6, Ao, C ? 

[See practical problems 38-43, pp. 202 and 293.] 

Proposition XXIV. Problem 

252, From a given pointy to draw a tangent to a 
given circle. 




CASEl 




CASEE 

I. When the given point, A, is in the circumference. 

Hint. What is the angle formed by a radius and a tangent at its 
extremity ? 

II. When the given point, A, is without the circle. 
Construction. Join A and the center of the given circle. 

On OA as a diameter, construct a circumference intersecting 
the given circumference in 5 and C. 

Then AC and AB are the required tangents. 

Hint. Show that d ACQ and OB A are right angles. 
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Ex. 614. Construct a line tangent to a given circle and parallel to a 
given line. 

Ex. 615. Constnict a line tangent to a given circle and perpendicular 
to a given line. 

Proposition XXV. Problem 
253. To inscribe a circle in a given triangle. 




Given A ABC, 

Required to inscribe a circle in A ABC. 

Construction. Construct the bisectors oi Z B and Z C. 
These bisectors meet at some point 0. (162) 

From draw OD ±. EC, 

From as a center, with a radius equal to 02), draw a circle, 
which is the required one. 

[The proof is left to the student.] 

254. Def. a circle touching one side of a triangle and the 
prolongations of the other two sides is an escribed circle. 



Ex. 616. Construct the three escribed circles of a triangle. 

Ex. 617. The bisector of an angle of a triangle meets the circumfer- 
ence of the circumscribed circle in a point which is equidistant from the 
other two vertices of the triangle and the center of the inscribed circle. 

Ex. 618. A circle is inscribed in a triangle whose sides are 9, 8, and 9. 
Find the distances of the vertices from the points of contact (209). 
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Proposition XXVI. Problem 

255. Upon a given straight line as chord, to construct 
a segment of a circle which shall contain an angle equal 
to a given angle. 





Given line AB and Z M, 

Required to construct a segment of a circle on AB as chord 
which shall contain an angle equal to Z M, 

Construction. In the sides of Z if take any two points P and 
Q respectively. 

Draw PQ. 

On ^5 as a base construct A ABC so that Z.A^Zq, and 
Zb = Zp. 

Circumscribe a circle about A ABC, 

Segment ACB is the required segment. q.b.f. 

Proof Zc=Zm (113) 

.*. Any angle inscribed in segment = Z M, (233) 

Ex. 619. Given rectangle A BCD with AB > AD. To find in AB or 
its prolongation a point X so that Z CXD = 46°. 

Ex. 620. In the diagram for Prop. XXV find the length of AC, if 
AB = 6, BC = 7, and BD = 4. 

[See practical applications, 44 and 45, p. 292.] 
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ANALYSIS OF PROBLSMS 

256. An analysis of a problem is a course of reasoning by 
which its construction is discovered. Although no rules can be 
given which apply to all constructions, the method explained 
in the following exercises may be used in many problems. 

Ex. 621. To construct a triangle Jiaving given one side, the cor- 
responding median, and the aUittide to another side. 

Given h, one side of triangle, m^ the corresponding median, 
and ha the altitude upon another side. 

Required to construct the A. 



B' 



b i- 




nv 



Analysis. (1) Suppose A^B'C' were the required triangle. 

(2) Then we should know CfA\=^h), CfE^ and ZU' (=|\ 

ui'i)'(= *•)> ^'^'(= wi^), and AA^D^Cf and A'D^B^ (= rt. A), 

(The student is advised to mark the known parts or to draw them in 
a different color from the other lines.) 

(3) Examine all triangles in the figure, and see if one can 
be constructed. The rt. A ^'d'c* can be constructed, having 
given two sides. 

(4) Make this triangle the basis of the construction. 
Hence, 

Construction. Draw DA — \. 

At D, draw FH±. AD, 

From ul as a center, with a radius equal 
to h, draw an arc intersecting DH in C 
Draw AC. 
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Bisect AC in E, and from Z as a center, with a radius equal 
to wift describe an arc, meeting FH in B. 
ABC is the required triangle. 

Proof. AD = \, 

BE = mf,» 
C = b. 

AD is an altitude, as 

Z ADC = rt. Z. 

.'. EB is Si median. 

267. The following rules express the procedure in a general 
form: 

1. Make a diagram resembling the one required, but not 
necessarily having the same dimensions. 

2. Determine (a) all lines, (6) all angles, that are directly 
given, or that can be easily found from the given parts, and 
mark these parts. 

3. Examine all triangles of the diagram until you discover 
a triangle that can be constructed. 

4. Make this triangle the basis of the construction, and try 
to determine successively all other points of the figure. 

5. In case no triangle can be found that can be constructed 
directly, draw additional lines which will enable you to obtain 
such a triangle. 

Ex. 622. To construct a triangle, having given the median and 
altitude to one side, and a median to another side. 



Jib 



hb 



.^c 




Analysis. 1. Suppose a'b'c* were the required triangle. 
2. Then we should know B'D^ (= h^\ b'e' (= m^), C7'V(= m,> 
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Z'^'(=im,), 5'H'(=|m,), Jl'^(=-im,), ^'C(=|m,), and 
A B'D'E' and 5'dU' (= rt. A), 

3. Examine all triangles. B'E^d' is the only one that can be 
constructed. 

4. Make the A b'e'd' the basis of the construction. 

258. Some problems require the drawing of additional lines 
(as stated above under 5). In particular : 

When a sum or a difference is given, construct such sum or 
difference in the analysis. 

Ex. 623. To construct a triangle^ having given the 'base, the 
sum of the other two sidesy and the angle included by the two. 



ai- 



< I I ii 



tif+ch 



L 




Analysis. 1. Suppose A^B^cf were the required triangle. 

2. Then we should know two parts only. 

.*. produce BA^ to E^ so that A^E* = A^(f. 
Draw Z'C'. We now know c'B'(=a), B'E'(=b'\-c), 

Zb'a'c'(=:A), Z^Y=^\ mdZ.A'c'E'f=^. 

3. Examine all triangles. As b'&E' can be constructed, 
make this the basis of the construction. 

Ex. 624. To constrttct a trapezoid, having given the sum of the 
bases (5), a diagonal (d), a base angle (A), and the angle formed 
by the diagonals (0). 



rsi- 
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Analysis. 1. Suppose A^B^cfD* were the required trapezoid. 
Produce A^D^ to Ef so that D'JS' = B^cf. Draw cfE^. 

2. We know .i'^'(=«), A'cf{=d\ Aa'o'd\^ 0), Z.BU'Lf 

i=A),Z A'CfE' (= A'&D' = 0). 

3. A ^'c/^' can be constructed. 

Construct a triangle, having given : (^44) 



Ex. 625. 


a, &, tfih' 


Ex. 636. 


a, A«, w«. 


Ex. 626. 


a, 6, hh. 


Ex. 637. 


&, hat Via* 


Ex. 627. 


6, ha^ ZA. 


Ex. 638. 


6, A«, ^a* 


Ex. 628. 


b, tc.ZA. 


Ex. 639. 


df TTlft, Ilic' 


Ex. 62^. 


d, hhi Z B» 


Ex. 640. 


a, Wa, Wlft. 


Ex. 630. 


a, &t Ae* 


Ex. 641. 


a, hhi he. 


Ex. 631. 


a, Wlaj ^5. 


Ex. 642. 


ha,ZB,ZC. 


Ex. 632. 


^ C7, «c, h. 


Ex. 643. 


mat ha^ /, B, 


Ex. 633. 


tc, ZC,Z.B, 


Ex 644. 


a,b,ZA-}-ZB, 


Ex. 634. 


Z.A,Z.B, ha. 


Ex. 645. 


a^ Z B^ b + C' 


Ex. 635. 


ZA.ZB, <e. 


Ex. 646. 


ZA,ZC,b — c. 



Ex. 647. Construct an isosceles triangle, having given the base and 
the vertex angle. 

Ex. 648. Construct an isosceles triangle, having given the sum of hase 
and an arm, and a base angle. 

Ex. 649. Construct a triangle, having given an angle, an adjacent 
side, and the difference of the other two sides. 

Ex. 650. Construct a triangle, having given the base, the difference 
of the other two sides, and the angle included by the two. 

Construct a right triangle, having given : 

Ex. 651. One arm and the altitude upon the hypotenuse. 

Ex. 652. The hypotenuse and the difference between the arms. 

Ex. 653. The hypotenuse and the sum of the arms. 

Ex* 654. Construct a parallelogram, having given the sides and a 
diagonal. 

LOCI 

259. A locus of a point in a plane is a line or a group of lines, 
all points of which satisfy a certain condition, satisfied by no 
other points, 



THE CIRCLE— CONSTRUCTIONS 143 

Thus (a) Every point in the perpendicular-bisector of a line is equidis- 
tant from the ends of a line. 

(b) No point without the perpendicular-bisector is equidistant from the 
ends of the line. 

.*. The perpendicular-bisector is the locus of the point that is equidis- 
tant from the ends of the line. 

260. The word locus (plural lod) means ** place,'* and it signifies in 
geometry the place of a point that moves according to certain conditions. 

Thus, if one end of a stretched chord is fixed upon a drawing board, 
the other end, when moved about, will describe a circle. Hence the 
circle is the locus of the other end. 

Every point of an elevator car moving up or down moves in a straight 
line, which is perpendicular to the ground. Hence such a straight line 
is the locus of the moving point. 

Similarly the locus of a point of the minute hand of a watch is a 
circle, etc. 

261. To prove that a certain line is a locus, we must estab- 
lish that : 

(1) Every point in the line or group of lines satisfies the given 
condition. 

(2) No point without the line or group of lines satisfies the 
given condition. 

Thus, to find the locus of a point at^ a distance of { inch from AB, it 
is not sufficient to prove that every 

point in CD has the proper distance C D 

from AB* It is also necessary to 

show that no point without satisfies | ^ 

the condition, which leads here to 

the discovery of another part of the 

locus, EF, located on the other side ^ " ^ 

otAB. 

Ex. 655. Draw the following loci without giving proofs : 
(a) The locus of a point | in. from a given point. 
(6) The locus of a point J in. from a given line. 

(c) The locus of a point equidistant from a pair of parallel lines. 

((2) The locus of the mid-point of all chords drawn in a given circle 
and parallel to a given line. 
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(e) The locus of the mid-points of all lines that are parallel to the hase 
of a triangle and terminated by the other sides. 

(/) The locus of a point equidistant from two given lines. 

{g) The locus of the end of a line tangent to a given circle and \ in. long. 

(A) The locus of the center of a circle whose radius equals \ in. , and 
that touches a given circle (radius 1 in.) externally. 

LOCUS THEOREMS 

262. The locus of a point at a given distance from a given 
point is the circumference described from the point with the 
given distance as radius. 

For (a) every point in the circumference has the required distance, 
while (h) a point not in the circumference has not. * 

263. The locus of a point equidistant from the ends of a 
given line is the perpendicular-bisector of that line. 

For (a) every point in the perpendicular-bisector is equidistant. 
(5) No point without is equidistant, since all equidistant points must lie 
in the perpendicular-bisector (81). 

Note. In this paragraph the fact (6) that no point without satisfies 
the condition was proved by showing that every point which satisfies 
the condition must lie in the line. This method can always be em- 
ployed, and is in some cases more convenient than the regular one. 

264. The locus of a point that is at a given distance from 
a given straight line consists of two lines pai*allel to the given 
line at the given distance. 

265. The locus of a point equidistant from two given par- 
allel lines is a third parallel, bisecting any line ending in the 
given parallels. 

266. The locus of a point equidistant from two intersecting 
straight lines consists of the bisectors of the included angles. 



Ex. 656. Find the locus of the mid-points of the radii of a given 
circle. 

Ex. 657. Find the locus of the vertex of all right angles whose sides 
pass through two given points. 
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Ex. 658. Find the locus of the center of a circle which has a given 
radius and touches a given line. 

Ex. 669. Find the locus of the center of a circle which has a given 
radius and passes through a given point. 

Ex. 660. Find the locus of the center of a circle that passes through 
two given points. 

Ex. 661. Find the locus of the center of a circle that touches two 
given lines. 

Ex. 662. Find the locus of the center of a circle which has a given 
radius and touches a given circle. 

Ex. 663. Find the locus of the center of a circle touching a given line 
at a given point. 

Ex. 664. Find the locus of the center of a circle that touches a given 
circle in a given point. 

Ex. 665. Two vertices, B and C, of a triangle have a fixed position. 
Find the locus of the third vertex (A) if ha equals a given line. 

Ex. 666. Two vertices (B and C) of a triangle have a fixed position. 
Find the locus of the third vertex (A), if nia equals a given line. 

Ex. 667. The base of a parallelogram has a fixed position and length, 
and the adjacent side has a given length. Find the locus of the intersec- 
tion of the diagonals. 

Ex. 668. The base of a rectangle has a fixed position. Find the locus 
of the intersection of the diagonals. 

Ex. 669. Find the locus of the mid-points of all chords that have a 
given length and are drawn in a given circle. 

Ex. 670. Find the locus of the mid-points of all chords that can be 
drawn from a given point in the circumference. 

Ex. 671. The locus of the vertex of a triangle which has a given 
(fixed) base and a given vertex angle is an arc (constructed according to 
265, p. 138). 

267. Loci are used to determine the position of a point (or 
points) that satisfies two conditions. Each condition deter- 
mines a locus, and the point (or points) of intersection of the 
two loci is the required point. 

In the following exercises, state under what conditions no 
point, one point, or several points may be found. 
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Ex. 672. In a given line, AB, find a point at a given distance, d, from 
a given point C, 

Ex. 673. In a given line, AB, find a point at a given' distance, d, from 
a given line CD. 

Ex. 674. In a given line, AB^ find a point equidistant from two given 
points, P and Q. 

Ex. 675. In a given circumference, find a point at a given distance, <2, 
from a given point C, 

Ex. 676. In a given circumference, find a point equidistant from two 
given parallel lines, CD and EF, 

Ex. 677. In a given circumference, find a point equidistant from two 
given intersecting lines, CD and EF. 

Ex. 678. Find a point equidistant from two given intersecting lines, 
AB and C/>, and at a given distance from a given point, E, 

' Ex. 679. Find a point equidistant from two given intersecting lines, 
AB and CD, and at a given distance from a given line, EF. 

Ex. 680. Find a point equidistant from two given intersecting lines, 
AB and CD, and equidistant from two given points, E and F, 

Ex. 681. Find a point equidistant from two given points, and having a 
given distance from a given point, E, 

Ex. 682. Find a point equidistant from two given points and equidis- 
tant from two given parallel lines, EF and GH. 

Ex. 683. Find a point equidistant from two given parallel lines and 
equidistant from two given intersecting lines, EF and GH. 

Ex. 684. Find a point at a given distance d, from a given line, AB, 
and equidistant from two given points, E and F. 

Ex. 685. Find a point having a given distance, d, from a given line, 
AB, and equidistant from two given parallel lines, EF and GH. 

To construct a circle having a given radius : 

Ex. 686. Touching a given line and passing through a given point. 

Ex. 687. Touching two given lines. 

Ex. 688. Passing through a point and touching a given circle. 

Ex. 689. Touching two given circles. 

Ex. 690. Touching a given circle and a given line. 

To construct a circle : 

Ex. 691. Touching a given line In a given point and passing through 
another point without. 
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Ex. 692. Touching a given circle at a given point and passing through 
another given point without. 

Ex. 693. Touching a given line and a given circle at a given point. 
(Hint. Draw a tangent to the circle at the given point.) 

* Ex. 694. Construct a triangle having given a, ha, A. 

Ex. 695. Construct a triangle having given a, ma, A. 

268. No general method can be given for the solution of 
exercises ; a great many, however, can be solved : 

(1) By a gradual putting together of the given parts. (247) 

(2) By means of an analysis. 

(3) By means of loci. 

MISCELLANEOUS EXERCISES 

Construct an isosceles triangle, having given : 

Ex. 696. The base and the altitude upon an arm. 

Ex. 697. The altitude upon the base and the vertex angle. 

Ex. 698. The vertex angle and the sum of one arm and the base. 

Ex. 699. The perimeter and the base angles. 

Construct a right triangle, having given : 

Ex. 700. One acute angle and the altitude upon the hypotenuse. 

Ex. 701. The altitude upon the hypotenuse and one of the seg- 
ments of the hypotenuse. 

Ex. 702. The sum of the arms and one acute angle. 

Ex. 703. To find a point in one side of a triangle which is equidistant 
from the other two sides. 

Ex. 704. Find the locus of the vertex of a right triangle, having a 
given hypotenuse. 

Ex. 705. In one side of a quadrilateral to find a point equidistant 
from the ends of the opposite side. 

Ex. 706. From a point P, in the circumference of a circle, to draw a 
chord, having a given distance from the center. 

Ex. 707. In a given circle, to draw a diameter having a given distance 
from a given point. 

Ex. 708. Through a given point to draw a line, having a given dis- 
tance from another point. 
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Ex. 709. Through two given points in a circumference, to draw two 
equal parallel chords. 

Ex. 710. Trisect a given straight angle. 

Ex. 711. Trisect a given right angle. 

Ex. 712. Trisect a semicircumference. 

Ex. 713. Through a given point, to draw a line cutting off equal 
lengths on the sides of a given angle. 

Ex. 714. Through a given point, to draw a line making a given angle 
with a given line. 

Ex. 715. Through a given point, to draw a line of given length termi- 
ating in two given parallel lines. 

Ex. 716. Through a given point, to draw a line making equal angles 
with two given lines. 

* Ex. 717. To bisect an angle formed by two lines, without producing 
them to their intersection. 

To construct a triangle, having given : (Note 244) 

Ex. 718. o, Z B, ha. Ex. 721. A, K, ta. 

Ex. 719. a, Z By We. Ex. 722. a + 6 + c, Z B, Z C. 

Ex. 720. a, /. B, U, Ex. 723. a, 6, B.* 

C 
Ex. 724. o, ha, B. * 

Ex. 725. ha, hi, Z. B. 

Ex. 726. a, 6, mc. 

(Hint. Produce mc by its own length.) 

* Ex 727. a, mc, Z C. * Ex. 729. w., H, he. 

* Ex. 728. ma, mj, he. * Ex. 730. w^, mj,, me' 

To construct a square, having given : 
Ex. 731. The diagonal. 

Ex. 732. The difference between the diagonal and the side. 
Ex. 733. The sum of the diagonal and the side. 

To construct a rectangle, having given : 
Ex. 734. One side and the diagonal. 
Ex. 735. One side and the angle formed by the diagonals. 

* iJ = radius of circumscribed circle. 
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Ex. 736. The perimeter and the diagonal. 
To construct a rhombus, having given : 

Ex. 737. The two diagonals. 

Ex. 738. The perimeter and one diagonal. 

Ex. 739. One angle and a diagonal. 

Ex. 740. The altitude and the base. 

Ex. 741. The altitude and one angle. 
To construct a parallelogram, having given : 

Ex. 742. Two adjacent sides and one altitude. 

Ex. 743. Two adjacent sides and an angle. 

Ex. 744. One side and two diagonals. 

Ex. 745. One side, one angle, and one diagonal. 

Ex. 746. The diagonals and the angle formed by the diagonals. 

269. In the analysis of a problem relating 
to a trapezoid, draw a line through one vertex, TV V 

Ay either parallel to the opposite arm, DC, or p/ \ . \^ 
parallel to a diagonal, DB, 

To construct a trapezoid, having given : 
Ex. 747. The four sides. 

Ex. 748. The bases and the base angles. 

Ex. 749. The bases, another side, and one base angle. 

Ex. 750. The bases and the diagonals. 

Ex. 751. One base, the diagonals, and the angle formed by the 
diagonals. 

Ex. 752. To draw a common external tangent to two given circles. 

Ex. 753. To draw a common internal tangent to two given circles. 

Ex. 754. About a given circle, to circumscribe a triangle, having 
given the angles. 

Ex. 755. Find the locus of the mid-points of the secants that pass 
through a given point without a circle. 

Ex. 756. In a given circle, to inscribe a triangle, having given the 
angles. 

* Ex. 757. From a given point in a circumference, to draw a chord 
that is bisected by a given chord. 
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Ex. 758. Given a point, J., between 
a circumference and a straight line 
Through A, to draw a line terminated 
by the circumference and the given line, 
and bisected in A. 

Ex. 759. Given two points, A and 
B^ on the same side of a line, CD, To 
find a point, X, in CD, such that Z AXC = /L BXD 

[See practical problems 45-52, pp. 203 and 204.] 




BOOK III 

PROPORTION. SIMILAR POLYGONS 

270. Dep. a proportion is a statement of the equality of 

two ratios, as - = - ov a:h = c:d. 

b d 

Note. The statements - = - , and a : 6 = c : d, are absolutely identical. 

b d 

Hence, if a hypothesis states a : b = c : d^ we may in the proof employ 

this statement in the form - = - without assigning a special reason. 

b d 

Similarly, if we have to prove a : 6 = c : (f, we may prove instead - = -. 

b d 

271. Dep. The first and the fourth terms of a proportion 
are called the extremes, the second and the third, the means. 

272. Dep. The first and the third terms are called the 
antecedents, the second and the fourth the consequents. 

Thus, in the proportion, a:b = c:d, a and d are the extremes, b and 
c the means, a and c the antecedents, and b and d the consequents. 

273. Dep. When the means of a proportion are equal, 

either mean is said to be the mean proportional between the 

first and the last terms, and the last term is said to be the 

third proportional to the first and the second terms. 

Thus, in the proportion, a :b = b :c, 6 is the mean proportional be- 
tween a and c, and c is the third 'proportional to a and b. 

274. Dep. The last term is the fourth proportional to the 

first three. 

Thus, in the proportion, a : 6 = c : d, d is the fourth proportional to o, 
6, and c. 

161 
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275. The two terms of a ratio must be either quantities of 
the same denomination, or the quantities must be represented 
by their numerical measures only. 

Proposition I. Theorem 

276. In any proportion^ the prodtuct of the means is 
equal to the product of the extremes. 

Given a\h = c\d. 

To prove cud = he. 

Proof. 2 = £. (Hyp.) 

Clearing of fractions, i.e. multiplying both members by hdy 

ad=:bc, (Ax. 7.) 

Q. E. D. 

277. Cor. If three terms of a proportion are respectively 
equal to the three corresponding terms of another proportion, 
the fourth terms are also equal. 

278. Note. The product of two quantities, in Geometry, means the 
product of the numerical measures of the quantities. 



Ex. 760. Determine the value of z, if 

(a) 3 : X = 4 : 8, (c) a; : 7 = 2 : 21, 

(6) 112 : 42 = 16 : x, (d) a:m = x: n. 

Ex. 761. Find the fourth proportional to 

(a) 1, 2, and 3, (6) 2, 1, and 3, (c) m, n, and p. 

Ex. 762. Find the third proportional to 

(a) 9 and 12, (6) 14 and 21, (c) 1 and a. 

Proposition II. Theorem 

279. If the product of two numbers is equal to the 
product of two other numbers, either two may be made 
the means, and the other two the extremes, of a pro- 
portion. 
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Given mn =pq. 

To prove m:p = q: n. 

Proof. mn=pq, (Hyp.) 

Dividing both members by np 

2^ = 2:. (Ax. 8.) 

P ^ 

Q. E. D 

Ex. 763. If a& = mn^ find all possible proportions consisting of a, 6, 
m, and n. 

Ex. 764. Form two proportions commencing with 3 from the equa- 
tion 3 X 10 = 5 X 6. 

Ex. 766. If a& = xy^ form two proportions commencing with 6. 

Ex. 766. Find the ratio of z : y, if 

(o) 6 X = 6 y, (c) (o + 6)x = cy, 

(6) 9 X = 2 y, (/) mx 4- nx = py, 

(c) 6x = y, {g) ax + hx — my -\-nyy 

(d) mx = ny, (A) ox + 6y = wx + ny. 

Proposition III. Theorem 

280. A mean proportional betiveen tioo quantities is 
equal to the square root of their product 



Given a\h^h:c. 




To prove h — -yjac. 




Proof. a\h=^c\d. 


(Hyp.) 


,\ i^ = ac. 


(276) 


Extracting the square root of both members 




b = -y/ac. 


Q. E. 0. 


Ex. 767. Find the mean proportional to 




(a) 2 and 18. (c) 2 a and 32 a. 




(6) 1 and y. (<J) w + 1 and m • 


- n. 
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Proposition IV. Theorem 

281. If four quantities are in proportion^ they are in 
proportion by alternation, i.e. the first term is to the 
third as the second is to the fourth. 



Given 


a:b=^c:d. 


To prove 


a :c = b:d. 


Proof. 


a_ c 
b'^d 




ad = bc. 




a:c=b:d. 



(Hyp.) 

. (276) 
(279) 

Q. E. D. 

Proposition V. Theorem 

282. If four quantities are in proportion, they are in 
proportion by inversion, i.e. the second term is to the 
first as the fourth is to the third. 



Given 


a:b = c:d. 




To prove 


b:a = d:c. 




Proof. 


a:b = c:d. 


(Hyp.) 




ad = be. 


(276) 




.'. b:a = d: c. 


(279) 

Q. E. D. 



Ex. 768. Transform the proposition, m: x = p : q, so that x becomes 
the fourth term. 

Proposition VI. Theorem 

283. If four quantities are in proportion, they are in 
proportion by composition, i.e. the sum of the first tioo 
terms is to the second term as the sum of the last two 
terms is to the fourth term. 

Given a:b = c:d. 

To prove a-f6:6 = c-fd:cf. 
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.Analysis.* The proportion 

a-^b:b = c + d:d 
is true if d(a-\-b) = b(c + d). (279) 

This is true if ad + bd = bc + bd. 

This is true if ad = be. (Ax. 3) 

This is true if a:b = c:d. (276) 

But the last equation is true ; 

.". a -f 6 : ft = c + d : d. 

The preceding analysis proves the validity of our theorem, 
but we may obtain a proof in the usual form by reversing the 
sequence of equations. Hence 

Proof. a:b = c:d, (Hyp.) 

.•: ad == be, (276) 

.-. ad-f &d = 6c + 6d. (Ax. 2) 

.-. d (a -f ft) = 6 (c + d) (Sub.) 

.-. a + & : 6 = c -f d : d. . (279) 

NoTB. A much simpler proof, which, however, is more difScolt to 
discover, is the following : 



Proof. 


a c 
h'd 


(Hyp.) 




• ^ 4- 1 — — 4- !• 


• 

(Ax. 2.) 


combining. 


a+ b_e+d 
b d 


Q. B. D. 



^ Proposition VII. Theorem 

284. If four quantities are in proportion^ they are in 
proportion by division, i.e. the difference between the 
first two terms is to the second term as the difference 
between the last two terms is to the fourth term. 

* This method may he applied to Props. IV to IX. 
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Oiyen 


a: 2) = c:d. 




• 


To prove 


a — ft: & = c — d: 


d. 




Proof. 

• 


a_ c 
h d 








!-•=!->' 




(Ax. 3.) 


mbining, 


a—h c—d 
b d 




Q. E. D. 



Ex. 769. Make an analysis of Prop. VII and derive a proof from 
it. (Similar to 288.) 

Ex. 770. Transform the following proportions so that only one term 
contains x. 

(a) 2:3=5-a5:a;. (d) 4:3 = 2 + a;:a;. 

(6) 6:7 = 2'-x:x. (c) 7 ;6=zS -\- x :X, 

(c) a:b = b'-x:x. (/) a:b = 6 +x: x. 

Ex. 771. If a; + 2^ : y = 7 : 3, find the ratio of x and y. 
Ex. 772. If X — y : y = 2 : 3, find the ratio of x and y. 

Proposition VIII. Theorem 

285. If four quantities are in proportion^ they are 
in proportion by composition and division^ i.e. the sum 
of the first two terms is to their difference as the sum 
of the last two terms is to their difference. 



Given 


a:b=:c:d. 


To prove 


a + b:a — b = c -\-d :c — d. 


Proof. 


a:b = c:d. 




a + b c-^d 




b d 




a — b c — d 




b d 


Dividing 


member by member, 




a + b c + d 




a —b c— d 



(Hyp.) 
(283) 

(284) 
(Ax. 8.) 

Q. E. D. 
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Ex. 773. Make an analysis of Prop. VIII and derive a proof from 
it. (283) 

Ex. 774. Transform the following proportions so that only one term 

contains x. 

(o) 3 : 2 = 5 + a; : 5 - X. 

(6) 5:3 = 3 4-x:3-x. 

(c) a : 6 = 1 4- X : 1 — X. 

Ex. 775. If X + y : X - y = 12 : 5, find the ratio of x to -y. 
Ex. 776. Ifx + y: X — y = aib, find the ratio of x to y. 



Proposition IX. Theorem 

286. In a series of equal ratios ^ the sum of any num- 
ber of antecedents is to the sum of the corresponding 
consequents as any antecedent is to its consequent 

Given a:b=:c:d = e:f. 

To prove a + c-fe:6 + d-f/=a:6. 

Analysis. The proportion 

a + c -I- e : 6 -f d+f= a : b 

is true if ah -{- be -\- be =^ ab + ad + af. (279) 

This is true if 6c -f 6e = ad + uf, (Ax. 3) 

But • be = ad, (276) 

and be = af. (276) 

,' . be -^ be = ad -\- af. 
Hence a + c-f€:6-fd -f / = a : &. 



Ex.777. If o:6 = c:(? = c:/=6:7, find?^t4±4. 

b + d+f 

Ex.778. If a?-q-c ^a^c^ findxiy. 
y — 6 — (f b d 

Ex. 779. K I : I : |, find the ratio x + y + « to «. 
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Proposition X. Theorem 

287. The products of the corresponding terms of 
tioo or more proportions are in proportion. 

Giyen a:b = c: d, 

m : n = jj : q. 
To prove am :hn = cp:dq. 

Proot | = |. (Hyp.) 

?=f (Hyp.) 

n q 

Multiplying the corresponding members of the equations, 

?5!5 = ^. (Ax. 7.) Q.E.D. 

hn dq 



288. Cor. If 
then 



2 — £ 

h^d' 

ma mc 

■ ■■■■ ■■ ^!^X ■ < 

nb nd 



Ex. 780. If X : y = 1 : 4, and a; : - = 1 : 9, find x. 

y 

Ex. 781. If - : y = 1 : 2, and a; : y = 1 : 8, find y. 

X 



Proposition XL Theorem 



289. If four quantities are in proportion^ like powers 
or like roots of these quantities are in proportion. 



Given 


a',b = c\d. 


To prove 


a* : 6* = c* : d* 


and 


Va : V5 = Vc : V5. 


Proof. 


a _c 
b^d 
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Raising both members to the nth power, 

Similarly, taking the mth root of each member. 



a vc 



Vb Vd 



Q. E. D. 



Ex. 782. If iB8 : y8 = 64 : 126, find -• 

y 

Ex. 783. If Va : Vy = 1 : 2, find x : y. 
Ex. 784. Uy/x:y/y = l: 3, find x : y, 

Ex.785. If v^:l= \/y:2, find?. 

y 

Proposition XII. Theorem 

290. Equimultiples of two quantities are in the same 
ratio as the quantities. 

Given a and b two quantities. 

To prove ma :mb = a:b, 

[The proof is left to the student.] 



291. Def. If in a line AB, or its prolongation, a point C 
be taken, AC and BC are called segments of the line. 

292. The segments are internal or external ones, according 
as C lies in AB or in the prolongation of AB. 

Thus AB is divided internally, A'B^ 
externally. ^ ^ . ^ 



The segments of AB are AC and a C B 

BC. The segments of A'B' are A'C t ' [ . \ 

mdB'C. A' Bf d 
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PROPORTIONAL LINES 

Proposition XIII. Theorem* 

293. A line parallel to one side of a triangle divides 
the other two sides proportionally. 



(Hyen in A ABCj DE parallel to BC, 

To prove AD\ DB^^AE: EC, 

Proof.t Case I. — is a rational number. 

DB 

AD 5 

Let — = -, I.e. if DB is divided into 3 equal parts, and one 

of these parts is laid off on ADy then AD contains 5 of these 
parts. 

Through the* points of division thus obtained draw parallels 
to BC, 

These lines divide AE into five parts and EC into three parts, 
all being equal. (1^2) 

Whence — = ^- 

EC 3 

.-. ^=^. (Ax. 1.) 

DB EC ^ 

Q. E. D. 

* For the proof which is hased upon the principle of limits, see Appendix. 
t See note on p. 123. 
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Case II. 
Let 

If 

If 



AD . 



I)B 



is an irrational number. 



AD 

DB 
AD 



= V3 = 1.732... 



= 1.7, then — = 1.7. 

DB EC 

"^^ = 1.73, then— = 1.73, 



DB ' EC 

and so forth. 

Hence all approximate values of — ^nd 
equal. 



DB 
AD AE 



EC 



DB EC 



(Case I) 
(Case I) 

are respectively 
(223) 

Q. E. D. 



294. Remark. If the transversal intersects two sides of 
the triangle, these sides are divided internally; if it meets 
their prolongations, the sides are divided externally in the 
same ratio. 

295. Cob. 1. If a line parallel to one side of a triangle in- 
tersects the other two sides, either side is to one of its seg- 
ments as the other side is to its corresponding segment. 

For AD:DBz=AE: EC. 

By composition 

AD + DB: DB=^AE + EC:ECy 
or AB:DB = AC:EC. 

296. Cob. 2. Three parallel 
lines cut off proportional segments 
on any two transversals. 

Hint. Draw DHWAC, AB = DO, 
BC = QH, 

Ex. 786. In the diagram for Prop. 
XIII, if AD = 4, I)B = 8, AE = 3, find 
EC. 

Ex. 787. In the same diagram, find DB, if AD = a, AE = b, and 
EC = c. 
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Ex. 788. In the same diagram, find AE, if AB = 12, AD = 8, and 
AC = 9, 

Ex. 789. In the same diagram, find AE, il AB = m, AD = n, and 
AC = p, 

Ex. 790. In the same diagram, find AD, if AD = EC, DB = 4, and 
AE = 9. 

Ex. 791. In the same diagram, find AE, if AE = 2 DB, AD = 10, 
and EC = 20. 

Ex. 792. In the same diagram find EC if EC = AD, AE = m, and 
BD = n. 

Ex. 793. In the same diagram, find EC, if ^5 = a, AD = 6, and 
AC = c, 

Er. 794. In the same diagram if DE \\ BC, and AD : DB = J^C : ^^ 
then^^= J^C. 

Ex. 796. In the same diagram, if AD = 2 (AE) ^ 

and DB = 6, find EC. 

Ex. 796. If in the diagram for Prop. XIII, 
AD = 2,DB = S, AE = ^, and EC = 4, is DE 
parallel to 5C? 

Ex. 797. In the diagram opposite, if BD II CE, 
and AD II BE, then 

OA:OB=OB: DC, c- 

Proposition XIV. Problem 

297. To find the fourth proportional to three given 
lines. 

ml I ^ 

n i I x\ 




P*- 



■* 
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Given three lines m, n, and p. 

Required the fourth proportional to m, n, and p. 

Construction. Draw any angle KAH. 
On AKy make -45 = m, 5(7= n ; on AH, make AD =p. 
Draw BD. 

Through C, draw a line parallel to BD, meeting AH in E. DE 
is the required fourth proportional. 
[The proof is left to the student.] 



Ex. 798. Find the third proportional to two given lines. 
Ex. 799. If a, 6, and c are given lines, construct a line x, so that 

a : 6 = 05 : c. 

Ex. 800. If a, &, and c are given lines, construct a line equal to ^> 

a 

Proposition XV. Problem 

298. To divide a given line into segments propor- 
tional to two given lines. 

A ' 'B A 

ml . ' 



nh 




Given lines AB, m, and n. 

Required to divide AB into segments proportional to m and n. 

Construction. At any angle with AB draw AC. 

On AC, cut off AD = m, Z>Z = n, 

Drawi'i?. 
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A ' IB 

twi ■ 



r.K 




Through D draw a parallel to BE, intersecting AB in G. 
Then AB is divided as required. 
[The proof is left to the student.] 

299. Def. a line is divided harmonically if it is divided 
internally and externally in the same ratio. 

Thus AB is divided harmonically f^ X B Y 

by Xand Tif ' h_h— — .r-i. 

AX_ A Y 
BX" by' 



Ex. 801. Given lines AB, m, n, and p. Required to divide AB into 
three segments AC, CD, and DB, so that 

AC:m= CD:n = DB : p. 

Ex. 802. To divide a given line externally into segments proportional 
to two other given lines. 

Ex. 803. To divide a given line AB harmonically in the ratio of two 
given lines m and n. 

Ex. 804. If AB is divided harmonically by two points Xand Y, then 
Xris divided harmonically by A and B (i.e. AX: AY - BXiBY), 

Ex. 806. Construct two lines when their sum and their ratio are 
given. 

Ex. 806. Construct two lines when their difference and their ratio are 
given. 

Ex. 807. In a given line, AB, to fhid a point, C, so that 

AB :AC= mi n, 
when m and n are two given lines. 
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Proposition XVI. Theorem 

300. If a line divides two sides of a triangle propor- 
tionally, it is parallel to the third side. 



Given in A AEC, AB:BC = AD: DE, 

To prove DB parallel to EC, 

Proof. Through C, draw CE^ parallel to BD, meeting AE in eK 

AB\BC — AD\ DE. (Hyp.) 

AB\BC—AD\ DEf. (293) 

.\DE=DJBf. (277) 

.', CE and CE^ coincide. 

.-. BD II CE, • Q.E.D. 



Ex.808. In the diagram for Prop. XVI, if AJS = \2, BC = 16, 
AD = 16, DE = 20, is BD II CE? 

Ex. 809. Demonstrate that there is only one point that divides a 
given line internally in a given ratio. 

Ex. 810. The four points M, N, P, Q lie respectively on the sides 
AB, EC, CD, DA of quadrilateral ABCD, AM \ MB = AQ : QD, and 
BN : NC = DP : PC. Prove that MQ is parallel to NP. 

Ex. 811. On the side AB of A ABC the point D and E be taken so 
that AD = BE, Through D a parallel is drawn to 5(7, that meets AC 
in F, and through E a line is drawn parallel to ^C, that meets BC in G, 
Prove that FG II AB. 
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Proposition XVII. Theobem 

301. ITie angle bisector of a triangle divides the 
opposite side into segments which are proportional to 
the other two sides. 




Given in A ABC, BD bisecting Z ABC. 
To prove AB :BC=AD: DC. 

Proof. Draw AJE 11 DB, to meet CB, produced, in JS, 

Z 1 = Z 2. (106) 

Z3 = Z4. (104) 

But Z 1 = Z 3. (Hyp.) 

.•.Z2 = Z4. (Ax. 1.) 

.\AB=zBE. (119) 

But EB:BC=:AD: DC. (293) 

.-. AB:BC=AD: DC. (Sub.) 

Q. E. D. 

Ex. 812. In the diagram for Prop. XVU, find DC, if AB = S, 
BC = 4, and AD = 2. 

Ex. 813. In the same diagram, find AD, if AB = m, BC = n, and 
DC = p. 

Ex. 814. In the same diagram, find DC, if 

(a) AB = 4, BC=6, AC=6. 

(b) AB = 1S, BC = 9, AC =21. 

(c) AB = 21, BC = 14, AC = 26. 
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Ex. 816. In the same diagram, find AD and DC, if BC = a, CA = b, 
and AB = c. 

Ex. 816. In the same diagram, find AB, if AB = DC, AD = 4, and 
PC =16. 

Ex. 817. In tlie same diagram, find AB, if AB = DC, AD = m, and 
BC =n. 

Ex. 818. To divide one side of a triangle into segments proportional 
to the other two sides. 

Ex. 819. State and prove the converse of Prop. XVII. 

Proposition XVIII. Theorem 

302. The bisector of an exterior angle of a triamjle 
divides the opposite side externally into segments which 
are proportional to the other two sides. 



Given A ABC, BD bisecting the exterior Z ABF. 

To prove AB: BO=AD: DC. 

Hint. This proof is almost literally the same as the proof of Prop. XVII. 



Ex. 820. If in the diagram for Prop. XVIII 5^ = 8, i?a = 4, ^ C = 5, 
find DA, 

Ex. 821. In the same diagram find DA, if DA = BC, BA = 4, and 
DC = 9. 

Ex. QJ22. In the same diagram find DC, if BC = a, AC = h, and 
AB = c. 

Ex. 823. State and prove the converse of Prop. XVIII. 

Ex. 824. The bisectors of an interior and an adjacent exterior angle 
of a triangle divide the opposite side harmonically. 
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SIMILAR POLYGONS 

303. Def. Two polygons are similar if their homologous 
angles are equal and their homologous sides proportional. 





Thus, polygons ABODE and A'S^C'D^E' are similar, if 

(1) /.A ^AA\ AB = AB\ /LC=a, etc. 

(2) ^ = ^ = ^.etc. 



Proposition XIX. Theorem 

304. Tioo triangles are similar if the three angles of 
one are respectively equal to the three angles of the 
other. 





Given in A JBC and A^B^Cf, 

Z.A=^/.A\/.Bz=z/,B\ and Z C= Z C**. 
To prove A ABC ^ A a'b'c'. 
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Proof. Place Aa'b'& upon A ABC so that Z.A' coincides 
with Z A. Then B' will fall on some point D and C?* on a 
point E, 

Since Z ABE — Zb, (Hyp.) 

(95) 
(295) 



""^ fl' = ^' (Sub.) 

In a similar manner it can be shown that 

AB BC 



Zade = 


• Zb, 


BE 1 BC. 


. AB_ 

• . ^— 

AD 


AC 
AE 


AB 


AC 



A'B' 


B'C' 




. AB 
• • A'B' "" 


BC 
B'C* 


AC 
A'(f 


.'.A ABC 


^Aa'b'&, 



(Ax. 1.) 
(303) 

Q. E. D. 

305. Cob. 1. Two triangles are similar if two angles of the 
one are respectively equal to two angles of the other. 

306. Cor. 2. Two right triangles are similar if an acute 
angle of the one is equal to an acute angle of the other. 



Ex. 826. The sides of a polygon are 3, 4, 5, 6, and 7. Find the sides 
of a similar polygon if the side corresponding with 3 equals 15. 

Ex. 826. The sides of a triangle are a, 6, and c. Find the sides 
of a similar triangle if the side corresponding with a is equal to m. 

Ex. 827. l{ two chords AB and CD intersect in Ey the triangle AEC 
is similar to the triangle BED. 

Ex. 828. If from a point A without a circle, two secants are drawn to 
meet the circumference in B and C, and D and E respectively, the 
triangle ABE is similar to the triangle ACD, 

Ex. 829. If the altitudes AD and BE of the triangle ABC intersect in 
Fy the triangle AFE is similar to the triangle BFD, 
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Ex. 830. If AD, the angle bisector of the inscpbed triangle ABC^ be 
produced to meet the circumference in E^ the triangle ABD is similar to 
the triangle AEC, 

Ex. 831. Two isosceles triangles are similar if an angle of the one is 
equal to the homologous angle of the other. 

307. Method XVII. Similar triangles are the usual means 
of proving that lines are proportionaL To prove, therefore, that 
four lines are proportional : 

(1) Select two triangles so that eadi contains two of the given 
lines. (It is advisable to mark the lines as indicated in 256 
and 257.) 

(2) Prove the similarity of the two triangles. (If triangles 
are not similar, select another pair.) 

(3) Derive the proportion. 

(4) {Apply alternation and inversion, if necessary.) 

Ex. 832. If in the triangle ABC the altitudes AD and BE be drawn, 
prove that AC:BC = DC: EG. 

Ex. 833. In the same diagram, if AD and BE meet in F, prove 
BF: FA = DF'.FE. 

Ex. 834. In the same diagram, AE : AD = FE .DC. 

Ex. 835. If from the vertex A of an inscribed triangle ABC the 
altitude AD and the diameter -^i^'be drawn, then AB :AD ;= AFiAC. 

Ex. 836. In the same diagram, BD : FC = AD : AC. 

Ex. 837. If from a point without a circle a tangent and a secant be 
drawn, the tangent is the mean proportional between the secant and its 
exterior segment. 

Ex. 838. If a diameter AB be produced to C, at C a perpendicular be 
erected, and through B a line be drawn to meet the circumference and 
the perpendicular in D and E respectively, then AB : BE = DB : BC. 

Ex. 389. The diagonals of a trapezoid divide each other proportionally. 

Ex. 840. If in a right triangle ABC the altitude ^Z> be drawn upon 
the hypotenuse, AD : AB = AC : BC. 

Ex. 841. In the same diagram, AD : AB = DC : AC. 

Ex. 842. If the angle bisector CD of an inscribed triangle ABC be 
produced to meet the circle in J^, EB : EC = DB : CB. 
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Ex. 843. In the same diagram, AD : EB = AC : CE, 

Ex. 844. In similar txiangles homologous angle bisectors have the 
same ratio as any two homologous sides. 

Ex. 846. In similar triangles homologous altitudes have the same 
ratio as any two homologous sides. 

308. Method XVIII. To prove that the product of two lines 
equals the product of two other lines, wse the method of (307) and 
take the products of the means and extremes of the resulting pro- 
portion. 

Ex. 846. If two chords intersect within a circumference, the product 
of the segments of one is equal to the product of the segments of the 
other. 

Ex. 847. If from any point E in the chord AB the perpendicular EC 
be drawn upon the diameter AD, then 

AC xAD = ABx AE. 

Ex. 848. The product of two arms of a right triangle is equal to the 
product of the hypotenuse and the altitude upon the hypotenuse. 

Ex. 849. If in triangle ABC, a parallel to AB meet BC and CA in E 
and D respectively, then 

ACxDE-DCx AB. 

Ex. 850. The product of any altitude of a triangle and its correspond- 
ing side is equal to the product of any other altitude and its correspond- 
ing side. 

Ex. 851. The three sides of triangles are 14, 15, 13, and the altitude 
upon 14 equals 12. Find the other altitudes. (Compare preceding exer- 
cise.) 

Ex. 852. If in triangle ABC the altitudes AD and BE meet in F, 
then BF x BE - BC x BD. 

Ex. 853. If in the triangle ABC the altitudes AD and ^J^meet in F, 
then BDx DC = DF x AD. 

Ex. 854. If AB is a diameter, BD the tangent at B, and DA meets 
the circumference in E, then 

A& = AExAD 

Ex. 855. In the same diagram, 

BE^ = AEx ED, 



172 PLANE OEOMETRT 

Ex. 866. If the sides AB and DC of inscribed quadrilateral ABCD 
are produced until they meet in E^ and /. DBA = /. CBE, then 
ADx BE= CE X BD. 

Ex. 867. In the same diagram, EO x AD = BC x EA. 
Ex. 868. If in A ABC the altitudes AD and BE are drawn and 
BE = Q,EC= 3, DC = 2, find AD. 

* Ex. 869. If AE touches a circle at A, AB is a chord, BC is a per- 
pendicular from B upon AE, AC = ^, and AB = 6, find the diameter of 
the circle. 

Ex. 860. Upon a given line A'B' to construct a triangle similar to a 
given triangle ABC, so that A'B' and AB become homologous sides. 



Proposition XX. Theorem 



309. Two triangles are similar if an angle of the one 
is equal to an angle of the otJier^ and the sides including 
these angles are proportional. 





B 



Given in A ABC and A^B'cf, 

Z ^ = Z ^', and AB : A^B' = AC : A'&. 

To prove A ABC ^ A a'b'c'. 

Hint. Place A A'B'C upon A ABC, so that A' coincides with A, and 
prove that C'B' will become II CB, 

Ex. 861. Two isosceles triangles are similar if their vertex angles are 
equal. 

Ex. 862. In similar triangles, homologous medians have the same 
ratio as any two homologous sides. 
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Ex. 863. If in the annexed diagram, AB is the mean 
proportional between AD and AG, A ABD '^ A ACB, 

Ex. 864. In the same diagram, if AC=BC, and 
Aff = AD X AC, prove that AB = BD. 

Ex. 866. Two triangles, ABC and A'B'C, are similar 
if altitude AD : altitude A'D' = BC : P'C, and AB = AB, a 

Ex. 866. In similar triangles, the radii of the circumscribed circles 
have the same ratio as any two homologous sides. 




Pboposition XXI. Theorem 

310. Two triangles are similar if their homologous 
sides are proportional. 

A .A' 




AB BC AC 



Given in ^ABC and A^B^cf. , .— ._,— ,_. 

a'b' b'c* a'c' 

To prove A ABC ^ A A^B'c*, 

Proof. On AC and AB respectively, lay off AD = A'c' and 
AE=za'b', and draw DE. 

Then A ADE ^ A ACB (309) 

.'.AB:AE = BC: ED, (303) 

but ABiA'B'^BCiB'C'. (Hyp.) 

.'. since AE= A'b', 

ED = B'C'. (277) 

.', A A'B'C' ^A ADE, (S.S. S. = S.S.S.) 

But A ADE has been proven similar to A ABC. 

.'.A A'B'cf ^ A ABC (Sub.) 

Q. E. D. 
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Ex. 867. The lines which join the mid-points of the sides of A ABC 
form a triangle similar to ABC. 

Ex. 868. Two triangles are similar if two sides and the median to one 
of these sides of one are proportional to the homologous parts of the other 
triangle. 

* Ex. 869. Two triangles are similar if two sides and the radius of the 
circumscribed circle of the one are proportional to the homologous parts 
of the other. 

* Ex. 870. Two right triangles are similar if the hypotenuse and an 
arm of one triangle are proportional to the hypotenuse and an arm of the 
other. 

Proposition XXII. Theorem 

311. Two triangles are similar if the sides of one are 
respectively parallel to the sides of the other. 





Given in A ABC and A^B^c\ AB II A^B\ AC II A^Cf, and BC H B^Cf. 

To prove A ABC ^ A A^B^c\ 

Proof. A A and A^ are equal or supplementary. (1^9) 

In like manner, A B and b\ and C and Cf are either equal or 
supplementary. 

Hence, one of the following possibilities must be true : 

1. The three homologous angles are supplementary, 

i.e. Z ^ + Z ^' = 2 rt. ^, Z ^ + 5 ' = 2 rt. ^, Z a + ^ C/ = 2 rt. A 

2. Two angles are supplementary, one is equal to the 
homologous one, 

e,g, Z ^ + Z ^' = 2 rt. 4 Z 5 -I- ^-B' = 2 rt, 4 Z C= Z C'. 
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3. Two angles are equal, one is supplementary to the 
homologous ones, 

e.g. Za + Z A' z=2Tt. A, Zb = Zb', Zc=Z &, 

4. The angles are respectively equal, 

i.e. ZA=iZA\ZB = ZB\Zc=Z(f. 

The first two statements cannot be time, for the sum of the 
angles of the two triangles would exceed four right angles. 

Therefore, two angles of one triangle are equal to two angles 
of the other. 

.-.A ABC ^ A A'b'&. Q.B.D. 



£z. 871. Two triangles are similar if the sides of one are respectively 
perpendicular to the sides of the other. 

Ex. 872. If a point within triangle ABC is joined with A, B, and 
C respectively, and A', B', C, are respectively the mid-points of OA, OB, 
and OC, then AA'B'C -- A ABC. 

Ex. 873. If a point without triangle ABC is joined to A, B, and C, 
and upon the three lines OA, OB, and OC, three points A', B', C are re- 
spectively taken, so that ^ = ^ = ^ , then A A'B' C" -- A ABC. 
•^ ' OA OB OC 

[See practical problems 54-00, pp. 294 and 296.] 



Proposition XXIII. Theorem 

312. i)r two triangles are similar, homologous alii- 
tudes have the same ratio as any two homologous sides. 





Given AD and a'd\ the homologous altitudes of the similar 
triangles ABC and A^B'C'. 



1 
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To prove 



AD 



AB 



BC AC 



A^l)^ a!B^ B'Cf &A^ 
Hint. What is the means of proving that four lines are proportional ? 

Ex. 874. The base of a triangle is 2 ft. and the altitude 9 in. If the 
homologous base of a similar triangle is 6 in., find the homologous 
altitude. 

Proposition XXIV. Theorem 

313. Two similar polygons may he divided into the 
same number of similar triangles similar each to each 
and similarly placed. 





Giyen polygon ABODE ^ polygon A'b'c'D'e'. 
To prove AABC^AA'B'&y 

A ACD ^ A A^&D^ etc. 
Proof. Since the polygons are similar by byp., 
ABiA^B'^BCiB'C' and ZB=:Zb'. 
Hence A ABC ^ A a'b'c'. 



(303) 
(309) 
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But Z BCD = Z B'&D', 

and .Z1 = Z2. 

.•.Z3=:Z4. 

Since the polygons are similar, and A ABC 

BC CD • 



and 



B'C* 

BC 

B'Cf 

CD 



CfD'' 

AC 
A'Cf' 

AC 



CfD^~ A^C* 
.'.AACD^AA'C'D'. 

In like manner, A ADE and A^D^S^ are similar. 



(Hyp.) 

(303) 

(Ax. 3.) 

A A^B'Cf, 

(303) 

(303) 

(Ax. 1.) 



(309) 

Q. E D. 



Pboposition XXV. Theorem 

314. Two polygons are similar if they are composed 
of the same number of triangles^ similar each to each^ 
and similarly placed. 





Given in the polygons ABODE and A^B^cfD^E^ 

AABE'^AA'B'E'y 

ABCE ^AB'&E'y 

A CDE '^ A &D*E'y etc. 
To prove polygon ABODE '^ polygon a'b'&d'E'. 

Hint. The polygons are mutually equiangular by Axiom 2. 

The ratio of any pair of homologous sides is equal to the ratio of the 
next pair, for either ratio is equal to the ratio of the included homologous 
diagonals. 

N 
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Ex. 875. If AFWBEWCD and BF 
II CE^ prove that ABEF is similar to 
BGDE. (See diagram.) 



Ex. 876. H ^^ll^'-B', ^CII-B'C, and CD 
II CD', then OABCD is similar to OA'B'C'D'. 

Ex. 877. Polygon ABODE is similar to polygon ^' 
A'B'CD'E' if the sides of the first are respectively 
parallel to the sides of the second and if ACWA'C, 
AD II A'D'. 

Ex. 878. If polygon ABCDEF is similar to polygon A'B* C'D'E'F', 
then ABODE is similar to A'B'CD'E', 

[See practical problems, 61-63, p. 296.] 




Proposition XXVI. Pboblem 

315. To construct a polygon similar to a given poly- 
gon upon a line homologous to a side of the given 
polygon. 





Given polygon ABCDE, and line A'b\ 

Hint. Draw AD and AC and make corresponding A equal. 



Ex. 879. To construct a quadrilateral ABCD similar to a given quad- 
rilateral at A'B'C'D' and having the diagonal equal to a given line. 
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Pboposition XXVII. Theorem 

316. The perimeters of two similar polygons are to 
each other as any two homologous sides. 




Giyen P and P', the perimeters of the similar polygons 
ABODE and A^B^CfD^Ef respectively. 

To prove P\P^ = AB\ a'b\ 

Hint. AB : A'Rf = BC:B'C'=CD: CD' = DE : D'E' = EA : E'A', 
Apply (286). 

Ex. 880. The sides of a polygon are 4, 5, 6, 7, and 8 respectively. 
Find the perimeter of a similar polygon, if the side corresponding to 6 is 7. 

Ex. 881. The perimeters of two similar j)olygons are 20 and 25 in. 
respectively. If a side of the first polygon is 4 in., find the homologous 
side of the second polygon. 

Ex. 882. The perimeters of two similar polygons are to each other as 
any two homologous diagonals. 

Ex. 883. The perimeters of two similar triangles are to each other as 
any two homologous altitudes. 

Ex. 884. In the diagram for Prop. XVII find the perimeter of 
ABODE, if the perimeter of A'B'C'D'E' equals 20 inches, A'B' =4 
inches, B'O -Z inches, ^(7=10 inches, ZB=90°, and ABODE 
-^ A' B' a D'E', 

317. Method XIX. To prove the proportionality of four lines 
which do not form similar triangles, find a third ratio equal to 
each of the given ones. 
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Thus, in the annexed figure, if ABCD is a parallelogram and AG is a 

straight line, then 

EF__EA 

EA EQ 

Obviously no two triangles exist, 
each of which contains two of the four 
lines. Hence we have to find a third 
ratio equal to each of the given ones. 

EB 



This ratio is 



ED 



Our problem is 




therefore split into two, viz. : 
(o) To prove 

and 
(6) To prove 



EF 
EA 

EA 
EG 



EB 
ED 






EB 
ED 



Each of these proportions is easily proved by means of the fundamental 
method (XVII). 

Ex. 886. In similar triangles the radii of the inscribed circles have the 
same ratio as any two homologous sides. 

Ex. 886. If triangle ABC is similar to triangle A'B'C', and AD and 
A'D^ are angle bisectors, prove that 

ADiA'D' =BC;B'Cf. 

Ex. 887. If in the similar triangles ABC and 
A'B' C, the points D and D' are taken respec- 
tively in BC and B'C so that Z BAD=Z B'A'D\ 
then BD : B'D' = BCiB'a. 

Ex. 888. If D is the mid-point of AB, CF 
II AB, and DG is a straight line, prove that 

DE DG 



FE FG 



(Annexed diagram.) 
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Proposition XXVIII. Theorem 

318. If two parallel lines are cut by three or more 
transversals passing through a common pointy the cor- 
responding segments are proportional. 





Given the transversals OA^ OB, OCy and OD intersecting the 
parallel lines AD and A^D^ in A, B, C, 2>, and A', J5', C*, D' 
respectively. 

AB BC CD 



To prove 



I oi 



tni 



A'B' B'C CD 



t'fif 



= 4, 



HiKT. Which method for demonstrating the proportionality of the first 
four lines must be applied ? Why ? 

(.^ is the third ratio.'j 
\0B' J 

Ex. 889. In the diagram for Prop. XXVIII, if AB = B'O, A'B' 
and BC = 9, what is the value of AB ? 

Ex. 890. In quadrilateral ABCD, if EG II AC 
II HK, prove that 

EF^HI 
FG IK 

* Ex. 891. In the same diagram, if 

EG II AC II HK 
and EH II DB, 

prove that FG = IK^ 

and EH II GK. 
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* Ex. 892. If the non-parallel sides of trapezoid 
ABB' A' meet in C, and a line drawn from G 
through the intersection of the diagonals meets 
AB in D, prove that 

AD = DB. 

(HiwT. Prove AD : DB = DB : AD,) • 



Proposition XXIX. Theorem 

319. If three or more non-parallel transversals inter- 
cept proportional segments on two parallel lines, they 
intersect in a common point* 





Giyen AA\ BB', and C& intersecting the parallels AC and A'cf, 
so that AB : A'b' = BC ; B'C*. 

To prove AA', BB\ and CCf intersect in a common point. 

Proof. Let aa^ and BB^ intersect in 0. 

Draw OCfy and suppose that its prolongation meets ACmE. 

Then AB : a'b^ = BC: B'C'. (Hyp.) 

AB : A'B^ = BE : B'C'. . (318) 

.\BE = BC, (277) 

or E coincides with C. 

.*. C, c', and lie in a straight line, 
or CC', produced, passes through 0. Q. e. d. 

» 

* See footnote, p. 45. 
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Ex. 893. Given two lines, AB and CD, and 
point E. Without producing AB and CD to 
their point of intersection, to draw a line XT 
through E, so that AB, CD, and XY would 
meet in a common point. 

Ex. 894. If in quadrilateral ABCD, EG 
WACW HE, then EH, FI, and GK produced 
meet in a common point or are parallel. 

[See applied problem 64, p. 297.] 



Proposition XXX. Theorem 

320. If two chords intersect within a circle^ the prod- 
uct of the segments of one is equal to the product of the 
segments of the other. 





Given in O 0, the chords AB and CD intersecting mE. 

To prove AE X EB =: CE X ED. 

Hint. What is the means of proving that the product of two lines is 
equal to the product of two other lines ? 



Ex. 895. In the diagram for Prop. XXX, if AE = 3, EB = 4, 
ED = 6, ^nd CE. 

Ex. 896. In the same diagram, if AE=za, EB=h, and ED=c, find CE. 

Ex. 897. In the same diagram, if AE = 4, EB = 9, and CE = ED, 
find CE. 

Ex. 898. If the prolongations of two chords meet without a circle, is 
Prop. XXX correct for the external segments of the chords ? 

Ex. 899. If two lines AB and CD intersect in E so that 

AE X EB= CEx ED, 
then A, B, C, and D are coney clic. (See Ex. 681.) 
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Proposition XXXI. Theorem 

321. If from a point without a circle, two secants 
are drawn, the product of one secant and its external 
segment is equal to the product of the other secant and 
its external segment. 




Giyen two secants AC and AE cutting a circle in B, c, and D, 
E respectively. 

To prove AC X AB = AE x AD. 

[The proof is left to the student.] 



Ex. 900. If, in the diagram for Prop. XXXI, CB = 16, BA = 2, 
DA = 4, find DE. 

Ex. 901. In the same diagram, if CA : DA = 2:1, prove that 
EA = 2(BA). 

Ex. 902. If in the same diagram CB = o, BA = 6, AE = c, find DA. 

Ex. 903. In the same diagram, if AB = AD, then BCED is an isos- 
celes trapazoid. 

Ex. 904. In the same diagram, if CB= 5 
inches, BA = 3 inches, and the distance of A 
from the center of the circle equals 7 inches, 
find the radius of the circle. 

Ex. 905. If two circles intersect and from 
a point P in the prolongation of the common 
chord the secants PA and PC are drawn, then 
PAx PB=:PCx PD. 
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Proposition XXXII. Theorem 

322. If from a point without a drchy a tangent 
and a secant are draivn, the tangent is the mean 
proportional between the secant and its external seg- 
ment 




Giyen the tangent AB touching the Qb DC in B, and the 
secant AD cutting the circle in C and D. 

To proye AD : AB = AB : AC. 

[The proof is left to the student.] 

Ex. 906. If in the diagram for Prop. XXXII, DC = 6, AC = 4, find 
AB. 

£x. 907. In the same diagram, if AB = a, and AC = b, find AD. 

Ex. 908. In the same diagram, if AB = 8 inches, and the distance of A 
from the center of the circle equals 17 inches, find the radius of the circle. 

Ex. 909. Construct the mean proportional between two given lines by 
means of Prop. XXXII. 

Ex. 910. Tangents to two intersecting circles drawn from any point 
in the common chord, produced, are equal. 

Ex. 911. If two circles are tangent externally and from any point in 

■ 

the common internal tangent secants are drawn to the two circles, the 
products of the secants and their external segments will be equal. 

* Ex. 912. To construct a circle passing through two given points and 

touching a given line. 

Ex. 913. If the diameter of the earth is equal to 8000 mi., how far 
can you see from a lighthouse 100 ft. high ? 

[For additional practical applications, see problems 65-71, pp. 297 and 
298.] 
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Pboposition XXXIII. Theorem 

823. In a right triangUj the cdtitude upon the hypote- 
nuse is the mean proportional between the segments of 
the hypotenuse^ and either arm is the mean proportional 
between the hypotenuse and the adjacent segment. 




Given in the rt. A ABC, BD the altitude upon the hypote- 
nuse AC. 

To prove (1) AD:DB=DB:DC. 

(2) AD \AB — AB :AC. 

Hint. A ABD -- A ABC, (Why ?) 

A CBD ~ A ABC. (Why ?) 

.-. A-4-BZ>-ACBZ>. 
.'.AD:DB = DB:DC, 
and AD:AB = AB:AC. q.b.d. 

324. Cob. The perpendicular from any point in the circum- 
ference upon the diameter is the mean proportional between 
the segments of the diameter ; and the chord joining the point 
to either extremity is the mean proportional between the 
diameter and the adjacent segment. 

Ex. 914. In the diagram for Prop. XXXIII, it AD = ^ 8,nd AC = 9, 
what is the value of AB ? 

Ex.915. In the same diagram, if AB — 16, AC =26, find AD 
and BD. 

Ex. 916. In the same diagram, if BD = 24, AD = 18, find AC and 
BC. 
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Pboposition XXXIV. Problem 

325. To construct the mean proportional between two 
given lines. 




Given lines m and n. 

Required the mean proportional between m and n, 

Constructibii I. Draw AB = my and produce ^l^ to C so that 
BC = n. 

On iic as a diameter, describe a semicircle. 

At B, erect a perpendicular upon AC, meeting the circle 
in D, 

BD is the required mean proportional. 

[The proof is left to the student.] 

Construction II. Draw AB = n. 

On AB as a diameter, describe a semicircle. 

On AB lay off AC = m. 

Draw CE A.AB. Join A and E. 

AE is the required mean proportional. 

[The proof is left to the student.] 




Ex. 917. If a and h are given lines, construct Vah. 
Ex. 918. Construct V6 ab if a and h are two given lines. 
Ex. 919. Construct a line equal to aV2 if a is a given line. 

(Hint. o\/2 = V(2 o) a). 
Ex. 920. Construct a line equal to a V6 if a is a given line. 
Ex. 921. Construct a line equal to a>/| if a is a given line. 



I 

i 
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Proposition XXXV. Theorem 

326. The sum. of the squares of the arms of a right 
triangle is equal to the square of the hypotenuse. 




Given ABC a rt. A, having its rt. Z at C. 

To prove a^-\-b^ = c^. 

Proof. Draw CD ± AB, and denote AD by p, and D-B by q. 

p:b = b:c, (223) 

.\b^=:p.c. (276) 

Similarly a^ = q - c. 

By adding a^ + 6^ = c (/) -|- q), 

or a^-\'U^ = €^. Q. E. D. 

327. CoR. The square of either arm of a right triangle is 
equal to the square of the hypotenuse, diminished by the 
square of the other arm. 



Ex. 922. Eind the hypotenuse of a right triangle whose arms are 
respectively 

(a) 1 ft. and 5 in. (b) m and n. 

Ex. 923. The hypotenuse of a right triangle is 25, one arm equals 20 ; 
find the other arm. 

Ex. 924. Find the altitude of an equilateral triangle whose side is 
equal to 8 in. 

Ex. 925. Find the altitude of an equilateral triangle whose side is 
equal to a. 
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Ex. 926. Find the altitude of an isosceles triangle whose base equals 
8 and whose arm equals 5. 

Ex. 927. If the hypotenuse of an isosceles right triangle equals 8 in., 
what is the length of an arm ? 

Ex. 928. Tl^e radii of 2 circles are respectively 6 in. and 21 in., and 
the distance between their centers is 26 in. ; find the length of the common 
external tangent. 

Ex. 929. Find the side of an equilateral triangle whose altitude 
equals 10. 

Ex. 930. The squares of the two arms of a right triangle have the 
same ratio as the adjacent segments of the hypotenuse. 

Ex. 931. If AD is an altitude of a triangle ABC, 

Aff-A(f = B&-C&. 

Ex. 932. If the diagonals of a quadrilateral are perpendicular to each 
other, then the sum of the squares of two opposite sides is equal to the 
sum of the squares of the other two. 

Ex. 933. If the square of one side of a triangle is equal to the sum of 
the squares of the other two sides, the triangle is a right triangle. 

Hint. Draw a rt. A whose arms are respectively equal to the arms 
of the given A, and prove the equality of the two ^. 

* Ex. 934. If the square of one side of a triangle is greater than the 
sum of the squares of the other two, the triangle is obtuse. 

Hint. Compare the A with a rt. A which has the same arms as the 
given one. 

328. Def. The projection of a point upon a line is the foot of 
the perpendicular from the point to the line. 

329. Def. The projection of one line upon another is the seg- 
ment between the projections of the extremities of the first line 
upon the second. 






Thus, if AA' ± XY and B& ± XF, A^ is the projection of A upon Xr, 
and A^B^ is the projection of AB upon XY, 
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£x. 936. In acute triangle ABC^ draw the projection of AB upon 
AC^ of AB upon BC^ of AC upon AB, 

Ex. 936. If AB II Xr, prove that the projection of AB upon XY 
equals AB. 

Ex. 937. If the side of an equilateral triangle equals 10 in., what is 
the length of the projection of one side upon another ? 




C Y 




A' B' 
Ex. 939 



Ex. 938. If the lines AB and XY include an angle of 60°, the projec- 
tion of AB upon JTF equals one half AB (167). 

*Ex. 939. Prove that the projection A^B' of AB upon XY equals one 
half AB^ if the prolongation of BA forms an angle of 60° with XY. 




b' ^ 



Ex. 940 




Ex. 940. If the lines AB and XY include an angle of 30°, and AB = m. 



prove that the projection of AB upon JTF equals — Vs. 

3S 



m 



Hint. BB' ^^^ (Ex.937.) 

Ex. 941. If the lines AB and XY include an angle of 45°, and 
AB= m, prove that the projection of AB upon XY = ^ ^^' 

Hint. If AB' = «, then BB' = x, .-. x^ + x^ = m^. 
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Ex. 942. Prove the last two exercises, if the prolongation of AB 
forms an angle of 30*^ ; an angle of 45^ (Diagram similar to £x. 939.) 

Ex. 943. Find the projection of AB upon XT if ABz= m, and the 
angle included by AB and XY equals 120°. 

Ex. 944. Find the projection of AB upon XT if AB = m, and the 
angle included by AB and XT equals 136°. 

Ex. 945. Find the projection of AB upon XT if AB = wi, and the 
angle included by AB and XT equals 160°. 

Ex. 946. If in triangle ABC, AB = S, AC = 10, and Z ^ = 60°, find 
the projection of AB upon AC, ot BC upon AC. 

Ex. 947. If in triangle ABC, AB= 10, AC =12, and Z^ = 46°, 
find the projection of AB upon AC. 

Ex. 948. In the same figure find the projection ot BC upon AC. 

Ex. 949. In triangle ABC, AC = 2i,BC= 10, and Z C = 90°. Find 
the projection of ^C upon AB. 

[See practical applications, p. 
299.] 

330. Note. Aabc denotes a 
triangle whose sides are a, b, and c. 
p denotes the projection of b upon 
c, and q the projection of a upon c. 
The other notations used in the fol- 
lowing propositions are in accord- 
ance with § 244. 

Ex. 950. In A abc, if 6 = 4, j? = 2, find Z A and he 

Ex. 951. In A abc, itb =z6, ho=^, c = B, find q. 

Ex. 952. In A abc, if & = 10, /ic = 8, and a = 17, find c. 

Ex. 953. In A abc, if 6 = 10, ^c = 8, c i= 14, find a. 

Ex. 954. In A abc, express a in terms of b, he, and c. 

Ex. 955. In A abc, if a = 20, 6 = 37, q = 16, find p. 

Ex. 956. In A abc, if 6 = 16, j? = 9, and c = 26, find a. 

Ex. 957. In A abc, express a in terms of b, c, and p. 




i>e* 
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Proposition XXXVT. Theorem 

331. In any triangle^ the square of a side opposite 
an acute angle is equal to the sum of the squares of the 
other two sides diminished by twice the product of one 
of those sides and the projection of the other side upon it. 





Given in A abCy p the projection of b upon c, and the angle 
opposite a an acute angle. 

To prove a' = 6* + c* — 2 c/). 

Proof. Denote the perpendicular upon c by h. 
In the figure on the left 

but h^ = b''- p\ 

[Substitute and simplify.] 

In diagram II, 

a* = /i2 4- (p _ c)2, 

but h^ = b^- p\ 

[To be completed by the student.] 

332. Kemark. The equation a* = 6* -f c* — 2 cp contains 
four quantities. Therefore any one of them may be found by 
algebraical methods if the other three are given. (Similarly in 
the following propositions.) 



Ex. 958. In A abc, find a if 
(a) 6 = 8, c = 6, J) = 4. 
(6) 6 = 24, c = 9, p = 12. 

(6) 6 = 17, c 



(c) 6 = 5, c = 6, p = 3. 

(d) 6 = 18, c = 14, p = 12. 
9, p = 16. 
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Ex. 959. If two sides of a triangle equal 16 and 25 respectively, and 
the projection of 15 upon 25 equals 0, what is the value of the third side ? 

Ex. 960. In A ahc, find a if 

(a) 6 = 10, c = 16, Z ^ = 60°. (d) 6 = 48, c = 13, Z.A = 60°. 

(6) 6 = 14, c = 30, Z^ = 60°. (e) 6 = 4, c = 3, Zu4 = 80°. 

(c) 6 = 9, c = 24, Z ^ = 60°. (/) 6 =2, c = 8, Zu4 = 45°. 

Ex. 961. The sides of a triangle are 13, 14, and 15. Find the projec- 
tion of 18 upon 14. 

Ex. 962. The sides of a triangle are 5, 7, and 8. Find the projection 
of 8 upon 5. 

* Ex. 963. The sides of a triangle are 10, 17, 21. Find the projection 
of 10 upon 21. 

[See practical problems, pp. 208 and 290.] 



Proposition XXXVII. Theorem 

333. In any obtuse triangle, the square of the side 
opposite the obtuse angle is equal to the sum of the 
squares of the other tivo sides, increased by twice the 
product of one of these sides and the projection of 
the other side upon it. 




Given in A dbc, p the projection of b upon c, and the angle 
opposite a obtuse. 

To prove a* = 6* + c* -f 2 cp. 

Proof. a^ = A2 ^ (c + py. 

But h'' = ¥-'p\ 

[To be completed by the student.] 
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Ex. 964. In A ahc^ & = 6, c = 10, p = 8, and Z u4 is obtuse ; find a. 

Ex. 966. In A dbc^ & = 10, c = 0, p = 6, and ZAm obtuse ; find a. 

Ex. 966. In A ahc, find a if 

(a) 6 = 8, c = 6, Z ^ = 120°. (c) 6 = 16, c = 5, Z ^ = 120°. 

(6) 6 = 8, c = 7, Z^ = 120°. (d) 6 = 24, c = 11, Z^ =120°. 

334. Remark. If we consider the projection of one side of 
a triangle upon another as positive when the projection lies on 
that line, but as negative when it lies on the prolongation, 
Props. XXXVII and XXXV become special cases of Prop. 
XXXVI, and we have always : 

To compute the projections of sides of a triangle whose 
angles are not known, always apply this equation. If the 
result is negative, the triangle is obtuse. 

Ex. 967. In Aa&c, a = 20, 6 = 16, and c = 7. Find the projection 
of h upon c. Is the triangle obtuse or acute ? 

Ex. 968. In Aa&c, a = 20, & = 16, c = 26. Find the projection of 
h upon c. Is angle A obtuse or acute ? 

Ex. 969. The sides of a triangle are 4, 18, and 16. Find the pro- 
jection of 13 upon 4. 

Ex. 970. If the value of p obtained from the above formula equals 
zero, what does this result signify ? 

Ex. 971. In A ahc, a = 16, 6 = 13, c = 14. Find h^ 

Ex. 972. In A ahc, a = 17, 6 = 10, c = 9. Find h„ 

335. Cor. 1. In Aa6c, Up denotes the jJrojection of h 

upon c, 

52 ^. c2 - a« 

336. Cob. 2. If h^ denotes the altitude upon c. 
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This expression can be simplified by algebraical operations : 

^ [(b 4- cy- o»-|[a« -(b- cy] 

4c» 

_ (g + 6 + c) (6 + c — g) (g — 6 + c)(ct + 6 — c) 

Let g + 6 + c = 2«, i.e. let 8 denote half the perimeter. 

5 -f- c — g r= 2 (» — g). 

a — 6 + c=-2(« — 6). 

g-f-5 — c = 2(« — c). 

2 

or \ = - Vs (5 — g) (s — 5) (« — c). 

c 



Ex. 973. In A a6c, find A^ if 

(a) a = 10, 6 = 17, c = 21. 

(6) a = 20, 6 = 18, c = 21. 

(c) a = 20, 6 = 15, c = 26. 

(d) a = 37, 6 = 13, c = 40. 

Ex. 974. The three sides of a triangle are 4, 18, and 16. Find the 
altitude upon 4. 

Ex. 975. The three sides of a triangle are 25, 80, and 11. Find the 
altitude upon 11. 

[See practical problems 80 to 88, p. 299.] 
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Proposition XXXVIII. Theorem 

337. In any triangle^ the square of one side plies four 
times the square of the corresponding median is equal 
to twice the sum of the squares of the other sides. 




Given in A ABC, m^ the median to c. 

To prove c* + 4 m^' = 2 a* + 2 61 

Proof. Draw CE ± AB, and suppose E to fall between A and 
D. LetDE^q. ... .. 

a« = (|)4.m«-f2(|y 



(333) 



6«=f|Y + m^ 



-ii) 



or 



a2 + 52 = 2^|j 4-2m2, 
2a2H-252 = c2 + 4m«. 



(331) 
(Ax. 2.) 



(Ax. 7.) 

Q. E. D. 

Ex. 976. The sides of a triangle are 7, 8, and 9 respectively. Find 
the length of the median to 8. 

Ex. 977. The sides of a triangle are 7, 4, and 9 respectively. Find 
the length of the median to 9. 

Ex 978. The sides of a triangle are 10, 6, and 9 respectively, Find 
the length of the median to 9. 

Ex. 979. The sides of a triangle are 22, 20, and 18 respectively. 
Find the length of the median to 18. 

Ex. 980. In A abc, if m^ denotes the median drawn to c, prove that 

/wc = I >/2a-^ + 262-c2. 
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Ex. 981. In Aa6c, a = 8, 6 = 11, and me = 8^. Find c. 
Ex. 982. In A abc, a = 28, c = 32, m^ = 38. Find b. 
Ex. 983. Prove proposition XXXVIII if a = 6. 
Ex. 984. The sum of the squares of the four sides of a parallelogram 
is equal to the sum of the squares of the diagonals. 

Proposition XXXIX. Theorem 

338. In any triangle^ the product of two sides is equal 
to the square of the bisector of the included angle plus 
the product of the segments of the third side. 




» 

Given A abc, the angle = bisector t dividing c into the seg- 
tnents n and o. 
To prove ab = ^-\- on. 

Proof. Circumscribe a circle about A abc. 
Produce the angle = bisector CD to meet the circumference 
in E. Draw EB, and let DE = x. 

Zacd — Zecb. (Hyp.) 

Za = Ze. (233) 

Aacd^Aebc. (305) 

.\b:t-\-x = t: a, 
or ab = t(t -f- x). 

ab = t^-i- tx. 
But tx = on, (320) 

.\ab = t^ + on. Q.B.D. 
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Ex. 985. The sides of a triangle are 18, 9, and 21 respectdvely. Find 
the length of the bisector corresponding with 21. 

Hint. Find n and o by means of (801). 

Ex. 986. The sides of a triangle are 21, 14, and 26 respectively. Find 
the length of the bisector corresponding with 25. 

Ex. 987. The sides of a triangle are 22, 11, and 21 respectively. Find 
the length of the bisector corresponding with 21. 

Ex. 988. The sides of a triangle are 6, 3, and 7 respectively. Find 
the length of the bisector corresponding with 7. 

Ex. 989. In A ahc^ if t denotes the angle bisector of Z C, prove that 



«2 = a6- 



(a + 6)» 



Hint. n=-^,'o = -^. (301) 

* Ex. 990. Using the notation and the method of (386), reduce the 
result of the preceding exercise to the following form 



S 



f = — =-- Va6«(« — c). 
a +6 

Proposition XL. Theorem 

339. In any triangle the product of two sides is equal 
to the altitude upon the third side, multiplied hy the 
diameter of the drcumsci^ibed circle. 




Given d, a diameter of the circle circumscribed about A abc, 
and h, the altitude upon c. 
To prove db = hd. 

[The proof is left to the student.] 
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340. Cob. The diameter of the circumscribed circle of any 
triangle is equal to the product of two sides divided by the alti- 
tude upon the third side. 

fd = ^ or d=. ^^^ — Y 



Ex. 991. In A abc, a = 6, & = 10, and ft^ = 4 ; find the diameter of the 
circumscribed circle. 

Ex. 992. In A abc, a = 10, b = 15, he = 6. Find the radius of the 
circumscribed circle. 

Ex. 993. A ABC is inscribed ;h a circle of radius = 6 inches. Find 
the altitude to BC if AB = 4, and AC = 6. 

Ex. 994. Find the diameter of the circle circumscribed about A abc, if 

(a) a = 17, 6 = 8, c-16. 
(6) a = 10, 6 = 17, c = 21. 

Ex. 996. . In A abc, a = 20, & = 15, and the projection of b upon e 
equals 9. Find the radius of the circumscribed circle. 

Ex. 996. In A abc, a = 9 and 5 = 12. Find c if the diameter of the 
circumscribed circle equals 15. 

[See practical applications, p. 300.] 

PROBLEMS OF COMPUTATION 

Ex. 997. The arms of a right triangle are 8 and 15 respectively. 
Compute the hypotenuse and«the altitude upon the hypotenuse. 

Ex. 998. In A abc, a = 9, & = 15, and c = 17. Is the triangle obtuse, 
right, or acute ? 

Ex. 999. The arms of a right triangle are tn^ — n^ and 2 mn respec- 
tively. Find the hyx)otenuse. 

Ex. 1000. A chord 14 in. long is 12 in. distant from the center. Find 
the radius of the circle. 

Ex. 1001. A chord 24 in. long is 5 in. distant from the center. Find 
the distance of the center from a chord 10 in. long. 

Ex. 1002. In A abc, a = 3, b = S, and the angle opposite to c equals 
60". Findc. 

Ex. 1003. A straight line AB = 4, is divided externally in the ratio 
5 ; 4. Find the segments. 
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Ex. 1004. The shadow of a church steeple upon level ground is 60 ft, 
while a pole 10 ft. high casts a shadow S ft. long. How high is the 
steeple ? 

Ex. 1005. Find the product of the segments of a chord drawn through 
a point 8 in. from the center of a circle whose radius is 10 in. What 
is the length of the shortest chord that can he drawn through that point ? 

Ex. 1006. In A abc, & = 13, c = 35, and the angle opposite to a equals 
120°. Find c. 

Ex. 1007. In A abc, a = 10, 6=17, c= 21. Find the altitude upon 10. 

Ex. 1008. The line of centers of two circles is equal to 10. Find the 
length of the common chord if the radii are 8 and 6 respectively. 

Ex. 1009. The base of an isosceles triangle is 48 in. Find the alti- 
tude if each arm equals 50 in. 

Ex. 1010. Two sides and a diagonal of a parallelogram are 7, 9, and 8 
respectively ; find the length of the other diagonal. 

Ex. 1011. The diagonal of a square is 20 in. Find the side. 

Ex. 1012. The sides of a rectangle are 16 and 30 respectively. Find 
the diagonal. 

Ex. 1013. The diameter AB of a circle is produced to C, and from C 
a tangent is drawn to the circle. Find the length of the tangent if 
AB = 30 and BC = 2. 

Ex. 1014. In A abc, a = 16, & = 18, and c = 22. Find the median to &. 

Ex. 1015. The base of an isosceles triangle is 4, and the arm 7. Find 
the median to one of the arms. 

Ex. 1016. A ladder 17 ft. long reaches a window 15 ft. high. How 
far is the lower end of the ladder from the house ? 

Ex. 1017. In A abc, a = 18, & = 23, and c = 9. Find the bisector of 
the angle opposite b, 

Ex. 1018. In A abc, c = 10, Z ^ = 30°, and Z C = 90°. Find a and 6. 

Ex. 1019. The diagonals of a parallelogram are 30 and 26 in. Find the 
altitude if the base equals 14 in. 

Ex. 1020. In A abc, o = 17, 6 = 10, c = 21. Find the radius of the 
circumscribed circle. 

Ex. 1021. The base of an isosceles triangle is b, and each arm a. Find 
the altitude. 

Ex. 1022. The non-parallel sides AB and CD of a trapezoid are pro- 
duced till they meet in E. Find AE and BE if AB = 7 and the bases are 
5 and 3 respectively. 
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Ex. 1023. The altitude of a trapezoid is h, the bases a and b respec- 
tively. Find the altitudes of the two triangles formed by producing the 
non-parallel sides until they meet. 

Ex. 1024. From a point 24 ft. above sea level .the visible horizon has 
a radius of 6 miles. Find the diameter of the earth. 

Ex. 1025. Find the length of the common internal tangent of two 
circles if the line of centers is 17, and the radii are 5 and 3 respectively. 

Ex. 1026. A chord 30 in. long stibtends an angle of 120"". Find the 
distance of the chord from the center of the circle. 

* Ex. 1027. In triangle ABO, AB = BC= 25, AC = 30, and on AB 
is laid off AD = 8. Find the length of CD, 

* Ex. 1028. The three sides of a triangle are 14, 16, and 6. Find the 
angle opposite 14. 

* Ex. 1029. In a quadrilateral ABCD, AB = 10, BC = 17, CD = 13, 
DA = 20, and AC = 21. Find the diagonal BD. 

PROBLEMS OF CONSTRUCTION 

Ex. 1030. Divide any side of a triangle into two parts proportional to 
the other two sides. 

To construct a triangle, having given : (230) 

Ex. 1031. a, 5, and 5 : c = 4 : 5. 

Ex. 1032. d, & + c, and & : c = 3: 4. 

Ex. 1033. From a given rectangle to cut off a similar rectangle by a 
line parallel to one of its sides. 

Ex. 1034. In a given circle, to inscribe a triangle similar to a given 
triangle. 

Ex. 1035. About a given circle, to circumscribe a triangle, similar to 
a given triangle. 

Ex. 1036. Construct a triangle similar to a given triangle and having 
a given altitude. 

Ex. 1037. To inscribe a square in a given triangle. 

Ex. 1038. Assuming an arbitrary unit construct a line equal to 
(tt) V2, (6) \/3, (c) 1 + V5. 

Ex. 1039. Construct a line that shall be to a given line as 1 : V2. 

Ex. 1040. Construct a line that shall be to a given line as VS : 1. 

*Ex. 1041. Construct a triangle similar to a given triangle and 
having a given median. 
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Ex. 1042. In a given line AB, to find a point C such that AC i BC 
= 1 : V2. 

Ex. 1043. To construct a parallelogram similar to a given parallelo- 
gram and having a given diagonal. 

Ex. 1044. To constnict a triangle similar to a given triangle and hav- 
ing a given perimeter. 

Ex. 1045. If a and h are two given lines, construct a line equal to — • 

h 

Ex. 1046. From a point without a circle, to draw a secant whose ex- 
ternal segment is equal to one half the secant. 

Ex. 1047. To construct a circle, touching a given circle in a given 
point, and touching a given line. Hint. Draw a tangent to the circle. 

Ex. 1048. To construct a circle, touching two parallel lines and pass- 
ing through a given point. 

Ex. 1049. In a given circle, to inscribe a rectangle, having given the 
ratio of two sides. 

* Ex. 1050. To divide a trapezoid into two similar trapezoids by a 
line parallel to the base. 

Ex. 1051. In the prolongation of the side AB of the triangle ABC to 
find a point Xsuch that AX x BX = CX\ (322.) 

Ex. 1052. Through a given point P, to draw a line such that its dis- 
tances from two other given points, B and 8^ shall have a given ratio. 

* Ex. 1053. Through a given point within a circle, to draw a chord so 
that its segments have a given ratio. 

* Ex. 1054. Through a point of intersection of two circles, to draw a 
line forming equal chords. 

*Ex. 1055. To construct two lines, having given their mean pro- 
portional and their difference. 

THEOREMS 

Ex. 1056. If a chord is bisected by another, either segment of the 
first is a mean proportional between the segments of the other. 

Ex. 1057. If in the triangle ABC the altitudes BD and AE meet in 
F, and AB = BC, then 

BC:AF=BD:CD. 

Ex. 1058. Two triangles are similar if an angle of the one is equal to 
an angle of the other, and the altitudes corresponding with the other 
angles are proportional. 
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Ex. 1059. If between two parallel tangents, a third tangent is drawn, 
the radius is the mean proportional between the segments of the third 
tangent. 

Ex. 1060. If two circles are tangent externally, and through the point of 
contact a secant is drawn, the chords formed are proportional to the radii. 

Ex. 1061. If C is the mid-point of the arc AB, and a chord CD meets 
the chord AB in E, then 

CE:CAz=CA: CD, 

Ex. 1062. In the annexed diagram, if AB 
is a diameter, AD a tangent, and FB and DB 
are secants, prove that 

BExBF=BCxBD, 

Ex. 1063. Prove that in any right triangle 
the sum of the hypotenuse and the diameter 
of the inscribed circle is equal to the sum of the legs of the triangle. 

Ex. 1064. If two circles intersect, their common chord produced bi- 
sects the common tangents. 

Ex. 1066. If an isosceles triangle is inscribed in a circle, the tangents 
drawn at the vertices form another isosceles triangle. 

Ex. 1066. The tangents drawn at the vertices of an inscribed rec- 
tangle inclose a rhombus. 

Ex. 1067. Two parallelograms are similar when they have an angle 
of the one equal to an angle of the other, and the including sides propor- 
tional. 

Ex. 1068. Two rectangles are similar if two adjacent sides are pro- 
portional. 

Ex. 1069. Three times the sum of the squares of the sides of a tri- 
angle is equal to four times the sum of the squares of the medians. 

Ex. 1070. If in rectangle ABCD a perpendicular is drawn from D 
upon AC, the prolongation of which intersects AB in E, then 

AE :AD = AD: CD. 

Ex. 1071. Two circles are tangent externally, and through the point of 
contact two straight lines are drawn terminat- 
ing in the circumferences ; prove that the corre- >- >^g 
spending segments of the lines are proportional. 

Ex. 1072. If two circles intersect in A and 
B and the two chords BD and BC are resx)ec- 
tively tangents to the two circles, AB is the 
mean proportional between AD and AC. ^ 
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Ex. 1073. If two circles are tangent internally, chords of the greater 
circle drawn from the point of contact are divided proportionally. 

* Ex. 1074. If in a triangle the squares of two unequal sides have the 
same ratio as their projections tipon the third side, the triangle is a right 
triangle. 

*Ex. 1075. If from a point 0, OA, OB, OC, and OD are drawn so 
that the angle AOB is equal to the angle BOG, and the angle BOD equal 
to a right angle, any line intersecting OA, OB, 00, and OD is divided 
harmonically. (301, 302.) 

* Ex. 1076. The sum of the squares of the four sides of any quadri- 
lateral is equal to the sum of the squares of the diagonals plus four times 
the square of the line joining the mid-points of the diagonals. (337.) 

* Ex. 1077. If from a point within the triangle ABC the perpendicu- 
lars OX, OF, and OZ be drawn upon AB, BC, and CA respectively, 

AX^ + BY^ +CZ^ = BX^ + YCP + Z7. 

* Ex. 1078. State and prove the converse of the preceding exercise. 

* Ex. 1079. If two circles are tangent 
externally, either common external tangent 
is a mean proportional between the diame- 
ters. 

*Ex. 1080. If in A ABC point D is 
taken in AB such that AD : DB =1:2, 
and CD = t, prove that 

9 ^ + 2 c2 = 6 62 + 3 o2. 




BOOK IV 

AEEAS OF POLYGONS 

341. Def. The unit of surface is a square whose side is the 
unit of length, etc. 

Thus, a square 1 iu. long and 1 in. wide is a square inch. Or a square 
1 yd. long and 1 yd. wide is a square yard. 

342. The area of a surface is the number of units of surface 
it contains. 

Thus, if the floor of a room is 26 ft. long and 16 ft. wide, it contains 
16 X 26 or 376 sq. ft. Hence the area of the floor is 376 sq. ft 

343. Two figures are equivalent or equal if their areas are 
equal. 

Thus, if the area of AABC = 2S sq. ft., and the area of O MNOP 
= 26 sq. ft., then A ABC is equivalent to CJ MNOP^ or in symbols : 

A ABC = MNOP, 

Note. The symbol = refers to the size of figures, while the symbol ~ 
relates to their shape. The symbol of congruence (^) relates to both 
size and shax)e. The symbol '^ has no meaning for figures that cannot 
differ in shape, e.g, for straight lines. Thence the symbol of congruence 
(^) when applied to straight lines has the same significance as the sym- 
bol of equality ( = ). 

If the symbol of equality (=) refers to areas, it may read either *Ms 
equivalent to " or " equals." Since many authors, however, designate 
congruent figures as equal figures^ confusion may be avoided by giving 
preference to the term equivalent. The use of a particular symbol for 
equivalence (<>) cannot be recommended. 
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Pboposition I. Theorem 

344. Rectangles having equxil altitudes are to each 
other as their bases. 




w 



Given R and r! the areas of two rectangles whose common 
altitude equals hj and whose bases are respectively h and &'. 

To prove | = ^. 

Proof. Case I. — is a rational number. Let — = — : i.e. if 

h b' n 

V is divided into n equal parts^ and one of these parts is laid 

off on by b contains m such parts. 

If perpendiculars are erected at the points of division, R is 
divided into n rectangles and R^ is divided into m rectangles. 

These rectangles are all equal. (1^0) 

* * i?' "" n ' 
. R h 



»' j.i 



(Ax. 1.) 



b . 



Case" II. — is an irrational number. Since any approxi- 
mate value of — is a rational number, it must equal the corre- 

R 

sponding approximate value of — . (Case I.) Hence all 

^ b R 

corresponding approximate values of — and — are equal. 
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345. Cob. Eectangles baving equal bases are to each other 
as their altitudes. 

Ex. 1081. To divide a given rectangle into three equivalent parts. 

Ex. 1082. From a given rectangle, to cut off another rectangle whose 
area is } of the given one. 

Ex. 1083. To construct a rectangle, which is to a given one as m : n, 
when m and n are two given lines. 

Proposition II. Theorem 

346. The areas of two rectangles are to each other as 
the products of their bases and altitudes. 






Given rectangles B and E' having the bases b and b' and the 
altitudes a and a' respectively. 
ns R a xb 

Proof. Construct the recta.ngle Q, having the same base as 
R^, and the same altitude as R. 

R^b 
Q V' 



(344) 



Q __ a_ 
r! a'* 

Multiplying member by member, 

R _ axb 
R''^a' xb' 



(346) 



Q. E. D. 



Ex. 1084. Find the ratio of a rectangle 4 by 6 ft., and a square having 
a side of 10 ft. 
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Ex. 1085. The diagonal of a rectangle is 26 in. long, and one of its 
sides 24 in. The diagonal of another rectangle is 25 in. long, and one of 
its sides 20 in. Find the ratio of the areas of the two rectangles. 



Proposition III. Theorem 

347. The area of a rectangle is equal to the product 
of its base and altitude. 



Q 




Giyen R a rectangle with base h and altitude a. 

To prove JB = a x 6. 

Proof. Let U be the unit of surface. 

R _ a X h 
U 1x1* 



Then 



But ~ is the area of R, 
U 

.'. R = axb, 



(346) 
(342) 

Q. E. D. 



348. Cor. The area of a square is equal to the square of its 
side. 

349. Kemark. If the base and altitude of a! rectangle are 
expressed by integral numbers, Prop. Ill may be proved by 
dividing the figure into squares. 



Thus, if the base contains 6 and the alti- 
tude 3 linear units, the figure can he divided 
into fifteen squares, each being the unit of 
surface. 



Ex. 1086. A rectangular field is 24 yd. long and 16 yd. wide. Find 
the area. 
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Ex. 1087. The area of a rectangle is 360 sq. in., and its base is 4 yd. 
Find the altitude. 

Ex. 1088. A rectangle has an area of 125 sq. in. and is five times 
as long as wide. Find the dimensions of the rec- 
tangle. 

Ex. 1089. In the annexed diagram, all angles (A, 
B, C, etc.) are rt. angles. Find the area of the fig- 
ure if 

(o) AB = 9, BC=S,DE = ^,JEF = S. 

(b) AB=BC=a, FE=ED=h, 



\r- 1 


F 




E 


* 


b 




C 



Proposition IV. Theorem 

350. The area of a parallelogram is equal to the 
product of its base and its altitude. 




Giyen parallelogram ABCD having the base AB = 6, and 
the altitude BE = h. 

To prove ABCD = bxh. 

Proof. Draw AF 1.AB, meeting CD produced in F. 

Then ABEF is a rectangle, having its base h and its alti- 
tude h. 

ABCFz=ABCFy 
But A AFD = A BECy* 

Subtracting member from member, 

ABCD z= ABEF. 

But ABEF = bxh, (347) 

.'. ABCD = bxh. Q. E. D. 



(Iden.) 
(hy. arm = hy. arm.) 



* Obviously figures that are congruent must also be equivalent. 
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351. Cob. 1. Parallelograms having equal bases and equal 
altitudes are equivalent. 

352. Cor. 2. ALny two parallelograms are to each other as 
the products of their bases and altitudes. 

353. CoK. 3. Parallelograms having equal bases are to each 
other as their altitudes. 

354. Cor. 4. Parallelograms having equal altitudes are to 
each other as their bases. 

Ex. 1090. Find the area of a parallelogram whose base is 15 in. and 
whose altitude is 2 ft. 

Ex. 1091. Two sides of a parallelogram are 16 and 20 respectively, and 
include an angle of 30"^. Find the area. 

Ex. 1092. The sides of a parallelogram are 6 and 8 respectively, and 
the projection of 6 upon 8 is three. Find the area. 

Ex. 1093. To divide a paraUelogram into three equivalent parts. 

Ex. 1094. The sides of a parallelogram are 18 and 14, and one diagonal 
equals 16 . Find the area. 

Ex. 1095. The 6ides of a parallelogram are 4 in. and 6 in. and the 
angle included by them equal 46°. Find the area. 

Proposition V. Theorem 

355. TTie area of a triangle is equal to one half the 
product of its base and altitude. 




Given A ABCy having base b and altitude h. 
To prove A ABC = \bxh. 
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Proof. Construct O ABDC, 

The diagonal of a parallelogram divides it into two. equal 
triangles. 

.-. A ABC = \0 ABDC. (142) 

But O ABDC = bxh. (360) 

.-. A ABC = ^bxh. (Sub.) 

Q. £. D. 

356. Gob. 1. Triangles having equal bases and equal alti- 
tudes are equivalent. 

357. Cob. 2. Any two triangles are to each other as the 
products of their bases and altitudes. 

358. Cor. 3. Triangles having equal bases are to each other 
as their altitudes. 

359. Cob. 4. Triangles having equal altitudes are to each 
other as their bases. 

360. Cob. 6. If two triangles have a common base and their 
vertices lie in a line parallel to the base, the triangles are 
equivalent. 

361. Cob. 6. If A denotes the area, and 28 the perimeter of 
A abc, then 

A = V8(« - a){8 - h)(8 - c) (336) 

362. Def. To transform a figure means to construct another 
figure equivalent to the given figure. 



Ex. 1096. What is the locus of the vertices of all the equivalent tri- 
angles constructed on the same base ? 

Ex. 1097. To transform a given triangle into a right triangle. 

Ex. 1098. To transform A ABC into an isosceles triangle, having its 
base equal to AB, 

Ex. 1099. To transform A ABC into an isosceles triangle, having an 
arm equal to AB, 

Ex. 1100. To transform a given triangle into another one, having 
given one side. 
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Ex. 1101. To transform a given triangle into a right triangle, haying 
the hypotenuse equal to one side of the given triangle. 

Ex. 1102. To transform a given triangle ABC into another one, having 

its base equal to AB and its vertical angle equal to a given angle. (265) 

363. Method XX. The fundamental method for transform- 
ing triangles is based upon Cor. 5 of Prop. V. 

Since by this transformation one side (the base) remains unaltered, it 
may be applied twice in succession, provided that the first transformation 
makes one side equal to a given line, and that 
in the second transformation this side is made 
the base of the triangle. 

Thus, to transform a triangle ABC into a 
right triangle having one arm equal to a given 
line w, first transform A ABC into AABD, 
having AD = w. Then consider AD as base, 
and transform A ABD into rt. A AED, which 
is the required one. 

Note. In the problems of transformation 
which follow, the given figure is drawn in heavy lines, and the resulting 
figure is shaded. 

Ex. 1103. To transform A ABC into another triangle, having two of 
its sides respectively equal to two given lines m and n. 

Ex. 1104. To transform A ABC into another triangle, having a side 
equal to a given line m, and one adjacent angle equal to a given angle A, 

Ex. 1105. To transform A ABC into a right triangle, having the 
hypotenuse equal to a given line m, 

Ex. 1106. To transform A ABC into an isosceles triangle, having the 
base equal to a given line m. 

Ex. 1107. To transform A ABC into an isosceles triangle, having an 
arm equal to a given line m. 

Ex. 1108. To transform A ABC into a triangle having one side equal 
to a given line m, and the opposite angle equal to a given angle Q. 

Ex. 1109. To transform a parallelogram into a rectangle. 

Ex. 1110. To transform a parallelogram into a rhombus. 

Ex. 1111. To transform a parallelogram into another one having a 
given side. 
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Ex. 1112. To transform a parallelogram into another one containing 
a given angle. 

Ex. 1113. To transform a parallelogram into another parallelogram 
having two of its sides respectively equal to two given lines. 

Ex. 1114. To transform a parallelogram into another parallelogram 
having one side equal to a given line and one angle equal to a given angle. 

Ex. 1115. To transform a parallelogram into a rectangle, having one 
side equal to a given line. 

Ex. 1116. To divide a triangle ABC into three equivalent parts by 
two lines passing through A. 

Ex. 1117. To divide a given parallelogram into two equivalent parts 
by a line parallel to the bases. 

Ex. 1118. To divide a given parallelogram into two equivalent parts 
by a line perpendicular to the bases. 

Ex. 1119. To divide a given parallelogram into two equivalent parts 
by a line parallel to a given line. 

Ex. 1120. Transform quadrilateral ABCD into quadrilateral ABCE 
so that the vertices A^ B, and C remain unaltered, and 

(a) CE equals a given line. 

(b) Z BCE equals a given angle. 

(c) BE equals a given line. 

(d) CE = EA. 

(e) Z.BCE=m3P. 

Ex. 1121. To transform a given quadrilateral into a triangle. 

Ex. 1122. To transform A ABC into a triangle containing the angle 
A^ and having one vertex in 2>, if 2> is a given point in AC, 

Hint. Consider ABCD a quadrilateral, and apply Ex. 1121. 

Ex. 1123. The diagonals divide a parallelogram into four equivalent 
triangles. 

Ex. 1124. Two triangles are equivalent if two sides of the one are re- 
spectively equal to two sides of the other, and the included angles are 
supplementary. 

Ex. 1125. To construct a triangle three times as large as a given 
triangle'. 

Ex. 1126. The lines joining the mid-point of a diagonal of a quadri- 
lateral with the opposite vertices divide the figure into two equivalent 
parts. 
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Ex. 1127. To divide a quadrilateral into tliree equivalent parts. 

Ex. 112S. Tbe area of a triangle ia 600 gq. in., and the aliitude is 



20 in. Find tbe base. 

Ex. 1129. Two Hides of a triangle a 
elude an angle of 30°. Find tbe area. 



I 6 and 8 respectively, and In- 



Ex. 1130. Find the 



triangle whose sides 
(a) 13, 14, 15. 
(6) 8, 10, 17. 

(c) 11, 35, 30. 

(d) 4, 13, 16. 

Find the area of A abc, if a = 10, Ei = 24, m. 



PaopoaiTioN VI. Problem 
364. To transform a polygon into a triangle. 



Given polygon ABODE. 

Required to construct a triangle equivalent to ABODE. 

Construction. Draw OE. 

Through D, draw DF II CE, meeting JE produced in F. . 

Then polygon ABOF ^ ABODE, and has one less side. 

Continue the process until a triangle is obtained. 

[The proof is left to the student.] 
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365. Rehjirk. In a complete representation of this construction the 
student is advised lo draw the diagonals (FZ>, FC, FB) from the same 
vertex ( F) and to omit all lines that are needed for the proof only. The 
annexed figure represeats the constmction, thus obtained, for a hexagon. 




Ex. 11S2. To transfonn a parallelogram into a tnangle. 
Ex. 1133. To transform a pentagon into a right triangle. 

PaopoaiTiON VII. Theorem 
366. The area of a trapezoid is equal to one half the 
product of its altitude and the sum of its hoses. 



LZIK. 



Given. Trapezoid ABCD has the bases b and c respectively, 



and the altitude k. 






To prove . 


JBCD = ^h{b + c). 




Proof. Draw AC. 








A ABC==ihxb. 


(355) 




A DCA = 1 A X C. 


(365) 




.•.ABCD = ^h(b + c). 


q.E.D. 
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Ex. 1134. The area of a trapezoid equals the product of its altitude 
aud its median. 

Ex. 1135. A line joining the mid-points of the bases of a trapezoid 
divides the trapezoid into two equivalent parts. 

Ex. 1136. The bases of a trapezoid are 12 and 8 respectiyely, and the 
altitude is 6. Find the area. 

Ex. 1137. In the diagram for Prop. VII, if 6 = 6, c = 4, BC = 10, 
and ZB = 80°. Find the area. 

Ex. 1138. The area of a trapezoid is 200, the bases are 16 and 26 
respectively. Find the altitude. 

Ex. 1139. The area of a trapezoid is 30, the altitude is 6, and one base 
is 8. Find the other base. 

Ex. 1140. In the diagram for Prop. VII, 6 = 14, c = 10, AC = 15, 
and ^C = 13. Find the area. 

Ex. 1141. In the same diagram 5 = 8, c = 6, BC = 13, and the 
projection ot BC upon AB equals 5. Find the area. 

Ex. 1142. In the diagram for Prop. VII if E, the mid-point of DA, 
be joined to C and B, A CBE is one half of ABCD. 

Ex. 1143. If the three altitudes of a triangle are equal, the triangle is 
equilateral. 

367. The product of (the numerical measures of) two lines 
can be represented geometrically by the area of the rectangle 
formed by these lines. Hence, if the letters a, 6, c, etc., rep- 
resent a number of lines, then any homogeneous expression of 
the second degree that involves these letters can be represented 
by the sum (or difference) of rectangles. 

Note. All diagrams of the following exercises may be constructed by 
drawing first two lines that are perpendicular to each other, and then 
constructing parallels to these according to the conditions of the theorem. 

We may therefore assume in each exercise the following fact, which 
can easily be proved : 

All quadrilaterals in the diagram are rectangles, and their opposite 
sides are equal. 

Ex. 1144. If a, 5, c, and d are four lines, a > 6, and 6 > c represent 
geometrically 

(a) o6. (c) (a — c)d. (e) (a — 6)(c + d). 

(6) (a + 6) 6. (d) (a ■\-h)(c-\- d). (/) ah + oc. 
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W a(a + b)-^b{a + b). 
(0 (a + 6) (a -6). 



(w) (a -6)2. 




368. Any homogeneous identity of the second degree can be 
demonstrated geometrically by showing that the areas which 
represent the two members of the identity are equal. 

Thus to illustrate that 

(a + b)c := ac + bc we have, 
(a + b)c = area of AB. 
etc = area of P. 
be = area of Q. 
But obviously 

AB = P+Q. 
or (a + b)c = ac+ be. q. e. d. 

Similarly to show that 

(a — c) (6 + d) =ab +ad — be— bd. 
AM- a — c, ^C = 6 + d. 
.'. the left member of one identity, or 

(o — c) (6 + <i) = area of AD.* 
But a . 6 = (ys, a . d = PC. 

.*. ab ■>(■ ad-=^ (tC, 
and 6c = HF, de = PJ5. 

.•• a6 + ad — 6c — dc = AD, 
or (a — c) (6 + d) = a6 + ad — 6c — de. 

Q. E.D. 

Ex. 1145. Prove geometrically the following algebraic formulae : 
(a) a(6 ■\-e-\-d) = a6 + ac + 6d. 
(6J (a + 6) (c + d) =ae'\-be-\-ad-\- bd. 

(c) a(6 — c) = a6 — ac. 

(d) a(6 ■>(■ e — d) = ab ■\- ae — ad. 

(e) (a + 6)2 = a2 + 2a6 + 62. 
(/) a2-62=(a + 6)(a-6). 

(g) (a-6)2 = a2-2a6 + 62. (Hint. a2 - a6 + 62 - a6.) 
W (a + 6)2 -(a -6)2 = 4 a6. 



^c 




* The student is advised in the following exercises to shade the area which 
represents the left member. 
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Proposition VIIL Pboblem 



369. To transform a rectangle into a square. 




E H 




Given rectangle ABCD, 

Required a square = ABCD, 

Construction. Construct a mean proportional AF between 
AB and AD, The square on AF is the required square. 

Proof. AB:AF=:AF:AD, (Con.) 

(276) 

or area abud = area ag, q.e.f. 



.-. AB X AD=AF^, 

area ABCD = area AG, 



370. Remark. The mean proportional may be constructed 
by any of the methods of Book III. The two indicated in the 
diagram, however, are the most useful ones. 



Ex. 1146. To transform a parallelogram into a square. 

Ex. 1147. To transform a triangle into a parallelogram. 

Ex. 1148. To transform a triangle into a square. 

Ex. 1149. To transform a pentagon into a square. 

Ex. 1150. To construct a square equivalent to one third of a given 
triangle. 
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Proposition IX. Problem 

371. To construct a square that shall be any given 
part of a given square. 

H 




Giyen square AC. 

Required a square equivalent to ^ of AC. 

Construction. On AD, lay off AE = ^ AD. 

Draw EFA^AD, and, transform rectangle AEFB into a 
square, AH. (369) 

AH is the required square. 

Proof. AH=:AF (Con.) 

(344) 



AF = ^AC. 
.'. AH=^AC. 



Q. E. F. 



m 



372. Eemark. If, instead of 4, the ratio — is given, where 

n 

m and n are two given lines, make AE the fourth proportional 

to n, m, and AD. 

Ex. 1151. To construct a square three times as large as a given square. 

Ex. 1152. Given a line AB. To construct another line whose square 
equals | of the square of AB. 
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Ex. 1153. Giyen a line AB. To constract another k 
line whose square equals twice the square of AB, 

Ex. 1154. To divide a given square ABCD into 
three equivalent parts by constructing two other 
squares which contain angle A, 

B 



J I 
I 



Proposition X. Theorem 

373. In a right triangle the sum of the squares on 
the arms is equivalent to the square on the hypotenuse* 




Giyen AH and BF squares on the arms, AD the square on the 
hypotenuse, of the right triangle ABC. 

To prove AD = AH + BF. 

Proof. From B draw BL II AEj intersecting AC and ED m I 
and L respectively. 

Draw BE and KC. 

A HBC = st. Z, 
or HBC is a straight line. 



* The shading in this figure is employed merely to point out the two con- 
gment triangles. 
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(Why ?) 
(Why?) 
(Why ?) 
(Why ?) 
(Why ?) 



Q. E. D. 



In A AKC and BAE, 

KA = AB and AC = AE. 

Z. BAG ^/. BAG. 

/. KAB = Z CJZ. 

.-. Z^^C = Z5-4Z. 

.-. AKAG^ABAE. 
But square ^JJ =2 Akag, 

and rectangle EI = 2 A BAE. 

.'. square -iJff = rectangle ZI. 
In like manner, 

square BF = rectangle CL, 

/. square ^Jff + square BF = square AD, 

374. Cor. "The square on an arm of a right triangle is 
equivalent to the difference between the squares on the hypote- 
nuse and the other arm. 

375. Note. The above theorem was first demonstrated by Pythag- 
oras about 650 B.C., and is called after him the Pjrthagorean Theorem. 

The proof given here was givfen by Euclid (about 800 b.c). 
Since a square on a line is measured by the square of the line, this 
theorem may also be demonstrated by the proof in 326, Book III. 

Proposition XL Problem 

376. To construct a square equivalent to the sum of 
two given squares. 

[The solution is left to the student.] 

Proposition XIL Problem 

377. To construct a square equivalent to the difference 

of two given squares, 

[The solution is left to 
the student.] 

Ex. 1155. To construct a 
square equivalent to the sum of 
three given squares. 
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Peoposition XIII. Theorem 

378. ITie areas of two triangles which have an angle 
of the one equal to an angle of the other are to each 
other as the product of the sides including the equal 
angles. 





Given A ABC and a'b'c', Z.A=zZa'. 
To prove AABC ^ AB x AC ^ 

AA'B'C' A'B'XA'C' 

Proof. Draw the altitudes BD and 5'i)'. 

Za = Za'. 
.'. Aabd ^Aa'b'd', 
a abc acxbd 



But 



Aa'b'c* A'C' xb'd*' 

AC BD 



A'C' 
AC 



= ^— . X 



b'd" 

AB 

a'b" 



A'C' 
AC X AB 



A'c' X A'B 



It^I 



(Hyp.) 

(Why ?) 
(Why?) 

(Why ?) 

(Why ?) 

(Why?) 

Q. E. D. 



Ex. 1156. In triangles ABC and A'S^C, AA-^A\AB = ^\x\,, 
^C = 9 in., AnV = 1 ft., and A^C^ = 2 ft. Find the ratio of A ABC to 
AA'B'C. 

Ex.1157. Triangle ABC is equivalent to triangle A'B'C, and 
ZA = ZA'. Find AC if ^B = 2 in., A'B' = 3 in., and A'C = 4: in. 

Ex. 1158. If A ABC = A A'B' O', and Z^ = Z A', then 

ABiA'B' =A'C':AC. 
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Proposition XIV. Theorem 

379. Similar triangles are to each other as the squares 
of their homologous sides. 





Given A ABC ^ A A'b'c 

Topn)ve ^^^^ -JP -Ic" Ic' 



AA'B'C' JfW'^ A'C'^ Wc^ 

Proof. Z^ = Z^'. (303) 

A ABC AB X AC 



AA'B'& A'B' XA'C'' 



_ AB ^ AC 



A'B' A'C'' 

__ AB AB 

~A'B' A'B^' 

Ib^ 



T^f2 



A'B 



In like manner 



A ABC AC BC 



AA'B'C' a'c'^ B^ 



(378) 



Q.E. D. 



Ex. 1159. The sides of a triangle are 4, 7, and 8. What are the sides 
of a similar triangle whose area is foar times as large ? 

Ex. 1160. Similar triangles are to each other as the squares of homolo- 
gous altitudes. 
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Ex. 1161. Find the ratio of two similar triangles, two of whose ho- 
mologous sides are 2 and 3 in. respectively. 

Ex. 1162. Construct a triangle nine times as large as a given triangle 
and similar to it. 

Ex. 1163. *The areas of two similar triangles are to each other as 4 : 5. 
Find the ratio of their homologous sides. 

Ex. 1164. If in the diagram for Prop. XV, 

polygon ahcde '^ polygon a'Vcfd'e', 
and a = 3 a', find (a) the ratio of A / to A /', (6) the ratio A II to A II', 
(c) the ratio of polygon abcde to polygon a'b'c'd'e', 

Ex. 1166. If in the same diagram a = na', find (a) the ratio of 
A / to A /', (6) the ratio of A //, to A //', (c) the ratio of polygon abcde 
to polygon a'b'c'd'e'. 

Peoposition XV. Theorem 

380. Similar polygons are to each other as the squares 
of their homologous sides. 



Given a and a' homologous sides of two similar polygons 
whose areas are S and S^ respectively. 

To prove A==^. 

Proof. From any two homologous vertices draw all possible 
diagonals. 

Then, A / -^ A /, A JJ ^ A Jl', etc. (Why ?) 

Whence ^ = ^ • (Why ?) 

^IL = ^^^. (Why?) 
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Ani 



a" 



or 





AlW 


c'2 a'2 


Al 


All 


Am 


A/ 


All* 


Aiir 


A/4-A174-AIZI _ 


Ai'-f A/l'-f AJJ/ 




S 


a'2 



d 



'2 



a' 



a 



'2 



(Ax. 1.) 
(286) 



Q. E. D. 



Ex. 1166. The areas of two similar polygons are respectively 3 sq» in. and 
12 sq. in., and a side of one is 6 in. Find the homologous side of the other. 

Ex. 1167. Two homologous sides of two similar polygons are 4 in. and 
3 in. respectively, the area of the greater polygon is 1 sq. ft. What is 
the area of the smaller polygon ? 

Ex. 1168. The area of a polygon is twice the area of a similar polygon. 
Find the ratio of any two homologous sides. 

Ex. 1169. On a map whose scale is 1 : 1000, how many square feet 
are represented by a polygon equivalent to 2 sq. in. ? 

Ex. 1170. Homologous sides of 2 similar polygons have the ratio of 
5 to 9, the sum of their areas is 212 sq. ft. Find the area of each figure. 

Ex. 1171. Two similar parallelograms are to each other as the products 
of their diagonals. 

381. Method XXI. As similar polygons (including triangles) 
are to each other as the squares of their homologous sides^ Prop. IX 
may be used to draw a polygon 
that shall be any given part of a 
given polygon, and similar to it. 

Thus, the annexed diagram shows 
the construction of a polygon Q, 
which is equivalent to three sevenths 
of another polygon P, and similar to 
it. [That part of the construction 
which shows how to make Q similar 
to P is omitted (316).] Since 

J2 = «;\and«:? = ? 
P a^' a^ 7 

(Prop. IX), the proof is obvious. 
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Ex. 1172. Construct a triangle equivalent to two sevenths of a given 
triangle, and similar to it. 

Ex. 1173. Construct a triangle similar to a given triangle and three 
times as large. 

Ex. 1174. To divide a triangle into two equivalent parts by a line 
parallel to one of its sides. 

Ex. 1176. To divide a triangle into five equivalent parts by lines par- 
allel to one of its sides. 

Ex. 1176. Construct a polygon equivalent to three fifths of a given 
polygon and similar to it. 

Ex. 1177. Construct a pentagon equivalent to three times a given 
pentagon and similar to it. 

Ex. 1178. To divide a regular {i.e. equiangular and equilateral) 
pentagon into two equivalent parts so that one part is again a regular 
pentagon. 

* Ex. 1179. To construct two lines having the same ratio as the areas 
of two similar given triangles. 

Peoposition XVI. Theorem 

382. If similar polygons are constructed on the three 
sides of a right triangle, the sum of the polygons on 
the arms is equivalent to the polygon on the hypotenuse. 




Given the similar polygons P, Q, and R constructed, respec- 
tively, on the arms a and h and the hypotenuse c of the rt 
A aibc. 
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To prove 


P-{'Q==B. 


Proof. 


P a* 




Q 6« 



(380) 



(380) 



.P±Q^a^±b^^^ (Ax. 2, 326.) 

J.e. P 4- Q = U. Q. E. D. 



383. Cor. If similar polygons are constructed on the three 
sides of a right triangle, the polygon on one arm is equivalent 
to the difference of the polygons on the hypotenuse and the 
other arm. 

Ex. 1180. Construct an equilateral triangle equivalent to the sum of 
two given equilateral triangles. 

Ex. 1181. Construct an equilateral triangle equivalent to the differ- 
ence of two given equilateral triangles. 

Ex. 1182. Construct an isosceles right triangle equivalent to the sum 
of two given isosceles right triangles. 

Ex. 1183. To construct an isosceles right triangle equivalent to the 
difference of two isosceles right triangles. 

Ex. 1184. Construct a triangle similar to two given similar triangles 
and equivalent to their sum. 

Ex. 1185. To construct a polygon similar to two given similar poly- 
gons and equivalent to their sum. 

Ex. 1186. To construct a polygon similar to two given similar poly- 
gons and equivalent to their difference. 

Ex. 1187. To construct an equilateral triangle equivalent to the sum 
of three given equilateral triangles. 

Ex. 1188. Two homologous sides of two similar polygons are 12 feet 
and 6 feet respectively. Find the homologous side of a similar polygon 
equivalent to their sum. 
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Proposition XVII. Problem 

384. To transform the triangle ABC so that the 
angle A is not altered^ and the side opposite the' angle 
A becomes parallel to a given line MN. 




Construction. Draw CD II MNy intersecting AB in 2). 

Construct AE, a mean propoiiiional between AD and AB, 

On AC lay off AF = AE, 

Draw FG II MNy meeting AC produced in G. 

AFG is the required triangle. 

Proof. 

AABC __ ABX AC __AS AC _AB AD_ ABXAD _^ 
A AGF AFX Ag'^ AF AG AF AF ~" Jp ~ 

.'. area ABC = area AGF, q. e. f. 

385. Method XXII. While the fundamental method for trans- 
forming triangles (363) changes all angles of a triangle, Prop. IX 
enables us to transform a triangle without changing one angle. 

Ex. 1189. Transform A ABC into a right triangle so that angle A 
is not altered. 

Ex. 1190. Transform AABC so that angle A is not altered and 
another angle becomes eqaal to a given angle Q. 

Ex. 1191. Transform A ABC into an isosceles triangle, having a base 
angle equal to angle A. 

Ex. 1192. Transform A ABC into an isosceles triangle having the 
vertex angle equal to angle A. 



AREAS OF POLYGONS 



229 



Ex. 1193. Transform A ABC bo that angle A is not altered and the 
including sides are to each other as 3 to 4. 

Ex. 1194. Transform A ABC so that angle A is not altered and that 

another angle equals — • 

Ex. 1196. Transform a given triangle into a right triangle containing 
a given acute angle. 

Hint. Apply successively Methods XX and XXII. 

Ex. 1196. To transform a given triangle into an isosceles triangle, 
having a given vertex angle. 

Ex. 1197. To transform a given triangle into an equilateral triangle. 

Ex. 1198. To transform a given triangle into another one containing 
two given angles. 

Ex. 1199. To transform a given triangle into another one which con- 
tains a given angle, so that the sides including the angle shall be as 3 : 4. 

Ex. 1200. To transform a given parallelogram into an equilateral 
triangle. 

386. Method XXIII. To construct a figure which shall be a 

given part [ — ) of a given figure and which shall satisfy other 

conditions, first obtain the required part (— } of the given figure 

by any method, and then transform the area thus obtained so as 
to satisfy the given conditions. 

m 




To obtain — of a given 
n 

polygon, we usually trans- 
form it into a triangle. 

Ex. 1201. To cut off J of a 
given A ABC by a line per- 
pendicular to the base, draw 
the median CD, then 

AADC=iAABC. 

Transform A ADC so that 
angle A is not altered and the 
line opposite A becomes paral- 
lel to the altitude CE (Method XXII). A AFG is the required one. 
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Ex. 1202. To divide A ABC 
Into three equivalent parts b; 
lines parallel to BO. 

Trisect the base, then A ADC 
= t,and A^EC = iof A ABC. 
Hence transform these triangles 
so that ZAia not altered and tbe 
opposite aides become parallel to 
AC (Prop. XVII). Thus we ob- ■ 
tain iiAFG and AST. Hence 
FG and HI are the required 

Ex. 1203. To out oft /, of a 
given polygon ABCDEF by a. 
line drawn Irom F, transform the 
polygon into A^eJ?" (865), and raiii.'i AH = -f^s AG. Then A AHF=-f„ of 
ABCDEFG. 

To transform AABF into a portion of the ^ven polygon, make 





HN' W ON, N'M' II NM, and M'P II ME. Then ABGDFF = A AFH by 
(866). Hence J'J'is the required line. 

387. Note. The preceding exercise leads easily to the solution of tlie 
problem of subdividing a polygon into « equivalent parts, and since all 
rectjlinear areas are polygons,' a great many problems are special cases of 
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Ex. 1204. To cut off } of a triangle by a line parallel to a median. 

Ex. 1205. To cut off ^ of a triangle by a line parallel to an angle 
bisector. 

Ex. 1206. To divide a triangle into three equivalent parts by lines 
perpendicular to the base. 

Ex. 1207. To cut off f of a given triangle by a line parallel to a given 
line. 

Ex. 1208. To divide a quadrilateral into two equivalent parts. 

Ex. 1209. To divide a quadrilateral into three equivalent parts. 

Ex. 1210. To divide a triangle ABC into four equivalent parts by lines 
parallel to BC, 

Ex. 1211. To bisect the area of a triangle by a line drawn from a point 
P in ^C. (Hint. Consider the figure a quadrilateral, ABC P.) 

Ex. 1212. Construct an equilateral triangle equivalent to one half of a 
given square. 

Ex. 1213. To divide a given pentagon into three equivalent parts. 

Ex. 1214. To construct a square equivalent to f of a given triangle. 

, MISCELLANEOUS EXERCISES 

THEOREMS 

Ex. 1215. If E is any point in the diagonal ^C of the parallelogram 
ABCD, prove that A AEB = A ADE, 

Ex. 1216. A straight line passing through the intersections of the diag- 
onals of a parallelogram divides the figure into two equivalent parts. 

Ex. 1217. The area of a circumaicribed polygon is equivalent to one 
half the product of perimeter and radius. 

Ex. 1218. If through any point in a diagonal of a parallelogram, par- 
allels are drawn to the sides, four parallelograms are formed, of which 
the two which do not contain the diagonal are equivalent. 

Ex. 1219. If any point within a parallelogram be joined to the four 
vertices, the sum of either pair of opposite triangles is equivalent to one 
half the parallelogram. 

Ex. 1220. The lines joining the mid-points of the sides of a quadri- 
lateral in succession form a parallelogram equivalent to one half the quad- 
rilateral. 

Ex. 1221. The areas of two similar triangles are to each other as the 
squares of any two homologous angle bisectors. 
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Ex. 1222. The areas of two similar triangles are to each other as the 
squares of any two homologous medians. 

Ex. 1223. If the median AX, BY, and CZ of A ABC, meet in O, 
then A AOC is equivalent to A BOC, 

Ex. 1224. If on the line joining the mid-points of two sides of a triangle 
a parallelogram is constructed having two of its vertices in the base of 
the triangle, the parallelogram is equivalent to ^ of the triangles. 

Ex. 1225. The non-parallel sides of a trapezoid form with the diagonals 
two equivalent triangles. 

Ex. 1226. If from the point of intersection of the medians of any tri- 
angle, lines are drawn to the three vertices, they form with the sides three 
equivalent triangles. 

Ex. 1227. If in the triangle ABC, D and F are the mid-points of the 
sides AB and AC respectively, the triangles ADC and ABF are equiv- 
alent. 

Ex. 1228. The area of an equilateral triangle whose side equals a is 

Ex. 1229. The area of a rhombus is equal to half the product of the 
diagonals. 

Ex. 1230. If on the line joining the mid-points of the two non-paral- 
lel sides of a trapezoid, a triangle be constructed whose vertex lies in 
the upper base of the trapezoid, the triangle is equivalent to \ the trape- 
zoid. 

Ex. 1231. If, on two sides of triangle 
ABC, parallelograms DB and BG are 
constructed, their sides D^and GHhe 
produced to meet in F, and on ^C a 
parallelogram be constructed, having 
AK equal and parallel to FB, then the 
parallelogram AL is equivalent to paral- 
lelogram AE plus parallelogram BG. 
(Pappus* Theorem.) 

Ex. 1232. Find a similar proposition 
for triangles constructed on the three 
sides of a given triangle. 

* Ex. 1233. A quadrilateral is equivalent to a triangle if its diagonals 
and the angle included between them are respectively equal to two sides 
and the included angle of the triangle. 
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* Ex. 1234. Two quadrilaterals are equivalent if the diagonals and the 
included angle of one are equal, respectively, to the diagonals and the 
included angle of the other. (Ex. 1233.) 

* Ex. 1236. If two chords intersect within a circle at right angles, the 
sum of the squares upon their segments is equal to the square of the 
diameter. 



PROBLEMS OF COMPUTATION 

Ex. 1236. The side of an equilateral triangle is 10 in. Find the area. 

Ex. 1237. Find the area of an isosceles triangle if the base is 6 and 
the arm 6. 

Ex. 1238. Find the area of a trapezoid whose bases are 9 and 11 
respectively, and whose altitude is 12 ft. 

Ex. 1239. Find the area of a rhombus whose diagonals are 9 and 10 ft. 
respectively. 

Ex. 1240. Find the area of quadrilateral ABCD if AB = 10, BC =24, 
CD = 80, AD = 28, diagonal AC =26. 

Ex. 1241. A side of equilateral triangle ABC is 8. Find the side of 
an equilateral triangle equivalent to three times triangle ABC. 

Ex. 1242. The perimeter of a rectangle is 20 m. , one side is 6 m. Find 
the area. 

Ex. 1243. What is the side of a square whose area is 900 sq. m. ? 
n sq. m. ? 

Ex. 1244. The area of a rhombus is equal to m, and one diagonal is 
equal to d. Find the other diagonal. 

Ex. 1245. The area of a trapezoid is 400 sq. m., its altitude is 8 m. 
Find the length of the line joining the mid-points of the non-parallel 
sides. 

Ex. 1246. The hypotenuse of a right triangle is 20, and the projection 
of one arm upon the hypotenuse is 4. What is its area ? 

Ex. 1247. A farmer wishes to determine the area of a pentagonal 
field. He measures the lines AB = 4 rods, BC = IS rods, CD = 14 rods, 
DE = 6 rods, EA = 12 rods, AC = 16 rods, and AD = 13 rods. How 
many square rods does the field contain ? 
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Ex. 1248. The base and altitude of a triangle are 12 and 20 respec- 
tively. At a distance of 6 from the base, a parallel is drawn to the base. 
Find the areas of the two parts of the triangle. 

Ex. 1249. Find the area of a rectangle having one side equal to 6 and 
a diagonal equal to 10. 

Ex. 1260. Find the area of a polygon whose perimeter equals 20 ft., 
circumscribed about a circle whose radius is 3 ft. 

Ex. 1251. Find the area of a triangle whose base is 10 inches and 
whose base angles are 120"^ and 30"^ respectively. 

Ex. 1252. Find the side of an equilateral triangle equivalent to a 
parallelogram, whose base and altitude are 10 and 15 respectively. 

Ex. 1263. The chord of an arc is 42 in. ; the chord of one half that arc 
is 29 in. Find the diameter of the circle. 

Ex. 1264. The base of a triangle is 15 ft., its area is 60 sq. ft.; find 
the area of a similar triangle whose altitude is 6 ft. 

Ex. 1255. An arm of an isosceles trapezoid is 13 in. and its projection 
on the longer base is 5 in.; the longer base is 17 in. Find the area of the 
trapezoid. 

Ex. 1256. The arms of two isosceles right triangles are 3 and 2 re- 
spectively. Find the arm of an isosceles right triangle equivalent to their 
difference. 

Ex. 1267. The sides of a triangle are as 8 : 15 : 17. Find the sides if 
the area is 960 sq. ft. 

Ex. 1258. The sides of a triangle are 8, 15, and 17. Find the radius of 
the inscribed circle. 

Hint. Express in the form of an equation the fact that the area of 
the triangle is equal to the sum of the three triangles whose vertex is the 
incenter and whose bases are the sides of the triangle. 

Ex. 1259. Find the area of an equilateral polygon of 12 sides inscribed 
in a circle whose radius is 4 in. 

Ex. 1260. The sides of a triangle are 6, 7, and 8 ft. Find the areas of 
the two parts into which the triangle is divided by the bisector of the 
angle included by 6 and 7. 

Ex. 1261. Find the area of an equilateral triangle whose altitude is 
equal to h. 
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PROBLEMS OF CONSTRUCTION 

Ex. 1262. To construct a rectangle equivalent to a given square, hav- 
ing the sum of its base and altitude equal to a given line. 




C F 



Hint. If FE is the given line, and ABCD the given square, make 
EK=AB. 

Ex. 1263. To construct a rectangle equivalent to a given square, hav- 
ing the difference of its base and altitude equal to a given line. 



B 





Hint. If ABCD is the given square and EF the given line,, make 
EG = AB, 

Ex. 1264. To transform a rectangle into another one, having given one 
side. 

Ex. 1265. To transform a square into an isosceles triangle, having a 
given base. 

Ex. 1266. To transform a rectangle into a parallelogram, having a 
given diagonal. 

Ex. 1267. To divide a triangle into three equivalent parts by lines 
parallel to a median. 

Ex. 1268. To bisect a parallelogram by a line perpendicular to a side. 

Ex. 1269. To divide a parallelogram into three equivalent parts by 
lines drawn through a vertex. 

Ex. 1270. To bisect a trapezoid by a line drawn through a vertex. 

Ex. 1271. Divide a pentagon into four equal parts by lines drawn 
through one of its vertices. 
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Ex. 1272. Divide a quadrilateral into four equal parts by lines drawn 
from a point in one of its sides. (Consider the figure a pentagon.) 

Ex. 1273. Find a point within a triangle such that the lines joining 
the point to the vertices shall divide the triangle into three equivalent 
parts. 

Ex. 1274. Construct a square that shall be four fifths of a given 
triangle. 

Ex. 1275. Construct an equilateral triangle that shall be two thirds 
of a given rectangle. 

Ex. 1276. Find a point within a triangle such that the lines joining 
the point with the vertices shall form three triangles, having the ratio 
3:4:5. 

Ex. 1277. Divide a given line into two segments such that one seg- 
ment is to the line as V^ is to Vd. 

Ex. 1278. To transform a triangle into a right isosceles triangle. 

Ex. 1279. Construct a triangle similar to a given triangle and equiva- 
lent to another given triangle. 

Ex. 1280. To divide a triangle into three equivalent parts by lines 
parallel to a given line. 

* Ex. 1281. Bisect a trapezoid by a line parallel to the bases. 

[For practical applications see p. 300.] 



BOOK V 

EEGULAR POLYGONS. MEASUREMENT OF THE 

CIRCLE 

REGULAR POLYGONS 

Proposition I. Theorem 

388. Def. a regular polygon is a polygon which is both 
equiangular and equilateral. 

389. A circle can be circumscribed about any regular 
polygon. 




Given ABODE, a regular polygon of n sides. 

To prove that a circle can be circumscribed about ABODE. 

Proof. Construct a circle through A, By and C, and let be 
its center. 

Draw OA, OB, 00, and 02). 

Z ABO =Zbod, (Why ?) 

Z,OBO= ZOOB. (Why ?) 

\ Z OB A = Z OCD. 
237 



288 



PLANE GEOMETRY 




(Why?) 
(Why?) 



But 0(7= OB and AB = CD. 

A OB A ^ A OCD. 
.*. OD = OA, 

.: the circle passes through 2>. 

In like manner, it may be proved that the circle passes 
through the remaining vertices of the polygon. 

.•• a circle can be circumscribed about the given polygon. 

Q. E. D. 

Proposition II. Theorem 

390. A circle can be inscribed in any regular polygon. 

Hint. Circumscribe a circle about the given polygon and prove that 
the center is equidistant from the sides. (^^7) 

391. Def. The center (0) of a 
regular polygon is the common 
center of the circumscribed and 
inscribed circles of the polygon. 

392. Def. The radius of a 
regular polygon is the radius of 
the circumscribed circle; as OA. 

393. Def. The central angle 

is the angle between two radii 
drawn to the ends of one side; 
as AOB. 
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394. Def. The apothem of the polygon is the radius of the 
inscribed circle; as OF. 

395. Cor. The central angle of a regular polygon of n 

sides is equal to - right angles. 

n 

Ex. 1282. If ABCDEF is a regular hexagon, then 

^ADG = Z,AEG = /.AFG, 

Ex. 1283. If two diagonals AG and BE of a regular polygon 
ABODE FQ intersect in §, then AQ x QG = BQ x QE, 

Ex. 1284. If in the regular heptagon ABGDEFG^ the prolongations 
of AB and the diagonal of EG meet in H, then HB x HA = HO x HE. 

Ex. 1285. Any central angle of a regular polygon is the supplement 
of an angle of the polygon. 

Ex. 1286. A triangle is regular if the centers of the circumscribed and 
inscribed circles coincide. 

Ex. 1287. A polygon is regular if the centers of the circumscribed 
and inscribed circles coincide. 

Proposition III. Theorem 

396. If the circumference of a circle is divided into 
any number of equal parts : 




(1) The chords joining the points of division succes- 
sively form a regular inscribed polygon. 
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(2) Tangents drawn at the points of division form 
a regular circumscribed polygon. 




Given the circumference ACE divided into the equal arcs 
ABy BC, CDj etc. 

(1) To prove ABODE is a regular polygon. 

Proof. ii = 5C = CD, etc. (Why ?) 

'.-. AC=^BD—CEy etc. (Ax. 2.) 

.-. Z.ABC = Z BCD, etc. (Why ?) 

But AB = BC= CD. (Why ?) 

.•. polygon ABODE is regular. (Why ?) 

(2) To prove tangents drawn at A, 5, c, etc., form the regular 
circumscribed polygon FOHIK. 

Proof. Z GAB = Z GBA = Z CBH = Z ffC5, etc., (Why ?) ^ 

and ^5 = 5C7 = CD, etc. (Why ?) 

.*. A ABG, CBH, CDI, etc., are congruent and isosceles. (Why ?) 

.\ Z G^ Z.H= Z J, etc. 
and AG== GB = BH= EC, etc. 

Whence GH= HI= IK, etc. (Ax. 2.) 

.*. circumscribed polygon FGHIK is regular. q. e. d. 
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397. Cob. 1. The perimeter of a regular inscribed polygon 
is less than the perimeter of a regular inscribed polygon of 
double the number of sides. 

398. Cor. 2. The perimeter of a regular circumscribed poly- 
gon is greater than the perimeter of a regular circumscribed 
polygon of double the number of sides. 



Ex. 1288. If a regular hexagon is inscribed in a circle, and the mid- 
points of the arcs which are subtended by the sides are joined to the 
vertices of the hexagon, a regular polygon of twelve sides is formed. 

Ex. 1289. An equilateral polygon inscribed in a circle is regular. 

Ex. 1290. An equiangular polygon circumscribed about a circle is 
regular. 

Proposition IV. Problem 

399. To inscribe a square in a given circle. 




Construction. In the given circle ABC, draw diameters AC 
and BD perpendicular to each other, and draw AB, BC, CD, and 
DA, 

Then ABCD is the required square. 

[The proof is left to the student.] 

400. Cor. 1. By bisecting the central angles, the arcs AB, 
BCf etc., will be bisected, and a polygon of eight sides may be 
inscribed in the circle. By repeating the process, polygons of 
16,. 32, •••,2" sides may be constructed. 
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401. Cob. 2. By drawing tangents at A, B, C, and D, a 

square may be circumscribed about the circle. 

402. Cob. 3. If R is the radius of a circle, the side of the 
inscribed square equals i?V2. 



Ex. 1291. To circumscribe a regular octagon about a given circle. 
Ex. 1292. To construct a regular octagon, having a given side. 
Ex. 1293. Find the area of a square, if its radius is equal to r. 

Proposition V. Pboblem 

403. To inscribe a regular hexagon in a given circle. 




Construction. In the given circle ACD, draw the radius AO. 
From -4 as a center, with a radius equal to OA, draw an arc 
meeting the circle in B. Draw AB, 

[To be completed by the student.] 

404. Cob. 1. By joining the alternate vertices of an in- 
scribed regular hexagon, an inscribed equilateral triangle is 
formed. 

405. Cob. 2. , Regular polygons of 3, 6, 12, 24, etc., sides 
may be inscribed in and circumscribed about a given circle. 
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406. Cob. 3. If R is the radius of a 
circle, the side of the inscribed equilat- 
eral triangle is i?V3. 

Hint. JfABis a diameter, and AC = Ry ^i 
then BOb the required side. 

Ex. 1294. If the radius of a circle is r, the 
apothem of the inscribed hexagon is equal to 

2 ' 

Ex. 1295. To circumscribe a regular hexagon about a given circle. 

Ex. 1296. To construct a regular polygon of twelve sides, having given 
a side. 

Ex. 1297. Find the area of a regular hexagon if its radius is equal to r. 

Ex. 1298. The apothem of an equilateral triangle is equal to one half 
its radius. 

Ex. 1299. The area of an inscribed equilateral triangle is equal to one 
half the area of the inscribed regular hexagon. 

Ex. 1300. The areas of triangles inscribed in equal circles are to each 
other as the products of their three sides. (339.) 

Ex. 1301. A square constructed on a diameter of a circle is equivalent 
to twice the area of the inscribed square. 

407. Def. a straight line is said to be divided in extreme 
and mean ratio when it is divided into two segments, such that 
the greater is the mean proportional between the smaller and the 
whole line. 

Thus, AB is divided by C in ^ q g 

extreme and mean ratio, if 

AB:AC=AC:CB. 

Proposition VI. Problem 

408. To divide a line in extreme and mean ratio, 

A X C B 

( ^— 1 I 

V 

a 

Given line AB = a. 

Required to divide a in extreme and mean ratio. 
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A X C B 

o 

Analysis. Suppose AC^ or a;, was the greater of the required 
segments, then CB = a^x. 

Hence, a:x = x:a-'X, 

.*. a^ = a* — ax. 

Transposing, aj* -f aa; = a*. 

Completing the square, 

Extracting the root, « + ^ = va' -f ( ^ j • 

But since \/«^+(^) is t^© hypotenuse of a right triangle 



aj*-f aaj-f 



whose arms are a and ^, « is easily constructed. 

Construction. At B draw C5 = ^ and ± ^B. 

2 

r 



Then AC 



On (7^ lay off CD = C75/' = -'\ . 
["Then ^ =^a«+^^Y- 1 or «."] 




On ^5 lay off AFz= ad. 

Then ^5 is divided as required. q. e. f. 

The proof of this construction is contained in the analysis. 
If we wish to write it out in detail, we may copy the last six 
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t 

lines of the analysis in reverse order, and assign reasons for each 
step. 

409. NoTB. The method used for the discovery of the preceding 
problem is based upon algebra. Hence, it is usually called algebraic 
analysis. For further details of this method see appendix. 

Proposition VII. Problem 

410. To construct the side of a regular decagon in- 

scribed in a given circle. 

3 




A D 

Given O 0. 

Required to construct the side of a regular inscribed decagon. 

Construction. Divide a radius OA in extreme and mean ratio. 
Draw chord AD equal to 0(7, the greater segment of OA. 
AD is the side of the required decagon. 
Proof. Draw DO and DC. 

AO:OC=OC: CA, (Con.) 

or since 00= AD, 

AO:AD = AD:AC. (Sub.) 

. • . A OAD ^ A CAD. (309) 

.\Z0 = ZCDA. (303) 

But A OAD being isosceles, the similar triangle DAC must be 
isosceles, 
or, CD = AD=^ COy 

whence Zo^^Z DCO. (Why ?) 
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But 

and 
But 

or 
.*. arc AD 

an inscribed 

411. Cor. 
an inscribed 

412. Cob. 
be inscribed 



(Ax. 2.) 



Zo=Z CD A. 
.\2Z 0=Ad, 
2A0^Aa, 

Z0-\-Zd-\'Za = 2 Tt, A, 
.•.5Zo=2rt. A, 

Z = I rt. Z, or y\j. of 4 rt. A 
is -j^ of the circumference, and AD is the side of 
regular decagon. q. e. f. 

1. By joining the alternate vertices A, E, O, etc., 
regular pentagon is formed. 

2. Kegular polygons of 5, 10, 20, etc., sides may 
in and circumscribed about a given circle. 

Proposition VIII. Problem 



413. To construct the side of a regular polygon of 
fifteen sides inscribed in a given circle. 




REGULAR POLYGONS 247 

Given O 0. 

Required to construct the side of an inscribed regular poly- 
gon of fifteen sides. 

Construction. In the given circle ABD, draw the chord AB 
equal to the radius, and chord AC equal to the side of the in- 
scribed regular decagon. 

Then CB is the side of the inscribed regular polygon bf 
fifteen sides. 

4 

Proof. Arc AB = ^ of the circumference. 
Arc -4C = yV of the circumference. 
Arc CB =^^^ OT -^ oi the circumference, 
and CB is the side of the required polygon. q. e. d. 

414. Cor. Polygons of 15, 30, 60, etc., sides may be in- 
scribed in and circumscribed about a given circle. 



Ex. 1302. The side of what kind of polygon is CB (diagram of 
Prop. VIII), if (a) AB is the side of a regular pentagon, and AC the 
side of a regular hexagon ? (&) AB is the diagonal of a regular pentagon, 
and AC 18 the side of an equilateral triangle ? 

Ex. 1303. If i? is the radius of a circle, the side of the inscribed regu- 

R 

lar decagon equals ^ ( y^ _ i ) . 

Hint. Simplify the value of x found in the analysis of Prop. VI. 
(a=R:) 

Ex. 1304. To construct an angle of 36^ 

Ex. 1305. To construct a regular decagon, having given a side. 

Ex. 1306. To divide a right angle into five equal parts. 

Ex. 1307. The diagonals of a regular pentagon are equal. 

Ex. 1308. The diagonals of a regular pentagon divide each other in 
extreme and mean ratio. 

Ex. 1309. The area of a regular inscribed hexagon is a mean propor- 
tional between the areas of the inscribed and circumscribed equilateral 
triangles. * 

Ex. 1310. Any radius of a regular polygon biseets an angle of the 
polygon. 
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Ex. 1311. The diagonals drawn from a vertex of a regular decagon 
divide that angle into eight equal parts. 

Ex. 1312. To construct a regular pentagon, having given a side. 
[For practical applications see problems 91-100, p. 301.] 

Proposition IX. Theorem 

415. Regular polygons of the same number of sides 
are similar, 

B 




Given ABODE and A'b'&d'e* regular polygons of n sides. 
To prove AB CDE ^^ A 'b^C'D 'e\ 

Proof. Each angle of both polygons is equal to st. A. 

n 

(Why?) 

.*. polygons ABODE and a'b'c'd'e' are mutually equiangular. 

Since AB = BC, etc., and A^B' = b'c\ etc., (Why ?) 

AB :A'B' =:BC:B'c' = etc. 

,', ABODE and a^b'o'd^E' are similar. q. e. d. 



Ex. 1313. To construct a regular hexagon equivalent to one half of a 
given regular hexagon. « 

Ex. 1314. Construct a regular pentagon equivalent to the sum of two 
given regular pentagons. 
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Proposition X. Theorem 

416. The perimeters of regular polygons of the same 
number of sides have the sam^ ratio as their radii or as 
their apothems. 





a! d^b' 



Given P and P' the perimeters of two regular polygons of 
the same number of sides, having the radii OA and 0'A\ and 
the apothems OD and O^D' respectively. 



To prove 
Proof 

Hence, 
But 



P:P' =0A: O'A^ = OD : O'D*, 

Z.A0D=^Z.A^0'D\ 

,\A0AD'^A0'A'D', 

AD:A'd'z= OD: 0'D'=A0:A'0\ 

P\P^ — AB\ A'B^ = AD : A'd', 

.-. P:P'=zODi O^D^ = AO : A^0\ 



(Ax. 8.) 
(306) 
(303) 

(Why?) 

Q. E. D. 



417. Cor. The areas of regular polygons of the same num- 
ber of sides are to each other as the squares of their radii or 
apothems. 

Ex. 1315. The lines joining the mid-points of the radii of a regular 
pentagon inclose a regular pentagon equivalent to one fourth the given 
pentagon. 

418. Def. a constant is a quantity that maintains the 
same value throughout a given discussion. A variable is a 
quantity whose value changes during the same discussion. 
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419. Def. If a variable x appToaches a constant a so that 
the difference between a and x becomes less than any conceiv- 
able number, then a is called the limit of x. 

1. For example, suppose a point P to move from A toward B in such 
a way as to move in the first second over half of AB to C7 ; in the second 
second over half of the remain- 

der, CB to 2); in the third a C D 6 B 

second over half of the new re- 
mainder, DB to E ; and so on indefinitely. It is evident that the distance 
from A to the moving point P is a variable, whose value can he made to 
differ from AB by less than any assigned quantity (although it never can 
he made equal to AB) . 

Hence, AB is the limit of the variable AP, 

2. Inscribe a square in a circle, then inscribe an octagon by joining 
the mid-points of the four equal arcs to the vertices, and by continuing 
this process obtain regular inscribed polygons of 16, 32, 
64, etc. sides. Obviously the area of the circle G is larger 
than the area of any of these polygons A, but the difference 
between these two areas, C-A, becomes less if we increase 
the number of sides of the polygon. By continually in- 
creasing the number of sides of the polygon, the area of 
the polygon will approach the area of the circle more and more, or C-A 
can be made less than any assignable quantity, however small. 

Hence, the area of the circle is the limit of the area of the polygon. 

3. Similarly the perimeter of an inscribed polygon increases with the 
number of sides (397) and approaches the circumference so that the 
difference between circumference and perimeter becomes Jess than any 
assignable immber. Hence, the circumference is the limit of the increas- 
ing perimeter. 

4. Consider the infinite periodic decimal .099 ... If we take one deci- 
mal, the value differs from 1 by .1, for two decimals this difference is .01, 
for three decimals it is .001, and so forth. Hence the difference between 
1 and the decimal can be made less than any assignable number however 
small. Or 1 is the limit of the decimal .999 •••. 

420. Note. In elementary geometry the variables that approach a 
limit as a rule cannot become equal to this limit. There are, however, 
cases in which variables become equal to their limits. 

Ex. 1316. What is the limit of the periodic decimal .666 ••• ? 
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Ex. 1317. What is the limit of the fraction - , if n increases indefinitely ? 

n 



r^ 



L-J 



Ex. 1318. What is the limit of the sum 2 + 1 + J+ J + ... ? 

Ex. 1319. What is the limit of the area of a regular circumscribed 
polygon of n sides if n assumes the values 4, 8, 16, .•• to 
infinity ? 

Ex. 1320. What is the limit of the perimeter of a regu- 
lar circumscribed polygon of n sides, if n assumes the 
values 4, 8, 16, ... to infinity ? 

Ex. 1321. If the number of sides of a regular inscribed polygon is 
increased indefinitely, what is the limit of (a) the apothem ? (6) the 
side? 

Ex. 1322. If the number of sides of a regular circumscribed polygon 
is increased indefinitely, what is the limit of its radius ? 

Ex. 1323. A point P moves on a fixed straight line AB, and another 
straight line OP always passes through a fixed point and the moving 
point P. What is the Umiting position of OP, if P moves to a distance 
greater than any conceivable number ? 




•B 



421. Theorem. If two variables, x and y, are always equal 
and X approaches a as a limit, then y approaches a as a limit. 

Since a — x^^a — y, and a^-x can be made less than any 
conceivable number, 
a — y can be made less than any conceivable number. 
.*. y approaches a as a limit. 

422. Cob. If two variables are always equal, and each ap- 
proaches a limit, their limits are equal. (Principle of Limits.) 
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423. Def. The length of a circumference (or briefly a cir- 
cumference) is the limit of the perimeter of a regular inscribed 
polygon the number of whose sides is increased indefinitely. 

The study of the third illustration in (410) will explain to the student 
the true meaning of this definition. 

Having defined a circumference, the meaning of the length of an arc 
is determined hy § 228. 

Note. It can be demonstrated that the limit of the perimeter of cir^ 
cumscribed regular polygons is the same as that of the inscribed ones. 
Hence a circumference can be defined as a common limit of inscribed and 
circumscribed regular polygons. For the purposes of this textbook, how- 
ever, it is sufficient to consider the inscribed regular polygons only. 

Proposition XL Theorem 

424. Circumferences are to each other as their radii. 





Given C and C' any two circumferences with radii S and JJ' 
respectively. 

To prove C:C' = S:S\ 

Proof. Inscribe regular polygons of n sides in each circle 
having the perimeters P and P' respectively. 

(416) 



or 



p 

p> 


B 


p 

B 


P< 
~B'' 



(281) 
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Increase n indefinitely, then the equal yariables — and — j 
must have equal limits. 
But C and & are the limits of the P and P' respectively. 

(423) 

.-.- = -„ (422) 

or C: & = B: B\ q.e. d. 

425. Cor. 1. Circumferences are to each other as their 
diameters. 

426. Cob. 2. The ratio of the circumference to its diameter 
is constant. 

Since C : c' = 2 J? : 2 ij', 

C _ C^ 
2b 2b*' 

That is, the ratio of any circumference to its diameter is 
equal to the ratio of any other circumference to Us diameter. 
.-. the ratio of the circumference to its diameter is constant. 

427. The constant value of - — is denoted by the Greek let- 

2b ^ 

terir. It is an irrational number, which can only be found 
approximately, but with any degree of precision. 

n 

Since rr— = «• C = 2 wlf . 

2b 



Ex. 1324. Cosstract a circumference equal to the sum of two given 
circumferences. 

Ex. 1325. Draw three circumferences which are to each other as 
4:5:6. 

Ex. 1326. If B is any point in ^C and 
on AB^ BC and AC as diameters semicir- 
cles are drawn, prove that the largest semi- 
circumference equals the sum of the two 
smaller ones. 

[Practical applications on p. 302.] 
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Proposition XII. Theorem 

428. The area of a regular polygon is equal to one 
half the product of its apothem and perimeter. 




Given 5, the area, P the perimeter, and r the apothem of the 
polygon ABODE y having n sides. 

To prove s = ^ P X r. 

Proof. Draw radii 0-4, OS, etc., dividing the polygon into n 
equal triangles. 

A ABO:=\AB X r. 
5 = n X A ABO = ^n X AB Xr. . 
But nXAB = P, 

or 5 = ^P X r, Q.E.D. 

429. Def. a sector of a circle is a figure bounded by two 
radii and their intercepted arc. 

430. Def. Similar arcs, segments, and sectors are those 
which correspond to equal central angles. 

431. Def. The area of a circle is the limit of the area of a 
regular circumscribed polygon the number of whose sides is 
increased indefinitely. 

Note. It can be proved that the areas of regular inscribed polygons 
approach the same limit as the areas of the circumscribed polygons. For 
the purposes of this book, however, it is more convenient to consider the 
circumscril5ed polygon only. 



BEGULAR POLYGONS 



265 



Proposition XIIL Theorem 

432. The area of a circle is equal to one half the 
product of its circumference and radius. 




Given S the area of a circle of radius R and circumference C. 
To prove S=Z^CXR, 

Proof. Circumscribe a regular polygon about the circle, and 
let P be its perimeter, A its area. 

A = iPxR. (428) 

Let the number of sides be increased indefinitely, then 

A approaches S as a limit. (423) 

P approaches C as a limit. (423) 

,\S = ^CXR, (422) 

Q.E. D. 

433. Cor. 1. The area of a circle is equal to ir times the 
square of its radius. 

For 5 = 1 ex iJand C = 27r«. 

/.S = TrR\ 

434. Cor. 2. The areas of circles are to each other as the 
squares of their radii. 

436. Cor. 3. The area of a sector whose central angle is n® 

is equal to — — ttR^. 
^ 360 
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Similar sectors are to each other as the squares 



436. OoR.4. 
of their radii. 

437. Method XXIY. Since the areas of circles have tlie 
same ratio aa the squares of their radii, a great many conatruc- 
tioDB referring to squares may be applied to circles. 




Ex. 1327. To construct a circle 
eqllivaJent to { of a circle, Tbe rodlua 
ol the required circle is foujid b; con- 
Btmctiug a tine nhoBs aquara is j of the 
square of Uie given radius (,0A), 
Hence, make OB = { OA, and con- 
struct OC, the mean proportional lie- 
tween OA and OB. The circle con- 
structed with OC as a radius is the 
required one. 

Ex. 1328. Construct a circle equiv- 
alent to three seventliB of a given circle. 

Ex. 1329. Construct a circle equivalent to three times a given circle. 

Ex. 1330. Construct a semicircle equivalent to a given circle. 

Ex, 1331. Construct a circle equivalent to the sum of two given circles. 

Ex. 1332. Construct a circle equivalent to tbe difference of two given 
circles. 

the area bounded by two 



■ Ex. 1334. If upon the three Eides of a 
right triangle seoiicirclea be drawn as indi- 
cated in the diagram, the area of the right 
triangle is equivalent to the sum of the two 
crescent-shaped areas, hounded by the semi- 
cfrclea. {Hippocrates' Theorem.) 

• Ex. 1336. It C is a point in the 
straight line AB, tbe three semicircles, 
dravm respectively upon AB, AC, and 
GB as diameters, hound an area equiva- 
lent to a circle whose diameter is the per- 
pendicular CD, J> being in the largest 
semicircle. 
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Proposition XIV. Problem 



438. The side and the radius of a regidar poly gem 
being given, to compute the side of a regular polygon 
of the same radius and double the number of sides. 




Given AB equal to a side s of a regular polygon inscribed in 
O with radius OA = B, 

Required. To compute AC, the side of a regular polygon of 
double the number of sides, inscribed in the same circle. 

Construction. Draw CO meeting AB in 2>. 
OC bisects AB at right angles. 

JJ? =0A^ -{- 00^ — 2 00 X ODy 
or AC^=2R^-2 BXOD. 



But 



on' = ^-ll 



(80) 

(331) 

(Sub.) 

(327) 



OD 



=>-s. 



or 



Hence 



OD = ^^/4: If -^ 8^, 

.-. ^C = V2 i22 - JJ V4 R^ - s\ 



439. Cor. If -B = 1, and the side of a polygon of n sides 
equals s^ then 
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E±. 1336. The side of an inscribed square is eqoal to B^/2. Prove 
that the side of the regular octagon equals V 2 — V2. 

Ex. 1337. If R is the radius of a regular polygon of twelve sides, its 
side equals B^2 — \/3. 

Proposition XV. Problem 

440. To compute the ratio of the circumference of a 
circle to the diameter. 

Let ^ = 1, then 8^^1y 

and according to (439), we have 

Length or Lketoth or 
8iD« PsBixraB 

«ij = V2-V43r» =0.61764 6.21166 

fl« = V2 - Vi - (0.51764)' = 0.26105 6.26526 

«48 = V2 - V4^0.26105)» = 0.13081 6.27870 

fi^ = V2 - Vi - (0.13081)' = 0.06534 6.28206 

«i82 = V2 - V4 - (0.06534)"^= 0.03272 6.28291 

sj^ = V2 ~ V4 - (0.03272)"* = 0.01636 6.28312 

8,^ = V2 - V4 - (0.01636)^= 0.00818 6.28317 

Taking the last perimeter as the approximate value of the 
circumference, 

^ = ^ = ?:?|l^ = 3.14169. 

441. Method XXV Most computations referring to the cir- 
cle involve the use of the two formulae (7 = 2 iri? and 8 = irB?. li 
R is not given, compute R first. 

Ex. 1338. Find the circumfereuce of a circle whose radius is 5. 

Ex. 1339. The diameter of a circle equals 10 in. Find the length of 
an arc of (a) 60^ (6) 1°, (c) 6^. 

Ex. 1340. Find the area of a circle whose radius is 10. 

Ex. 1341. Find the radius of a circle whose area is 100 sq. in. 
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Ex. 1342. Find the radius of a circle whose circumference equals m 
inches. 

Ex. 1343. Find the ciitoumference of a circle whose area equals 100 r. 

Ex. 1344. Find the area of a circle whose circumference equals 4. 

Ex. 1345. Find the circumference of a circle whose area equals S, 

Ex. 1346. Find the area of a circle whose circumference equals G. 

Ex. 1347. Find the radius of a circle equivalent to a square whose side 
equals 6. 

Ex. 1348. The circumference of a circle equals 10. Find the circum- 
ference of a circle having twice the area of the given circle. 

Ex. 1349. Two concentric circles have their circumferences equal to 
30 and 40 respectively. Find the area bounded by the two circumferences. 

Ex. 1350. Find a semicircle equivalent to an equilateral triangle 
whose side equals 5. 

Ex. 1351. Find the area of a sector whose radius equals 5, and whose 
central angle equals 40°. 

Ex. 1352. A square is inscribed in a circle of radius 10. Find the area 
of a segment bounded by a side of the square. 

Ex. 1353. The radius of a circle is 4. What is the area of a segment 
whose arc is (a) 120°, (6) 60° ? 

Ex. 1354. In the diagram given here, 
AB = BC = C^ = 4, 5 is the center of 
arc ACy and A is the center of arc BC, 
Find the total area. 

Ex. 1355. A is the center of arc BC^ 
B the center of AC, and C the center of 
AB, Find the total area, if AB = 6 in. 

Ex. 1356. A circle has an area of 60 sq. ft. Find the length of an arc 
of 60°. 

Ex. 1357. Show how to inscribe a circle in a given sector. 

Ex. 1358. The radius of a circle is 20 ft. ; the area of a sector of that 
circle is 25 x sq. ft. What is its arc in degrees ? 

Ex. 1359. The area of a sector is 18 ir, the angle of the sector is 80°. 
Find the radius of the sector. 

Ex. 1360. The altitude of an equilateral triangle is 6 in. Find the 
area of the circumscribed and inscribed circles. 
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Ex. 1361. The areas of two circles are as 9 : 4 ; the radius of the larger 
is 6 in. Find the circumference of the smaller circle. 

Ex. 1362. Find the area of a circle inscribed in a square whose area is 
12} sq. in. 

Ex. 1363. If the apothem of a regular hexagon is 4, what is the area 
of its circumscribed circle ? 

Ex. 1364. Construct a circumference equal to the difference between 
two given circumferences. 

Ex. 1365. It requires 41^ rd. of fencing to inclose a semicircular field. 
Find the area of the field. (Assume r = 3^.) 

Ex. 1366. Prove that the star-shaped polygon formed by producing 
the sides of a regular hexagon is equivalent to twice the hexagon. 

Ex. 1367. If AB and BC are tangents, 
/. GO A = 60°, and OA = 10 in. 
Find (a) area OABC, 
(h) area bounded by arc / \c 

AC and the two tangents. 

Ex. 1368. Find the 
area bounded by the arcs 
MN, NO, and OM, if 
each arc = 60° and their 
common radius equals 10. 

Ex. 1369. On the sides of a 
square whose side is 4 in., semi- 
circles are constructed. Find 
the total area. 

Ex. 1370. On the sides of a 
regular hexagon whose side 
equals 2 in. semicircles are 
drawn. Find the total area. 





Ex. 1367 



Ex. 1368 





Ex. 1369 



Ex. 1370 



Ex. 1371. Find the radius of a circle whose circumference numeri- 
cally equals its area. 

Ex. 1372. Find the central angle of a sector whose area is equal to the 
square of the radius. 

[For practical applications see pp. 303 and 304.] 
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MISCELLANEOUS EXERCISES 

Ex. 1373. Find the radius, the apothem, and the area of the following 
regular polygons : 

(a) A square whose side equals 4. 
(&) A square whose side equals s. 

(c) A hexagon whose side equals 2. 

(d) A hexagon whose side equals s. 

(e) A triangle whose side equals 6. 
(/) A triangle whose side equals s. 

Ex. 1374. Find the radius of a decagon whose side equals 8 in. 

Ex. 1375. Find the radius of an octagon whose side equals 4 in. 

Ex. 1376. The side of the regular circumscribed triangle is equal to 
twice the side of the regular inscribed triangle. 

Ex. 1377. The square of a side of an inscribed equilateral triangle is 
equal to three times the square of a side of the inscribed regular hexagon. 

Ex. 1378. If in a circle two chords intersect at right angles, and circles 
are constructed on the segments of the chords as diameters, the area of 
the given circle is equivalent to the sum of the areas of the four circles. 
(Ex. 1236.) 

Ex. 1379. If in a circle a regular decagon and a regular pentagon be 
inscribed, the side of the decagon increased by the radius is equal to twice 
the apothem of the pentagon. 

Ex. 1380. If the radius of a regular pentagon equals unity, prove that 

its side equals jVlO— 2V5. 

Hint. 'In formula of (439) substitute n = 5, then 8^=8^ = x, and 
82n = Sio» whose value may be taken from Ex. 1303. 

Ex. 1381. An equilateral polygon circumscribed about a circle is 
regular if the number of its sides is odd. 

* Ex. 1382. The square of the side of a regular decagon increased by 
the square of the radius is equal to the square of the side of a regular 
pentagon, having the same radius. 

Ex. 1383. If two equal lines are divided externally so that the product 
of the segments of one is equal to the product of the segments of the other, 
the segments are equal respectively. 

* Ex. 1384. Two triangles are equal if the base, the opposite angle, 
and its angle bisector of one are respectively equal to the base, the op- 
posite angle, and its angle bisector of the other. 
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Hint. Circumscribe circles, 'produce bisectors until they meet the cir- 
cumference, and join the point of intersection to one end of the base. 
(Exs. 1060 and 1383.) 

Ex. 1386. If two angle bisectors of a triangle are equal, the triangle 
is isosceles. (Ex. 1303.) 

* Ex. 1386. The square of the side of a regular pentagon increased by 
the square of one of its diagonals is equal to five times the square of the 
radius. (Ex. 1381.) 

* Ex. 1387 A regular pentagon is equivalent to a rectangle having one 
side equal to five times the radius, and the other to J of a diagonal of the 
pentagon. 

* Ex. 1388. The product of the diagonals^ of an inscribed quadrilateral 
is equal to the sum of the products of the opposite sides. (Ptolemy^s 
Theorem.) 

Ex. 1389. An equiangular polygon inscribed in a circle is regular if the 
number of sides is odd. 

Ex. 1390. If circles be circumscribed about the four triangles into 
which a quadrilateral is divided by its diagonals, their centers form the 
vertices of a parallelogram. 

* Ex. 1391. Each angle formed by joining the feet of the three altitudes 
of a triangle is bisected by the corresponding altitude. (Ex. 681.) 

* Ex. 1392. If from any point in the circumference of a circle perpen- 
diculars be dropped upon the sides of an inscribed triangle (produced, if 
necessary) , the feet of the perpendiculars are in a straight line. (Ex. 681 .) 

Ex. 1393. To construct a triangle having given the feet of its three 
altitudes. 

* Ex. 1394. If p„ and P» are respectively the perimeters of an in- 
scribed and circumscribed regular polygon of n sides, and p2nT ^^^ P^ the 
perimeters of regular polygons of 2 n sides respectively inscribed and 
circumscribed about the same circle, prove that P^n is the harmonical 
mean between p„ and P^ ; t'.e. 

Pn + P» 

* Ex. 1396. Using the notations of Ex. 13 94, pr ove that j>2n is the mean 
proportional between p„ and P2„ ; i.e. P2n = ^yPn^L* 



APPENDIX TO PLANE GEOMETRY 

ALGEBRAIC SOLUTIONS OF GEOMETRICAL PROPO- 
SITIONS. MAXIMA AND MINIMA 
PRACTICAL PROBLEMS 

CONSTRUCTION OF ALGEBRAIC EXPRESSIONS 

442. Note. In the following propositions, a, 6, c, d, etc., denote 
given lines, while as, y, ;;, etc., denote required lines. 

443. (1) Construct x = a-\-b, 

(2) Construct x = a — b. 

(3) If m denotes a given number. 
Construct a? = m • a. 

(4) Construct » = — • 

7n 

(5) Construct a? = — • 
^ c 

Hint, a; is the fourth proportional to c, a, and b. 

a* 

(6) Construct » = --• 

(7) Construct »=Va6. 

Hint, x is the mean proportional between a and b (326). 

(8) Construct x = Vc^Tb\ 

(9) Construct x = -Va^-b^. 

(10) Construct a; = aV2. 

(11) If m denotes a known number. 

Construct x = a Vm. 

Hint. » = Va(aw). 

263 
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Ex. 1396. Construct x = - VS by means of an equilateral triangle. 

444. Complex algebraic expressions are constructed by 
means of the eleven constructions of (443). It is quite often 
necessary to transform the algebraic expressions, in order to 
make them special cases of (443). Different algebraic trans- 
formations lead to different solutions. 

Construct : 



Ex. 1397. x = V3a6, 

a; = V(3a)6, 

i,e, X is the mean proportional between 3 a and h, 
or 0! = VabVS, 

i.e. find Va6 by means of (443, 7), and VabVS by means of (Ex. 1396). 

Ex. 1398. ;r=«!jzi?=i«±iK«n61, 

4c 4c 

i.e. find the fourth proportional to 4 c, a + &» and a — 6. 
Ex. 1399. z = Va2 - a6. 



Hint. x =Va(a — 6). 

Ex. 1400. X - Va2 - 6c = Va2 - ( V6c)2. 

I.e. find the mean proportional between b and c, and construct a right 
triangle, having one arm equal to the mean proportional, and the hypote- 
nuse equal to a. 

445. Remark. The expressions to be constructed in 
Geometry are always homogeneous, and either of the first 
or second degree. 

Some expressions may be made ''homogeneous by the introduction of 

unity. Thus x = a6, may be written x = — , t.e. x is the fourth propor- 
tional to 1, a, and 6. 

446. The impossibility of the construction is indicated if : 

(1) The expression is imaginary, 

(2) The value of x is not within the limits indicated by the 
problem. 

(3) Sometimes, if the result is negative. If the required 
line has a certain direction, a negative result would indicate a 
line of opposite direction. 
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Ex. 1401. Construct the following expressions : 

(a) y/2ab, (6) aVS, (c) a + 36, (d) V4 a? - 62. 

(^) a6 + c(l /,.,, oft^c^y 
e \ e e J 

(/) 4a' -6' ^ /f.,. (2a + &X2a-6)\ 



(9) 



1.6. 



(h) Va^ - <fc, (0 ^^, (*) Va2 + 2a6 + 6a-ca. 



(0 Vf+^'- 

(m) V9 a2 - ftc, (i.e. V(3 a)'^ - ( ^66)2). 
(n) av^, (i.e. Va • Va(3a)). 
(o) v^a6cd, (i.e. \VabVcd). 



SOLUTION OF PROBLEMS BY MEANS OF ALGEBRAIC 

ANALYSIS* 

447. If a problem requires the construction of lines, it is 
often possible to state the condition in the form of an equa- 
tion. The solution of the equation gives the unknown line in 
an algebraic form, which may be constructed according to 
(444). 

Ex. 1402. To divide a line externally so that the small external seg- 
ment is the mean proportional between the other segment and the given 
line. 

Analysis. Let x be one segment, then a-{-xis the other, and 

a -h a? : a? = a? : a. 

a^ = a^ + ax. 
The solution of the equation gives 

* This chapter presupposes the knowledge of quadratic equations. 
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As the minus sign would give a negative answer, t.e. an 
internal segment, we have to construct 



-iW(iJ+"'- 



x = - 



.-9 



.^^ 






£ A B 

Construction. 

Draw AB = a. At B, draw BC perpendicular to AB and 

equal to -. 

Draw ACj and produce it to JD, so that CD = CB, 
Then x = ^JD. 

.-. produce BA to E, so that AE^s AD. 
E is the required point. 

448. The analysis used in this problem is called algebraic 
analysis in distinction from the purely geometric analysis given 
in Book I. 

The algebraic analysis contains a proof for the correctness of the con- 
struction, although qdite often a purely geometric proof may be found. 



Ex. 1403. From a triangle ^J?(7, to cut off 
an isosceles triangle AXY, equivalent to one 
half of ABC. 

Analysis. Let 

AX=AY=Xj 
AB = c, 
and AC =i b, 

A AXY : A ABC = «« : 6c = 1 : 2. (Why ?) 



=v?- 
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Construction. Construct x^ a mean proportional between - and &, 

and on AB and AG respectively, lay off ^Xand ^F equal to x. 
Then A AXY is the required one. 

Ex. 1404. To construct a right triangle, having given an arm a, and 
the projection p, of the other arm upon the hypotenuse. 

Analysis. Let x be the projection of a upon the hypotenuse. 

x{x+p)=a\ (Why?) 

a;2 4- xp = a^. 

The minus sign would give a negative answer. 



or 



. •. construct x = 



-iw(i) 



+ as 



Construction. Draw AB = a, and BC perpendicular to AB and equal 
to} p. Drawee 



AC=^{^y + a». 




From (7 as a center, with a ra^ 
dius equal to BC, draw an arc in- 
tersecting AO in D and F. 

Then AD = x, 
and AE = x +p = hypotenuse. 

.'. from ^ as a center, with a ra- 
dius equal to AE, draw an arc 
meeting BC produced in G. 

AOB is the required triangle. 

Ex. 1405. In a circle a diameter AB = 2 r is drawn. From the 
mid-point C of the semicircle AB to draw a chord CD, meeting AB in 
Ej so that DE shall be equal to a given line p. 

Analysis. Let 

CE = X, 0E=: y. 
x2 = y2 4. ^^ (Why ?) 

and aJ-p = (r4-y)(r-y). (Why?) 

Eliminate y and solve. Then 



x 



-i-vf 



+ 2ra. 
Only the positive sign gives a line. 
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Construct 



or transformed, 



X 



=aI(I)'+('v-2)'-| 




Construction. Draw C-4(= r>/2). 

At A, draw AF perpendicular to CA and 

equal to ? . 

Draw CF, On FC, lay off F9 equal to 

Then x = CQ. 

From C7 as a center, with a radius equal 
to CQ, draw an arc meeting AB in E. 
Through E, draw chord CD, which is the re- 
quired chord. 

Ex. 1406. Given lines AB and p. In the 

line AB, to find a point C so that ^"C^ — O? = p^. 

Ex. 1407. In the line AB, to find a point C so that AC^ = 2 CS^. 

Ex. 1408. To divide the larger side of a given rectangle into two 
parts so that the difference of their squares equals the area of the 
rectangle. 

Ex. 1409. Given a line m. To construct a right A abc (c being the 
hypotenuse) so that c— 6 = 6 — a = wi. 

Ex. 1410. In the median AD, drawn to the base of isosceles A ABC, 
to find a point X such that XD and the perpendiculars dropped from X 
upon AB and AC divide the figure into three equivalent parts. 

Ex. 1411. From a point P without a circumference, to draw a secant 
which is bisected by the circumference. 

Ex. 1412. In a given square, to inscribe another square, having a given 
side. 

Ex. 1413. To inscribe a square in a semicircle. 

Ex. 1414. In the triangle ABC, to inscribe a parallelogram equivalent 
to \ ABC and having an angle common with A ABC, 

Ex. 1415. Upon a given line as hypotenuse to construct a right triangle 
one of whose arms is a mean proportional between the other arm and the 
hypotenuse. 

Ex. 1416. To transform a given square into a rectangle having a 
perimeter equal to twice the perimeter of the given square. 
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Ex. 1417. Given two concentric circles. To draw a chord in the 
larger circle so that it equals twice the chord f&rmed in the smaller circle. 

*£x. 1418. To construct a triangle, having given the base, the vertex 
angle, and the bisector of that angle. 

MAXIMA AND MINIMA OF PLANS FIGURES 

449. Def. The greatest of all magnitudes that satisfy given 
conditions is called the maximum; the least is called the 
minimum. 

450. Def. Isoperimetric figures are those which have equal 
perimeters. 

Pboposition I. Theobem 

451. Of all triangles having given two sides, that in 
which those two sides are perpendicular to each other 
is a ma;ximuin. 





Given in A ABC and DFE, AB = DF, AC = DE, Z -i = rt. Z, 
and Z D oblique. 

To prove area ABC> area DEF, 

Proof. From E draw EO 1. DF, 

Then EO < DE^ (Why ?) 

or EQ< AC, 

.*. A ABC and DEF have equal bases and unequal altitudes. 

.-. A ABC > A DEF, (Why ?) 

.*. A^jSC is a maximum. q. e. d. 



Ex. 1419. Of all triangles having given the base and the median to 
the base, which is the maximum ? 

Ex. 1420. Of all parallelograms having given the diagonals, which 
has the maximum area ? 
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Ex. 1421. To divide a given line into two parts each that the rec- 
tangle contained by the segments is a Tnaximnm. 

Proposition II. Theorem 

452. Of all triangles having the same hose and equal 
areas, the isosceles triangle has the minimum perimster. 




Given A ADC = A ABCj and AB = EC. 

To prove AB '\- BC + AC < AD'{-DC + AC. 

Proof. Produce ABhj its own length to E, Draw BD and 
DE. 

BD II ACy 

{for otherwise A ABC wotUd not be =A ADC), 

Z EBD :=ZbAC. (Why ?) 

Z BAC ==ZbCA. (Why ?) 

Zbca=: Z CBD. (Why ?) 

.'. Z EBD = Z CBD. (Ax. 1.) 

But BC = BE, (Why ?) 

and BD is common. 

.'. abdc ^ABDE. 

.-. DC = DE. 
But AD + DE-^AB-i- BE. (Why?) 

.-. AD + DOAB + BCy 

or adding AC, 

AC+AD'\-DC>AB + BC-\- AC. Q. B. D. 
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Pboposition III. Theobem 



453. T%e maximum of isopervmetric triangles on the 
same hose is the one whose other two sides are equal. 




Given A ABC and ABD having equal perimeters, the common 
base ^jS, SLVid ac=CB, 

To prove area ACB > area ADB. 

Proof. Draw median CE and DF II AB, meeting CE in F. 
Draw FA and FB. 
Then CE is the perpendicular bisector of AB, 

.-. AF = FB 
But A AFB = A ADB. 

.*. perimeter AFB < perimeter ADB. 

.-. ^LF+ ^^ < ^D + DB, 

But ^5 -h D^ -f- i>^ = j5 + jbc -h a^. 

.-. DB'\-DA=zBC+ CA, 
.-. ^i^^ + ^jB < jBC + CA. 

But AF =FB and ^C = C^i. 

Hence af^ac. 

.-. ir^ < C^. 
.-. area AFB < area JCB, 
or area ADB < area -iC^. 



(Why?) 

(360) 
(462) 

(Hyp.) 

(Ax. 3.) 

(Sub.) 



(327) 
(358) 

Q. E. D. 



454. Cob. Of all isoperimetric triangles, the equilateral 
has the maximum area. 
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Proposition IV. Theorem 

455. Of all polygons having all sides given hut one, 
the maximum can he inscribed in a semicircle havhig 
the undetermined side as diameter. 




Given polygon ABCDEF the maximum of all polygons having 
given the sides AF, FE, ED, DC, and CB, 

To prove ABCDEF can be inscribed in a semicircle whose 
diameter is AB, 

Proof. Join any vertex, as 7), with A and B. 

Then A ADB must be the maximum of all triangles that can 
be formed with sides AD and DB ; Le, Z ADB must be a rt. Z. 
For otherwise by making Z ADB a right one without changing 
the sides AD and DByWe could increase A ADB without alter- 
ing the remaining parts AFED and DCB of the polygon. Or 
polygon ABCDEF would be increased, which is contrary to the 
hypothesis, since ABCDEF is a maximum. 

.*. Z ADB is a right angle, 

and i) is on a semicircumference that can be constructed on AB, 

For the same reason. every vertex of the polygon must lie on 

the semicircumference. q. e. d. 



Ex. 1422. In quadrilateral ABGD, AB = BO = OD = & given line. 
Determine the angles A, B, C, and D so that ABCD becomes a maximum. 

Ex. 1423. To inscribe an angle in a given semicircle so that the sum 
of its arms is a maximum. 
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Proposition V. Theorem 

456. Of all polygons constructed with the same given 
sideSj that which can he inscribed in a circle is the 
maximum. 





Given polygon ABODE inscribed in a circle, mutually equi- 
lateral with polygon a'b'&D'e', which cannnot be inscribed in 
a circle. 

To prove area ABODE > area a'b'o'd'e'. 

Proof. From A draw diameter AF, and join F to the two 
nearest vertices and D, 

On O'd', construct A o'd'f^ equal to A ODF, and join a'f'. 

Area AB OF > area A *B 'o'f\ (465) 

Area FDEA > area f'd'e'a\ (465) 

.*. area ABOFDE > area A'b*0^f'd'e\ 

But A OFD ^ A 0*F'D\ 

Then area ABODE > area a'b'o'd^e'. (Ax. 5.) 

Q. E. D. 

Ex. 1424. In quadrilateral ABCD, AB = 2 inches, BC=GD=z DA 
= 1 inch. What must be the angles A, B, C, and D to make the area 
ABCD a maximum ? 

Ex. 1425. Determine the angles of pentagon ABODE, if its area is a 
maximum and AB = BC = CD = 2 inches, and DE = EF = 2\/2 inches. 

T 
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Proposition VI. Theorem 

457. Of all isoperimetric polygons of the same num- 
ber of sides, the equilateral is the maximum. 




Given ABODE the maximum of all isoperimetric polygons of 
the same number of sides. 

To prove AB =s BC = CD = DE = EA. 

Proof. Suppose polygon AB'CDE, containing the two unequal 
sides CB' and AB^ were the maximum. 

Then construct on the diagonal AC the isosceles triangle 
AB'Cy isoperimetric with ABC. 

Area AB'c is smaller than area ABC. (453) 

.*. polygon AB^CDE is smaller than the isoperimetric polygon 

ABODE. 

Hence polygon AB'CDE cannot be the maximum. 
Or in the maximum polygon AB = BC. Therefore all sides 
of the maximum polygon are equal. q. e. d. 

458. Cor. Of all isoperimetric polygons of the same num- 
ber of sides, the maximum is regular. 



Ex. 1426. In a given semicircle to inscribe a trapezoid whose area is 
a maximum. 
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Proposition VII. Theorem 

459. Of two isoperimetric regular polygons^ that 
which has the greater number of sides has the greater 
area. 





Given regular pentagon ABCDE isoperimetric with regular 
hexagon H. 

To prove area H > BXQd^ ABCDE. 

Proof. Let F be any point in CD. 

ABCFDE may be considered a hexagon, having one of its 
angles equal to a straight angle. 

ABCFDE is not an equilateral polygon. H is an equilateral 
polygon. 

.% area H > area ABCDE. (457) 

Q. E. D. 

460. Cor. The area of a circle is greater than the area of 
any polygon whose perimeter equals the circumference of the 
circle. 



Ex. 1427. In a given segment to inscribe an angle so that the sum of 
its arms is a maximum. 

Ex. 1428. In a given circle to inscribe a triangle, having a maximum 
perimeter. 

Ex. 1429. The circumscribed regular polygon has a smaller area than 
any other polygon circumscribed about the same circle. 

Ex. 1430. Of all equivalent parallelograms on the same base, which 
has the minimum perimeter ? 
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Proposition VIII. Theorem 

461. Of two equwahnt regular polygons^ that which 
has the greater number of sides has the smaller perim- 
eter. 






Given square A = regular pentagon B, 

To prove perimeter of -4 > perimeter of B. 

Proof. Construct square C isoperimetric with B. 

Area C < area B, 

or area C < area A. 

.*. perimeter of (7 < perimeter of A. 

.'. perimeter of 5 < perimeter of A. 



(449) 



Q. E. D. 



462. Cor. The circumference of a circle is less than the 
perimeter of any equivalent polygon. 
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SYMMETRY 

463. Two points A and A^ are 

symmetric with respect to a point 0, ]< o f>! 

if is the mid-point of AA\ 

464. A figure is symmetric with respect to a point 0, if any 
point in the figure is symmetric 

to another point in the figure with 
respect to 0. 

Thus, ABCDEF is a figure sym- 





metric to 0. Obviously any line drawn through O and terminated by 
the figure, as XOX*, is bisected. If the figure consists of two parts, as 
A MNP and A M'NP'^ the two parts {i.e. the two triangles) are sym- 
metric with regard to 0. 

465. Two points A and A^ 
are symmetric with regard to 
an axis XT, if XT is the per- 
pendicular-bisector of AA\ 

466. Two figures are sym- 
metric with regard to an axis 
XF, if to every point in the 
figure Q, there exists a cor- 
responding point in the other, 
Q\ so that Q and Q' are symmetric with respect to XT, 

Thus, A DEF and A D'E'^ are symmetric with respect to XT, 
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The two figures may also form parts of 
one figure, as GHJK, Then the entire 
figure {GHIK) is said to be symmetric 
with respect to XT. 

467. If two figures I and II are 
symmetric with regard to an axis 
XT and one figure I is turned about XT until it lies on the 
same side of XT as the other figure II, then I and II will 
coincide. 

Conversely, if such a rotation produces a coincidence of the 
figures, they are symmetric with respect to XT 

468. Theorem. If a figure is symmetric with respect to 
two axes perpendicular to each other, it is -symmetric with 
respect to their point of intersection. 

Let A he A point in the figure. There must exist 
another point A' so that AA' XX'T and AB = A'B. 
Similarly there must be another point A" so that 
A' A" ± XT and A'C = A" C. Obviously AA' II XT 
and A' A" II X T. 

Draw AA" . 

Then X T bisects AA", <162) 

Similarly XT bisects AA". (162) 

.-. XT and X T meet A A" in its mid-point. 

Or line AA" is bisected by 0, the point of intersection of XT and 
XT'. Or to any point {A) there exists another A" so that A and A'* 
are symmetric with regard to 0, 




Ex. 1431. A parallelogram is symmetric with respect to the point of 
intersection of its diagonals. 

Ex. 1432. An isosceles triangle is symmetric with respect to the 
median drawn to the base. 

Ex. 1433. Quadrilateral A BCD is symmetric with respect to the 
diagonal AQ, if AB = AD, and BC = CD. 

Ex. 1434. A regular polygon is symmetric with respect to its center. 
Ex. 1435. Two figures symmetric with respect to an axis are congruent. 
Ex. 1436. Two figures symmetric with respect to a point are congruent. 
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THE INCOMMENSURABLE CASE BASED UPON 

LIMITS * 

469. A constant is a quantity that maintains the same value 
throughout the same discussion. A variable is a quantity 
whose value changes during the same discussion. 

Two quantities are commensurable if they have a common 
measure. Two quantities are incommensurable if ihey have no 
common measure. 

470. If a variable x approaches a Constant a so that the dif- 
ference between a and x becomes less than any conceivable 
number^ then a is called the limit of x. 



For example, suppose a 



point P to move from ^ to B A C D E B^ 

in such a way as to move in 

the first second over half of AB to C, in the second second, over half of 
the remainder, CJ?, to 2), in the third second over half of the new remain- 
der, 2>B, to Ey and so on indefinitely. 

It is evident that the distance from A to the moving point P is a 
variable whose value can be made to differ from AB by less than any 
assigned quantity, although it never can be made equal to AB. 

AB is therefore the limit of the variable. 

Ex. 1437. What is the limit of .909 ...? ' . 

Ex. 1438. What is the limit of 6 + 3 + f + } + — to infinity ? 

471. Theobem. If two variables, x and yj are always equal 
and X approaches a as a limit, then y approaches a as a limit. 

Proof. a — x=sa — yj and a — x can be made less than any 
assignable number. 

Hence, a — y can be made smaller than any assignable 
number. 

,\y approaches a as a limit. 

472. CoK. If two variables are always equal and each approaches 
a Umit, the limits are equal. 

* For greater detail of limits see §§ 418 to 422. 
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Proposition I. Theorem 

473. In the same circle^ or in equal circles^ two central 
angles have the same ratio as their intercepted arcs. 




Giyen in the equal circles ABC and A'B'C\ two central angles AOB 
and A'O'B', intercepting the arcs AB and A B' respectively. 

Toproye Z AOB ^ AB 



ZA'O'B' ^ 

Proof. Case I. When the arcs are commensurable. 
Let m be a common measure contained in AB five times and in A'B' 
four times. 

Then, ^ = -' 

aJb' ^ 

Connect the points of division with the center. Then ^ AOB will have 
been divided into 6 parts and Z. A' O'B' into four, all being equal. (188) 

Whence ^AOB ^6 q.b.d. 

Z.A'0'B' 4 

Hence if J:^ = ?,then 

ZAOB AB (^^Ij 



/. A' O'B' A'B' 
But obviously, this conclusion can be demonstrated in like manner if 

equals any other fraction. Hence, 

A!Bf 

ZAOB AB 



ZA'aB' ^, 



Q. E.D. 
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Case II. When the arcs are incommensurable. 
Divide AB into any number of equal parts, and apply one of those 
parts to A'B' as many times as possible. 





Since AB and A'B' are incommensurable, there must be a remainder 
C'B' less than one of the equal parts. 
Draw O'C' 
Since the arcs AB and A'O are commensurable, 

JjC' ^ /.A'QfC 
^ ZAOB ' 

By increasing the number of parts into which AB is divided, we 
can diminish the length of each part, and, therefore, the length of C'B' 
indefinitely. 

Hence A'C approaches A'B' as a limit, and ZA'O'C approaches 
^^'0'5'asalimit. 

Therefore —^^ approaches —^ as a limit, and ^ approaches 

AB AB ZAOB 

ZA'O'B' K .^ 

, T^ as a limit. 

ZAOB 

A'C AA'O'C 

The variables —^i:::^ and "^ being always equal, must have equal 

AB ZAOB 

limits. (472) 

Whence ^^ZA'O'B' ^ 

^ ZAOB 

Q.E.D. 

474. Cor. A central angle is measured by its intercepted 
arc. 
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Proposition II. Theorem 

475. A line parallel to one side of a triangle divides 
the other two sides proportionally. 



Giyen in A ABC^ DE parallel to BC. 

To proye AD : DB = AE : EC. 

Proof. Case I. AD and DB are commensurable. 
Let m be a common measure contained in AD a times and in DB h 
times. 

Then 4^ = 1 

DB b 

Through the points of division of AB draw parallels to ^C These 
lines divide AE into a parts and EC into h parts, all being equal. (152) 

AE a 



YHience 



EC b 

AD_AE 
DB EC 



Case II. AD and DB are incommensurable. 

Divide AD into any number of equal parts, and 
apply one of those parts to DB as many times as 
possible. 

As the lines AD and DB are incommensurable, 
there must be a remainder, B'B^ less than one of 
the equal parts. 

Draw JB'C parallel to 5 a 

The lines AD. and DB' are commensurable. 

. AD _ AE 
' ' DB' EC ' 



(Ax. 1.) 
Q.E.D. 
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By increasing the number of parts into which AD is divided, we can 
diminish the length of these parts, and therefore the length of B'B 
indefinitely. 

Hence DB' approaches DB as a limit, and EC approaches EC as a 
limit. 

AD AE 

The variables -^^r and -rrrn , being always equals, must have equal 



DB' 



Ea 



limits. 
Whence 



AD^AE 
DB EC 



Proposition III. Theorem 



(472) 

Q. E. D. 



476. Rectangles having equal altitudes are to each 
other as their basses. 



D' 



c' 



m 



8 



K' 



B' 



Given in rectangles ABCD and A'B'C'D', altitude AD = altitude A'D*. 

- ABCD _ AB 

TO prove ^,^, ^^^, ^,^, ' 

Proof. Case I. AB and A'B' are commensurable. 
Let m be a common measure contained in AB a times, and in A'B' 
h times. 

[To be completed by the student. Compare (475).] 

Case II. AB and A'B' are incommensurable. 

Divide AB into any number 
of equal parts, and lay off one 
of these parts on A'B' as many 
times as possible. 



F C' 



B 




E B 



Ab AB and A'B' are incom- 
mensurable, there must be a remainder, EB', less than one of the equal 
parts. 

I)T2i,wEF±A'B'. 

As AB and A'E are commensurable, 

ABCD ^ AB 
A'EFD' A'E 



284 PLANE GEOMETRY 

By increasing the number of parts into which AB va divided, we can 
diminish the length of these parts, and, therefore, the length of EB' 
indefinitely. 

Hence, A'E approaches A'B' as a limit, and A'EFD' approaches 

A'B^C'D' as a limit. 

A BCD A.B 

The variables -==^^-5^^ and -^=— being always equal, must have equal 
A'EFD' A'E "6 -^ ^ ' ^ 

limits. 

ABCD AB 



Whence 



A'B'C'D' A'B' 

Q. E. D. 



PRACTICAL APPLICATIONS OF PLANE 
GEOMETRY 



1. In order to determine tiie 
distance across a river AB, we 
measure AA' at right angles to 
AB, and place a stake at C, the 
mid-point of AA'. From A' we 
walk in A direction perpendicu- 
lar to A A' until we reach the 
point B', which is in a straight 
line with B and C. Which dis- 
tance must we measure in order 
to obtain the width of the river? Why? 

2. Show what line we have to measure in order to determine the 
width of a lake AB, if we make Z^CB = ZACB' aodBB'XAC. 

3. In order to meaanre the distance of 
a tree T from a steeple S, both on the other 
side of a river, I locate a point A in the 






■ It Is strongly recom mended tbat stadentn measure some angles in the 
field b7 means of a transit, a plane table, a seztaut, ete. It is not necessary 
tbat sncb instraments be very elaborate, and even very crude ones, made ol 
two paper protractors, a rnler, and a few pins, are serviceable. 
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prolongation of ST, take a line ABy and place a stake at its mid- 
point C. From B I walk in a direction BS' so that Z£ = /LA, and 
put stakes at the point V which lies in the prolongation of TC, and 
B at the point S\ which lies in the pro- 

longation of SC. Which line must 
I measure ? Prove your statement. 




Ex. 4 




Ex. 5 





B 



4. Show how the annexed Angle Divider can be used to obtain the 
bisector BD of any angle ABC. 

5. Show how a ruler and a triangle can be used to draw a line CD 
parallel to a given line AB, 

6. A triangle is placed against a 
niler in the two positions which are in- 
dicated in the diagram, and the position 
of ^B is in both cases the same. How many degrees are in angle B*i 

7. To measure the distance AB, we walk from B toward D so that 
ZB = 60°, until we reach C, 
a point at which 

ZACB=QO°, 
•What line must we measure 
to obtain ^jB? Why? 

8. At a point C, 80 ft. from 
the foot of a pole AB, the 
angle ACB was found to be 45°. 
How high is the pole ? 

9. Walking along the bank of a 
river from -4 to C, a surveyor meas- 
ures at B the angle ABS, and walk- 

ing 800 ft. further to C, he found 

angle BCS to be one half of angle ABS, What is the distance J^^S? 



/as"" 



Ex. 7 



Ex. 8 
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10. Find the length AB of 9. lake from the 
following measurements : Z DAB = 138°, Z. C 
= 42°, ^ C = 610 yd., BC = 400 yd. 

11. A man in a balloon B measures the 
angles which a horizontal line HH' forms 
with the lines drawn to two towns T and 
V as follows : ZHBT= 40% ZWOV = 70°. 
If the distance of the towns is two miles, and 
if the balloon is directly above the line TV, 
what is the distance of the balloon from T? 



12. A ship sailing north at the rate of 10 mi. 
per hour occupied at 8 a.m. the position S^ and at 
10 A.M. the position 5'. How far was the ship at 
10 A.M. from a lighthouse L, if Z S — 43° and 
ZNSfL = 86°'f 




N 



-*L 



13. In the diagram given here (and in the diagram of similar 
exercises) MM' represents a mirror perpendicular to the plane of 
the paper, and all other lines rep- 
resent lines in the plane of paper. ^ 





If PP is ± MM, IP is a ray of light and PR is the reflected ray, 
then Z i ('* angle of incidence ") always equals Z r (" angle of reflec- 
tion "), hence Za=Zh. 

If rays emitted from a point A are reflected by a mirror MM', 
prove that we obtain the reflected rays (i.e. make the necessary angles 
equal) by the following construction : Draw AB 1. MM' and produce 
AB by its own length to A', Draw A'P, PR, the prolongation of 
A'Py is the reflected ray. 
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14. A billiard ball is reflected by a cushion 
according to the same law as a ray of light is 
reflected by a mirror. I,e. the angle of inci- 
dence equals the angle of reflection. (Ex. 13.) 

The billiard ball ^ is to hit a point P in 
the cushion CD, and be reflected therefrom so 
as to strike B, Determine the location of P by a construction. 

15. If the ball a shall first strike cushion CD, then cushion DE, 
and finally hit B, construct the path of the billiard balL 

16. The ray IP is reflected by MM in 
the direction PR, and if the mirror is 
turned 10° in the position MM' {Z, MPM^ 
= 10°) the same ray is reflected in the di- 
rection PR'. Find Z RPR'. 

17. Solve the same problem if 

ZMPM^n"". 

Note. The result of this problem forms 
the principle of the sextant, an instru- 
ment used chiefly by sailors, for measuring angles. 

18. Two mirrors MO and NO form an angle 
equal to 45°. If a ray AB is reflected in the 
direction BC, and BC in the direction of CD, 
find the angle formed by the first and last ray 
(i.e. Zx),\i 

(a) Z ABM = 70^ 
\h) ZABM =n°. 

Note. The preceding exercise explains the 
principle of an instrument (called "optical 
square ") which is used to lay off right angles. 

19. The annexed diagram represents a 
portion of a map, A B,nd B two towns, and 
CD a railroad. 

It is proposed to build a station, S, which 
is just as far from A as from B. Locate S by 
a construction. 
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S!5^v>JJ5;^5j§^!^§^5S^^ 





$S^$5!5«J^/,^!§SJ§5SSS§§S$SS!^^ 



20. A, B, and C represent the locations of 
three towns (on a map). It is proposed to build 
a common schoolhouse, S, which is equally far 
from Af By and C By a construction locate S, 

21. From a ship which sails N.E. (i.e, north- 
east) at the rate of 6 mi. an hour, a lighthouse 
is observed. At 9 p.m. the lighthouse appears exactly East, at 11 p.m. 
it appears exactly South. At what hour was the ship nearest to the 
lighthouse and what was the 

distance between them at this 
hour ? 

22. Explain how the instru- 
ment represented in the figure 
can be used to draw lines (e.g, 
CD) parallel to a given line 
AB [M, Ny Oy and P are pivots, MO = NPy and MN = OP]. 

23. To measure the 
distance from A to B, 
two points on opposite 
sides of a hill, lay off 
two lines, ^ C and BD, 
both running due 
north, and make 

AC = BD. 
Which line must be 
measured to obtain the 
length of ^B? Why? 

24. Explain how an 

ordinary ruled sheet can be used to divide a given line AB in 6 equal 
parts. Under what conditions is it im- 
possible to use this method ? 

25. To divide a strip AB into 5 
equal strips by lines parallel to A and 
By apply a ruled sheet as indicated in 
the figure and obtain the 4 points a, b, 
c, d. In like manner obtain a', b', c', 
and d'y and join the corresponding 
points. Prove this construction. 

u 





Ex. 23 



Ex. 24 
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26. Show how to determine the distance 
between two points A and B, which are 
separated by a house, by measuring the 
following lines: -42) = 9 yd., AC = 18yd., 
EC =11 yd., C5 = 22 yd., and D^ = 10 yd. 



27. To measure the distance AB, ?k man 
walks in the direction -4Z>, so that Z 5^Z>=60°, 
and stops at a point C, where A BCD = 90°. If 
AC = 200 yd., what is the length of ABl 



28. The top of a flagstaff, 75 ft. high, is 
partly broken and touches the ground at B. 
Find the height of ACy if ZB = S0\ 



29. To measure the height, AB, of a 
tower, a man walks on a level straight 
road DC A that leads directly to the foot of 
the tower. At D, Z BDA = 15°, and at C, 
A BCA = 30°. Find AB, if DC = 300 ft. 

30. AB \^ 2k perpendicular cliff 
rising at one side of a river. 
An observer at a point C, 20 ft. 
from the opposite bank, measures 
/.ACB = 60°, and walking 200 ft. 
further away from the river to D, 
he measures Z BDA = 30°. Find 
the breadth of the river. 

31. A straight railway AB meets a moun- 
tain at C, and a tunnel is being driven at C 
in the direction A C It is proposed to com- 
mence this work at the other side of the 
mountain also. Angle ABD is made equal 
to 150°, -B2> = 3 km., and Z i> = 60°. How 
far from D in DE must the tunnel be 
driven, and what is its direction? 







— 1 
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BOOK II 

32. The figure represents an instrument 
used for locating the center of circular disks. 
Three pieces of metal are so joined that the 
edge AB bisects the angle formed by BD and 
BEy BD and BE being equal. Prove that AB 
passes through the center of the circle. 



33. The next figure represents the 
same instrument applied to a much 
larger disk. Prove that AB passes 
through the center. 



34. The angle of elevation 
or angle of depression of any 
object A as observed from 0^ 
is the angle 'which the ^ 
line from the eye ^^"^ 
of the observer 




.-.-• 



A 

A 



0-^ 




to the object makes with a horizontal line in the same plane. 

If the object lies higher than the observer, the angle is an angle of 
elevation, as Ze, If the object lies lower than the observer, the angle 
is an angle of depression, as Zd, 

Prove that the angle of elevation of an object may be measured 
as follows : A quadrant is placed in vertical position so that the pro- 





-A 
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longation oi BO passes through A. (This is done by means of 
^ sights " attached at BO.) A plumb line OD, held by a pin at O. 
intersects the arc BC at E. The angle of elevation is measured by 
arc EC. Similarly arc C'E' measures the angle of depression d. 

35. Prove that a diameter of a circular disk 
may be drawn from A as follows : Place a rectan- 
gular sheet of paper so that one yertex, By lies in 
the circumference, and the adjacent side passes 
through A. C is the other end of the required 
diameter. 

36. Justify the following method for 
testing the accuracy of a semicircular 
groove: Place a carpenter's square in 
the position indicated in the figure. If 
its vertex touches every point of the 
groove as the square slides around, the 
groove is a true semicircle. 

37. If A and B are two lighthouses, 
and dangerous rocks lie within the circle 
ABC, while all points without the circle 
are navigable, prove that a ship S is not 
in danger of striking the rocks as long 
as ^ «Si is less than A C. 

Note. The following six constructions 
(88 to 43) should be carried out by means 
of protractor and ruler. The required 
lines, or angles, should be found (approxi- 
mately) by measurement. 

38. A vertical pole 25 ft. high casts a shadow 40 ft. long. What 
is the angle of elevation of the sun ? (Let one inch represent 20 ft.) 

39. A perpendicular cliff rises from the bank of a river. The 
angle of depression of the other bank, as observed from the top of 
the cliff, is 40°. K the cliff is 120 ft. high, what is the breadth of the 
river? (Let one inch represent 60 ft.) 

40. At a horizontal distance of 80 ft. from the foot of a tower, the 
angle of elevation of its top is 50°. Find the height of the tower. 
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41. From a window 60 ft. above the ground 
the angles of depression of the top and the 
bottom of a monument are observed to be 20° 
and 40°. Find the height of the monument 






-H 



\ 




42. From two stations A and j5, on opposite 
sides of a cloud, the angles of elevation are found 
to be ^ = 60°, B = 70°. Find the height of the 
cloud if AB = 2 mi. 



A B 

43. If the radius of the equator is 4000 mi., what is the radius of 
the parallel 40° N. ? (Make 2000 mi. = 1 in.) 

44. On a map CD represents a road and 
A and B two steeples. A man walking on 
the road from C to Z> measured at a certain 
point X, the angle AXB — 45°. He also 
noticed that X was nearer to B than to A, 
Locate the point X on the map. 

45. A, B, and C are three points on a map. 
At a certain point X, a surveyor measured 
Z AXB = 90° and ZAXC = 60°. Locate the 
point X on the map. 




lO 



46. At the rectangular intersection of two 

streets the corner of the sidewalk is sometimes 

"rounded off." Construct the arc representing ^ 

the rounded comer if its radius equals 25 ft. 

and if we assume the scale 1 : 500 (i.e, 1 in. in 

the drawing represents 500 in.). 

I. ^ ^ 

47. Solve the preceding problem if the streets intersect at an 
acute angle. 
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48. A wheelman riding in the direction AB (II DH) ivishes to turn 
the corner by moving in a circular path so that the nearest approach 
to the sidewalk is indicated by the point C He continues his ride in 
the direction EF (II HG). If CH bisects Z. H, and the distance of the 
first parallel lines (AB and DH) is equal to the distance of the second 
pair (HG and EF) construct the arc representing his path. 

* I 
I 

.1 . 



!/ 





Ex.48 



Ex.49 



Ex.50 



49. Solve the analogous problem for the track of a street car line. 

50. ** Round off " the corner C, made by a straight street and a cir- 
cular one, by constructing a circle whose radius equals a given line r. 

51. Construct a Gothic arch similar to the one in the diagram, if 
the span AB and the height CD are given. (The unknown centers 
of the arcs -4D and BD lie in AB.) 






Ex.52 



Ex.53 



52. A Gothic arch ABC is equilateral, if ^ is the center of BC 
and 5 is the center of A C. 

Inscribe a circle in an equilateral arch. 

53. Construct the annexed figure, which consists of three equi- 
lateral arches and a circle touching the three, if ^B is given. 
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54. The shadow of a steeple upon level ground is 120 ft., white a 
pole 8 ft long casta a shadow 3 ft. long. How high is the steeple ? 



55. To determine AB, the width of a river, 
measure ^C at right angles ia AB, and CD 
at right angles ia AC. By sighting from D to 
B locate the point E. What is the length of 
^Sif .d£ = 200ft., £C=25ft., BC = 20ft? 



56. Show how the distance A B, which cannot 
be measured directly, may be determined by the 
following measurements : AE^SOft., EC=20 
ft, DB = 100 ft., DC = 25 ft., ED = 80 ft. 




57. The location of the 

image A' of a point A, formed 




approximately found by 
drawing a straight line A A' 
through the center of the lens 
L. If CE ia the position of 
the photographic plate, then A'B' is the image of AB. How large 
is A'B if AB = 6 ft., LD = 12 ft, and LF=n in.? 

58. The top of a tower .^B appears in B 
a straight line with D, the top of a pole '■•^^ 

DC, when viewed from E. If EA is ''"^^ 

horizontal, EC = i ft, DC = S ft., and """""f-- 

CA = 36 ft, what ia the height of the j '''-,^^ 

tower? h C e 
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59. An observer sees the re- 
flected image of the top of a tree 
formed by a pool of water in 
the direction EV. If FPA is 
a horizontal straight line, both 
EF and TA are perpendicular 
to FPA, EF = 5 ft., ^P = 8 ft, 
and PA = 30 ft. ; find the height 
of the tree. 



60. If the side of the square in the dia- 
gram ('' diagonal square ") is unity, show 
how we may measure .1, .2, .65, .34, etc. 



61. A pantograph is a machine for drawing a figure JIfiVO similar 
to a given figure mno. It is used for enlarging and reducing maps 
and drawings. It consists 
of four bars, which are 
jointed a.t A, B, C, and Z), 
and which are made par- 
allel by making AB = DC 
and AD = BC. P turns 
about a fixed pivot, and 
pencils are carried at D 

and E. The length of PA and CE is so adjusted that 
Prove that (1) P, D, and E are in a straight line, (2) 





PA DC 



AD 
PD 



CE 
PA 



PE PB ' 

(3) any straight line MN is parallel to mn and = — ^ , (4) any 

mn PB 

triangle MNO drawn by the pantograph is similar to the given 
triangle mno. 



62. The figure represents an instrument (proportional 
compasses) for obtaining a line CD which is any given 
fraction of a given line AB. By adjusting the length of 
OC, OD we may make this fraction equal to J of AB, etc. 
Prove that CD = i of AB, if OC=i OB and OD=i OA. 
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63. A map is drawn to the scale of 1 in. to 100 mi. How far 
apart are two places that are 3^ in. apart on the map? 

64. A man walking at the rate of 3 mi. per ^f c R 
hour on a straight road ah which is parallel to 
a straight railroad RR' observes that a pole P 
appears in the same line of sight with a point 
C of a moving train. If the distance of P from 
''b is 10 ft. and the distance between RR' and 
ab is 100 ft., what is the rate of the moving 
train ? Does it move at uniform speed ? 

Note. The following examples which relate to the earth can often be 
simplified by bearing in mind that some numbers are only approximations. 
Tiius, if a secant equals SOOO^Sf^ mi., we may drop the fraction and 
make it equal to 8000, since the error in assuming the diameter of the 
earth as 8000 is much greater than the small fractions. Similarly we may 
measure the distance between two points on the earth^s surface by a 
straight line instead of an arc, etc. 

65. If the diameter of the earth is 8000 mi., 
how far can you see from (a) a lighthouse 96 ft. 
high? (b) From a mountain 2400 ft. high ? 




66. Prove that n, the number of miles one can see at sea from an 

67. A swimmer places his eye at the surface of a smooth lake, and 
finds that the top of a sailboat 4 mi. away is just visible. How high 
is the top of the sailboat above the water ? 



L 



68. From the deck of a steamer 24 ft. above 
the sea the top of a lighthouse that is 40 ft. high 
can just be seen beyond the horizon. Find the 
distance between steamer and lighthouse. 



€) 
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69. From the deck of a steamer which is 54 
ft. above sea level the top of the mast of a sail- 
boat appears in line with the horizon. If the 
sailboat is 2 mi. distant from the steamer, find 
the height of its mast. 




70. From the deck of a steamer 
which is 54 ft. above sea level an ice- 
berg is sighted and the height of its 
visible part is divided by the line of 
the horizon HH' into two parts a and 
h so that a = 3 ^. If the distance of 
the iceberg from the steamer is 3 mi., find the height of the iceberg. 

71. From a point 6 ft. above sea level the visible horizon has a 
radius of 3 mi. Find the diameter of the earth. 

72. The Harder funicular railway near Interlaken (Switzerland) 
has a length of 1593 yd., and an inclination of 30^ If the lower 
station has an elevation of 1900 ft. above sea level, find the elevation 
of the upper station. 

73. A skyrocket is seen to explode at an angle of 
elevation A — 45^. If the flash is seen J sec. before 
the report of the explosion is heard, find the height of 
the skyrocket when it explode^. (Assume velocity of 
sound equal to 330 meters per second.) 

74. The strongest beam that can be cut from a 
given round log is the one in which the height AB 
is to the width BC as V2 : 1. Draw a diameter AC 
and construct B so that AB : BC = \/2 : 1. 



75. What is the distance between two points 
A and B on opposite sides of a hill if ^C=20 rd., 
BC = 32 rd., and ^ C = 60° ? 
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--' 



.'-- 



/ 



^ 



76. A vertical pole on a horizontal plane casts a shadow 50 ft. 
long when the angle of elevation (usually called " altitude ") of the 
sun equals 30°. Find the height of the pole. 

77. From a cliff 300 ft. high, the angle of depres- 
sion of a ship is 45^ Find the distance of the ship 
from the top of the cliff. 



78. A sailing vessel is propelled by the 
wind in an easterly direction at the rate 
of 10 mi. per hour. At the same time a 
current carries it N. E. at the rate of 8 mi. 
per hour. What is the true speed of the 
vessel per hour ? 

79. The angle of elevation of an inac- 
cessible point P, measured at A^ equals 
45°. At a point B, 500 ft. more distant, 
the angle of elevation of P equals 22° 30'. ^^^ 
If -4 B is a horizontal line, what is the ele- ^ 
vation of P above A ? 



80. From a balloon which is directly above one town the angle of 
depression of another town is found to be 30°. Find the height of 
the balloon if the towns are 3 mi. apart. 

81. Two observers on opposite sides of a cloud measure the angles 
of elevation ; ^ = 45' and B = 67° 30'. Find the height of the cloud 
if ^5 = 3 mi. 



82. A flagstaff 30 ft. high stands on top of a 
mound, and the angles of elevation of the top 
and the bottom of the pole are respectively 60° 
and 30°. Find the height of the mound. 



83. The track ABC consists of a straight line 
AB and the arc BC, Find the radius of arc 5C ^ 
if line BC = 50 yd., and the perpendicular CD 
dropped upon the prolongation oi AB equals 4 yd. 
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84. A circular track is to be constructed so 
as to pass through the points A^ B, and C. If 
AB = 60 yd., BC = 30 yd., and i4C = 70 yd., 
find the radius of the arc ABC, 



/'::^N 



\\ 



L^:. :^ 

A C 



BOOK IV 

85. To measure the area of a quadran- 
gular field ABCDf a surveyor measures 
the perpendicular drawn to a line NS 
and the segments made on NS as follows. 
AD' = 6 rd., AC = 6 rd., C'B' = 4 rd., 
D'D = 7 rd., C'C = 12 rd., and B'B = 4 rd. 
Find the area of A BCD, 



86. Determine the area of a pentagonal field ABCDE, if AB = 18, 
BC = 24, CD = 28, DE = 24, EA = 10, AC = 30, and AD = 26. 





87. An irregular quadrangular field A BCD must 
be divided into three equivalent parts by lines pass- 
ing through A, Construct the lines of division. 



88. On a map whose scale is 1 : 500, how many square feet are 
represented by a polygon equivalent to 3 sq. in. ? 



89. From a given round log a rectangular beam 
is to be cut so as to make its cross section ABCD as 
large as possible. Construct ABCD. 



90. A triangular field must be divided into 4 equivalent parts 
by lines parallel to one side. Construct the lines of division. 
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BOOK V 
91. Construct the following patterns. 




92. It is claimed that a rectangle (e.g. an envelope, a window, a 
picture, etc.) is most pleasing to the eye if its length and its width 
have the same ratio as the segments of a line which is divided in 
extreme and mean ratio. If a window is 4 ft. wide, what should be 
its height, if the two dimensions have the above-mentioned ratio ? 

93. The side of a tower whose base is a regular hexagon measures 
10 ft. Find the area of the ground occupied, by the tower. 



B X 



94. AB, the side of a regular octagonal i> 
tower, equals 8 ft.; find CD, the distance be- 
tween two opposite walls. 





95. Find the area of the ground covered by the tower described in 
the preceding exercise. 

96. The linoleum pattern in the figure consists 
of regular octagons (white) and squares (black). 
If the side of the squares equals 2 in., what is the 
length of A By the distance between two opposite 
sides of an octagon? 

97. In the same figure find the area of an octa- 
gon (AD = 2 in.). 

98. If the length of -45 is given, construct the pattern of the pre- 
ceding exercise. 

99. If the length of AB (preceding figure) equals 6 in., calculate^ 
the side of a square. 
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A — H 





100. The floor of a room whose length 
is A B is covered with regular hexagonal 
tiles. How many tiles are in one row that 
extends over the entire length (^4^) of the 
room, if each side of the hexagons equal 
2 in., AB — 10 ft., and the tiles are placed 
in the position indicated in the figure? 

101. The approximate value of the circumfer- 
ence of a circle is sometimes found by carpenters 
as foll)ws. Draw the equilateral triangle A OB 
and produce its altitude OD to E, The circumfer- 
ence equals Q AO -\- DE* Find the error if ir is 
equal to 3.1416. 

102. Two wheels A and B are connected by 
a belt, and their radii are respectively 2 ft. and 
9 ft. If the larger wheel (B) makes 40 revo- 
lutions per minute, how many revolutions per 
minute will the smaller wheel make ? 

103. In the figure of the preceding exercise 
find the length of the belt if AB = 14 ft. (Radii are 2 ft. and 9 ft.) 

104. The gauge of an automobile (i,e. the distance b.etween two 
wheels on the same axis) equals 4 ft. 8} in. How many inches more 
than an inner wheel does an outer wheel travel when the car turns 
around a rectangular corner ? 

105. The circumference of the equator is (approximately) 26,000 
mi. Imagine a concentric circle 
whose circumference is 1 ft. longer. 
What is the difference of the radii 
of the two circles? 




?r?r?r 



106. The annexed figure repre- ^ +-• — + ^-^->|B 

sents a small wire fence used to pro- 
tect flower beds, etc. How many 
feet of wire are needed per running 
foot of fence ii AB = 1 ft, CD = 9 
in., DE = 3 in. ? Ex. 106 

, 107. If two streets meet at an angle of 120^, and an automobile 
turns from one into the other, what is the difference between the dis- 
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taiices traveled by an outer and an inner wh6el of an automobile ? 
(Gauge 4 ft. 8J in.) 

108. The span of a circular arch AB 
equals 10 ft., and its height CD =2 ft. Find 
the radius of the arch. 

109. If the earth's orbit be assumed to be a circle whose radius = 
93,000,000 mi., and the year = 365 da., how many miles per hour does 
the earth travel ? 

110. Find the area of an equilateral (lothic 
arch^BC, if ^C = 4ft. 

111. In the same figure, what is the area of 
each of the smaller equilateral arches if ^Z> 
= Z)C = 2 ft.? 

112. In the same diagram, what is the area ^ 
of the circle that touches the three equilateral arches? 



113. A sidewalk 5 ft. wide turns a comer. 
Find the area of the curved portion of the side- 
walk if the radius ^5 = 8 ft. and Z ^ = 60°. 






114. Determine the area of the 
curved portion of the road drawn in 
the figure, if AB = 90 ft., BC = 50 ft., 
CD = 90 ft., ZA= 45^ and Z Z) = 60°. 



115. How many miles per hour does a point whose latitude equals 
45° travel in consequence of the earth's rotation about its axis P if 
we assume the diameter of the earth equal to 8000 mi., and the time 
of one rotation equal to 23 hr. 56 min.? 

116. It is found that a water pipe whose diameter is 2 in. sup- 
plies half the amount of water that is needed in a building. What 
would be the diameter of a pipe that would supply the entire required 
amount of water ? 
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117. What should be the diameter of a water pipe that supplies the 
same amount of water as both an 8-in. and a 6-in. pipe, if we assume that 
all other conditions, as pressure, etc., are the same in the three pipes ? 

118. A rail 50 ft. long must be bent through *^\ / 
what angle (£.«. ^ formed by perpendiculars at its \ / 
end) if the radius of curvature equals 360 ft. ? \ / 

Y 

119. In laying a curved track, a rail 55 ft. long is bent through 
an angle of 17° 30'. Find the radius of curvature. 

120. If is the center of arc AB, BC ± OA, and ZO is small, 
then the difference between AB and BC ia very small. If we have to 
find the value of BCy we may, in such cases, 
find the length of arc AB instead. If Z 0=4°, 
the error due to this simplification equals 
.00005 of the result, and for smaller angles the 
error is much smaller, since it is approxi- 
mately proportional to the cube of the angle. 

li BC IB & tower standing on a horizontal plane A 0, BO = 2000 ft. 
and ZO = 2°, Find the height of the tower. 

121. The apparent diameter of the 
moon equals 30', i.e, a line EM drawn 
from earth (E) to the center of the 
moon (M) and a tangent EA include 
an angle of 15'. If EM=2^3,0OO mi., 
find the radius of the moon. 

122. The apparent diameter of the sun is approximately the same 
as that of the moon (preceding problem). What is the diameter of 
the sun if its distance from the earth equals 93,000,000 mi. ? 
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BOOK VI 

LINES AND PLANES IN SPACE — POLYHEDRAL 

ANGLES 

477. Dep. Geometry of space or solid geometry treats of fig- 
ures whose elements are not all in the same plane. (17) 

478. Def. a plane is a surface such that a straight line 
joining any two points in it lies entirely in the surface. (14) 

A plane is determined by given points or lines, if one plane 
and only one, can be drawn through these points or lines. 

Proposition I. Theorem 

479. A plane is determined : 

(1) By a straight line and a point loithout the line. 

(2) By three points not in the same straight line. 

(3) By two intersecting straight lines. 

(4) By two parallel straight lines. 

(1) To prove that a plane is determined by a given straight 
line AB and a given point C. 

Turn any plane EF passing through AB about -45 as an axis 
until it contains C. 

If the plane, so obtained, be turned in either direction, it 
would no longer contain C. 

X 305 
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Hence, the plane is determined hj AB and C 

(2) To prove that three given points A, By and C determine 
a plane. 

Draw AB, Then AB and C determine the plane. (Case 1.) 

(3) To prove that two intersecting straight lines AB and AC 
determine a plane. 

[Proof by the student.] 

(4) To prove that two parallel 
lines AB and CD determine a plane. 

The parallel lines AB and CD lie 
in the same plane by definition. 

Since AB and the point C deter- 
mine a plane, the two parallels de- 
termine a plane. 

480. CoB; The intersection of two planes is a straight line. 

For the intersection cannot contain three points not in a 
straight line, since only one plane can be passed through three 
such points. 

Note. Constructions in solid geometry are usually treated as if we 
possessed the physical means of making a plane that is determined by 
any of the above elements. Obviously this could be done only if we em- 
ployed models. With ruler and compasses the work is largely symbolic ; 
i.e. we obtain pictures which are symbols of the figures to be constructed, 
but we do not always obtain the required figures themselves, as we do in 
plane geometry. 

Why is a photographer's camera or a surveyor's transit supported by 
three legs ? 
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Ex. 1439. How maiiy planes are determined b; four pointa, nbicb do 
not all lie in one plane ? 

481. Det. a straight line and a plane are parallel if they do 
not meet, however far they may be produced. 

482. Def. Two planea are parallel if they do not meet, how- 
ever far they may be produced. 

Fbo POSITION II. Theorem 

483. The intersections of two parallel planes with a 
third plane are jmmUd. 




Given the parallel planes I and II, intersected by a third 
plane III in AB and CD, respectively. 

To prove AB 11 CD. 

Proof. AB and CD cannot meet, for otherwise planes I and 
II would meet. 

AB and CD lie in the same plane. 

Hence ab II CD. Q. e. d. 

484. Coo. Parallel lines included between parallel planes 
are equal. 

NoTB. The student ahonld note that in order to prove the parallelism 
of two lines in solid geometr; it is not sufficient to Show that the lines 
cannot meet. It must be demonstrated also that the two lines lie in one 
plane. 
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Proposition III. Theobem 



485. A plane containing one, and oidy one, of two 
parallel lines is parallel to the other line. 




Given AB II (72), and plane MN containing CD only. 
To prove plane MN II AB, 

Proof. AB and CD determine a plane, intersecting MN in 
CD, 

Hence, if AB meets MN, it must meet MN in CD, 

But, since AB II CD, this is impossible. 

Hence plane MN W AB, q. e. d. 

486. Remark. Proposition III furnishes a method for constructing a 
plane parallel to a given line, AB. In such a construction always con- 
struct first a line, CD, parallel to the given line AB^ and then pass a 
plane through CD. Since an infinite number of planes can foe passed 
through CD, it is obvious that this problem is indeterminate unless the 
required plane must also satisfy other conditions, e.g. to be parallel to a 
second line or to pass through a given point, or to pass through another 
line, etc. q. 



487. Cor. 1. Through a given straight 
line AB a plane can be passed parallel 
to any other given straight line CD ; 
and if the lines are not parallel, only 
one such plane can be drawn. 

488. Cor. 2. Through a given point 
P a plane can be passed parallel to any 
two given straight lines in space; and 
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if the lilies are not parallel, only oae such plane caa be 
drawn. 

Gx. 1440. To consCraot & plane parallel to a given line and paaaing 
through two given poinU. 

Prok)sition IV, Theorem 
489. A line parallel to a plane is parallel to the 
intersection of this plane with any plane passing 
throitgh the line. 




Given AB II plane mn, and plane BC containing AB, and 
intersecting J^^ ia CD. 

To prove AB II CD. 

Proof. AB and CD cannot meet, for otherwise AB would 
meet the plane MN. 

AB and CD are in the same plane. 

Hence AB II CD. Q. E. D. 

490. Con. 1. If each of two intersecting lines is parallel to 
a given plane, their plane is parallel to the given plane. 

Let both AB and AC be parallel 
to MN. If plane ABC should in- 
tersect MS, the intersection would 
be parallel to both AB and AC, 
which is impossible. 
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491. Cob. 2. If two angles abc and a'b'c" have their sides 
respectively parallel, their planes are parallel. 

Since AB II a'b', plane abc ia 
parallel to AB; and similarly 
plane ABC is pai-allel to BC. 

Hence plane abc II plai 

A'B'C'. 



(Cor. 1.) 



Ex. 1441. If AB II A'B', and Ibrougb these lines two planas 
passed intersection each other iu line CD, then CD II AB. 




}'bopo8ition V, Theorem 
492. If two btraighi lines are cut by parallel planen, 
thmr corresponding segments are proportional 




Given parallel planes Mif, PQ, and BS intersected by two 
straight lines in A, B, c and D, E, F, respectively. 

To prove AB -. BC = DE: EF. 

Proof, Draw DC, and pass a plane through AC and DC, 
intersecting the planes PQ and MS in BO and ad, respectively. 

Then AD II BG. (483) 

By passing a plane through DC and DF, it follows, similarly, 
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Hence ££=£H, (Why?) 

BC QC \ 3 ) 

and RE^^. (Why?) 

AB DE fK 1 \ 

.: = (Ax. 1.) Q.E.D. 

BC EF ^ ' 

493. Cor. If through any point straight lines are di'awn 
intersected by two parallel planes, their corresponding seg- 
ments are proportional. 



£x. 1442. If three parallel planes intercept equal parts on one trans- 
versal, they intercept equal parts on every transversal. 

Ex. 1443. If In the dlasram lor Prop. V, BQ = b,AD = 15, DE = 4, 
find EF. 

Proposition VI. Theorem 

494. If two straight lines are parallel to a third 
straight line, they are parallel to each other. 




Given AB II XY, s 

To prove AB II a'b'. 

Proof. Pass plane AT through AB and XT, and plai 
through A'b' and point A. 
Let planes jir and B'A intersect in AC. 
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Plane B'A II XY. 


(485) 


Hence AC W XY. 


(489) 


But AB 11 XT. 


(Hyp.) 


Therefore AB and AC coincide. 


(Ax. 16.) 


Or AB and A'b' lie in one plane. 




But AB and J'fi' cannot meet. 


(Ax. 16.) 


Hence AB 11 J's'. 





Ex. 1444. If a line AB is parallel to a plane P, and piirallel to another 
line CD, then P II CJ). 

Hint. Pass a plane through AB intersecting P in a line Xr. 

Proposition VII. Tbeobem 
495. If two angles, not in the same plane, have their 
sides parallel and lying in the same direction, they are 
equal. 
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Given the sides of the angles AOB and ^'o'5' . respectively 
parallel and lying in the same direction. 

To prove Z AOB = Z a'o'b'. 

Proof. Take OA = O' a' , and OB = o'b'. 

Draw AA'^ bb', AB, and A'b\ 

^o' is a parallelogram. (Why ?) 

50' is a parallelogram. (Why ?) 

Hence A A' is equal and parallel to 00', 

and bb' is equal and parallel to 00'. 

Therefore AA' is equal and parallel to BB'. (Ax. 1.) (494) 

Whence AA'bb' is a parallelogram, 

and AB = A'B'. 

.-. J\ AOB ^A A'O'B', (Why?) 

.*. Z O = Z O'. Q. E. D. 



Ex. 1445. If ABCD is a quadrilateral in space (i.g. -4, J5, C, and D 
do not all lie in the same plane) and AB = BC, CD = DA, then plane 
angle A is equal to plane angle C. 

Ex. 1446. A line joining the mid-points of 
two adjacent sides of a quadrilateral in space 
is equal and parallel to a line joining the mid- 
points of the other two sides. 

Ex. 1447. If two angles, not in the same 
plane, have their sides parallel and lying in 
opposite directions, they are equal. 

496. Def. The^oot of a line intersecting a plane is the 
point of intersection. 

497. Def. A straight line is perpendicular to a plane if it 
is perpendicular to every line drawn through its foot in the 
plane. 

498. Def. A plane is perpendicular to a line if the line is 
perpendicular to the plane. 
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Pboposition VIII. Theorem 

499. If a straight line is perpendicular to each of 
two lines at their point of intersection^ it is perpen- 
dicular to the plane of those lines. 




Given BC and BD ± AB, and plane MN containing BC and 
BD. 
To prove AB 1. plane MN. 

Proof. In plane MN draw any line BE through B, 
Draw CD meeting BE in E and produce AB to A\ so that 

BA' = AB. 

Draw AC, AE, AD, Ca\ ea\ and DA\ 
Since BCX^X' at its mid-point, AC^A^C. 



(Why?) 



Similarly 



ADz=^DA\ 
CD = CD. 

Hence AACD^A CD A '. 

.'.ZACD = Z a'cd, 
and A ACE ^ A a'ce. 

Then, since S and £ are respectively equidistant from A and 
A',B£±Aa'. (80) 



(Why?) 
(Why ?) 
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Hence, AB is perpendicular to any line passing through its 
foot in the plane MN, and AB ± plane MN. q.e.d. 

500. CoR. Through a point C, to pass 
a plane perpendicular to a line AB, draw 
CD perpendicular to AB, At D, in any- 
other plane than ABC, draw DF perpendic- 
ular to AB, Then the two perpendiculars 
DC and DF determine a plane perpendicu- 
lar to AB, 

Ex. 1448. In the diagram for Prop. VIII, find the length of CD, if 
AD = 6,AB = 4, 5(7 = 6, Z CBD = 120°, and AB _L MN. 




Proposition IX. Theorem 



501. All the perpendiculars that can be drawn to a 
straight line at a given point lie in a plane perpendieur 
lar to the line at that point. 




Given AB ± BC, and AB JL plane MN at B. 

To prove BC lies in plane MN. 

Proof. Pass a plane through AB and BC, and let it intersect 
MN in B(f. 

(497) 



AB ± BC\ 
AB ± BC, 

Hence BC and BC' coincide, 
and BC lies in plane MN, 



(Hyp.) 

(47) 

Q. E. D. 
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502. Cor. 1. At a given point in a straight line, one and 
only one plane can be drawn perpendicular to the straight line. 

503. CoR. 2. Through a point without a straight line, one 
plane and only one can be drawn perpendicular to that line. 



Ex. 1449. The locus of a point in space equidistant from the ends 
of a line is a plane perpendicular to the line at its mid-point. 

Proposition X. Theorem 

604. If one of two parallel lines is perpendicular to 
a plane, the other is also perpendicular to the plane. 




Given ab )!{ a'b', and AB ± plane MN. 
To prove a'b' 1. plane MN. 

Proof. In the plane MN through B and B' respectively draw 
two parallel lines BC and 5'(7'. 

Then ZABC^Z a'b'c'. (Why ?) 

But Z ABC is a rt. Z. 

Hence Z A^b'& is a rt. Z, 

and a'b^ is perpendicular to any line drawn through its foot. 



Whence 



^'js'± plane MN. 



Q.E. D. 



Ex. 1450. The lines joining, in succession, the mid-points of the sides 
of a quadrilateral in space inclose a parallelogram. 

Ex. 1451. The lines joining the mid-points of opposite sides of any 
quadrilateral in space bisect each other. 
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Proposition XL Problem 
505. Through a given point, to draw a line perpen- 
dicular to a given plane. 




Qlren plane PQ and point A. 

Required- Through A, to draw a line perpendicular to PQ. 

Construction. In pq, draw any line BC. 

Through A construct a plane AM±BC intersecting PQ in 

Off. 

Through A in the plane Aif draw AF ± DH. 
AF is the required perpendicular. 

Proof. Through the foot of aF {F ia Fig. I xaA.A in Fig. 
II) in plane PQ draw IK II BC. 

Since BC J. plane AN, (Con.) 

and BC II IK. (Con.) 

.'. IK ± plane AM. (504) 

.-.fa}. IK. (Why?) 

But FA J_ DS. (Con.) 

.-. FA 1 plane PQ. (Why ?) 

Q.E.7. 
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506. Cor. 1. Through a given point, one and only one 
perpendicular can be drawn to a given plane. 

For if there were two perpendiculars passing through the 
point, their plane would intersect the given plane in a straight 
line, perpendicular to both perpendiculars. Or, in a plane, 
there would be two perpendiculars to a given line, through 
a given point, which is impossible. 

507. Cor. 2. If two lines are perpendicular to the same 
plane, these lines are parallel. 

Let 
AB and CD he ± plane MN. 

Draw DC' II AB. 

Then DC'±MN. 

But through D only one 
perpendicular can be drawn 

« 

upon MN. 
Hence DC and DC' coincide, and DC W AB. 

508. Def. The distance of a point from a plane is the length 
of the perpendicular from the point to that plane. 




Ex. 1452. What is the locus of a point having a given distance from 
a given plane ? 

Proposition XII. Theorem 

509. If J from a point loiihout a plane, ohlique lines 
he drawn to the plane : 

(1) Any two lines meeting the plane at equal dis- 
tances from the foot of the perpendicular are equal. 

(2) Of ttoo lines meeting the plane at unequal dis- 
tances from the foot of the perpendicular, the more 
remote is the greater. 
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Given EA perpendicular to plane MN. Oblique lines EB, 
EC, and ED are drawn so that AB==AC and AD >AC. 

To prove (1) ' EB = EC. 

(2) ED > EC, 

Hint. 1. Prove by means of congruent triangles. 



2. ED"" = EA"" + AD, EC^ = EA"" + AC\ 

510. Cor. 1. Conversely, equal oblique lines drawn from a 
point to a plane meet the plane at equal distances from the 
foot of the perpendicular from the point to the plane, and 
of two unequal oblique lines, the greater one meets the plane 
at a greater distance from the foot. 

511. Cor. 2. The locus of a point in space that is equi- 
distant from all the points in the circumference of a circle is 
a straight line perpendicular to the plane of the circle, and 
passing through the center of the circle; 

512. Cor. 3. The perpendicular to a plane is the shortest 
line that can be drawn to the plane from a point without. 

513. Cor. 4. Two parallel planes are everywhere equally 
distant. 

Ex. 1453. In the diagram of Prop. XII, if Z 5 = Z C, then EB = 
EC, and AB = AC. 

Ex. 1454. In the same diagram, it ZB>ZD, then EB<ED, and 
AB<AD. 
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Ex. 145S. What is the locua of a point equidistant from two parallel 
planes ? 

Ex. 14B6. From a, point P, 8 in. from a plane 3IN, a line PA is 
drawn, A being in My. If FA = 5 in., what is the distance of A from 
the foot of the perpendicular drawn from P to MN ? 

Pbo POSITION XIII. Theokem 
514. Planes perpendicular to the same straight line 
are parallel to each other. 




GiTen planes ifN and PQ perpendicular to line AB. 
To prove MS il PQ. 

Him. Apply the indirect method and (608). 

Pkoposition XIV. Theokem 
515. A straight hne perpendicular to one of two 
parallel planes is \ 




to the other also. 



GiTen plane MN II plane PQ, and AB J. plane iflf. 
To proye ab _L plane pq. 
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Proof. Through AB pass any plane intersecting MN in AC 
and PQ in BD, respectively. 

AC II BD,, (483) 

and AC±AB. (497) 

Hence BD ± AB. (105) 

Therefore AB is perpendicular to any line in PQ passing 
through B. 

Whence AB ± plane PQ. q. e.,d. 

516. Cor. Through a given point, one plane and only one 
can be passed parallel to a given plane. 



Ex. 1457. If two planes are parallel to a third plane, they are parallel 
to each other. 

Hint. Construct a line ± one of the planes. 



DIHEDRAL ANGLES 

517. If a plane ABC rotates about the line BC until it 
reaches the position FBC, then the amount* of rotation is 
called a dihedral angle. 

The line jBC7 is called the edge and the planes ABC and FBC 
are called the faces of the dihedral angle. 

Note. The student should note that the above 
statement is not a definition, but merely an explana- 
tion, of *' dihedral angle." It is impossible to give a 
definition free from objections. 

518. A dihedral angle may be designated 
by two letters on its edge; or if several 
dihedral angles have a common edge, by four g 
letters, one on each face, and two on the edge, the letters on 
the edge being placed between the others. 

Thus, the dihedral angle in the annexed diagram may be designated 
by BC or ABCE. 

Obviously the size of the dihedral angle does not depend upon the 
extent of its faces. 
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519. Def. The plane angle of a dihedral angle is the angle 
formed by perpendiculars to the edge at the same point, one 
in each face. 

Thus, CDE is a plane angle of dihedral angle 
AB if CD is perpendicular to AB and ED is per- 
pendicular to AB, 

Two plane angles of the same dihedral angle, 
as CDE and FOH^ are equal, since their sides are 
respectively parallel and lie in the same direction. 

Or, the plane angle of a dihedral angle is the 
same, at whatever point of the edge it is drawn. 

520. Two dihedral angles are equal when 
they can be made to coincide. 

By superposing two equal dihedral angles, their plane angles 
can be made to coincide. Hence equal dihedral angles have 
equal plane angles. 

521. A dihedral angle is acute, right, obtuse, or straight, 
according as its plane angle is acute, right, obtuse, or straight. 

It is evident that the two faces of a straight dihedral angle 
lie in the same plane. 

Dihedral angles are complementary, supplementary, adjacent, 
vertical, etc., according as their plane angles are complemen- 
tary, supplementary, adjacent, etc. 

If a plane meets another plane so as to make the two ad- 
jacent dihedrals equal, each dihedral is evidently a right one. 

522. A straight dihedral angle is divided into 180 equal 
parts, each called a de- 
gree. Degrees are di- c. 
vided into minutes, min- 
utes into seconds. 

523. Planes forming 
right dihedral' angles are 
said to be perpendicular to each other. Thus, plane CD is per- 
pendicular to plane AB if they form right dihedral angles. 
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Pboposition XV. Theorem 
524. Two dihedral angles are equal if their plane 
angles are equal. 




Given the dihedral angles AB and A'b' with equal plai 
angles CBD and c'b'd' respectively. 

To prove dihedral angle AB = dihedral angle A'b'. 

Proot Since ab _L bd, and ab J. bc, 
AB ± plane bdc. 

And, similarly, A'B' J. plane B'd'c'. 

Apply Z BBC to Z d'b'c'. 

Then plane bdc coincides with plane b'd'c'. 

Hence BA coincides with s'a', 

and since also DB coincides with d'b', 

plane AD coincides with plane A'd'. 

In like manner plane AC coincides with plane a' 

Hence, dihedral angles ab and A'B' 
coincide. 

Therefore they are equal. q.e.d 

52S- Cor. If a dihedral angle is di 

vided into n equal parts, its plane angle 
is divided into n equal parts; and con 
veraely. 
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Ex. 1458. Vertical dihedral angles are equal. M 

Ex. 1459. If two parallel planes are inter- 
sected by a third one, the corresponding dihedral 
angles are equal. 

Hint. Construct a plane MNJL EB. 
section of two planes. 



ib 



\ \ \c D 

, the inter- V \ / y 




H 



Proposition XVI. Theorem 

526. A dihedral angle is measured by its plane angle. 




Given Z ABC the plane angle of dihedral Z BD. 

To prove /.ABC and dihedral Z BD are measured by the same 
number of degrees. 

Proof. Case I. Thenumberof degrees contained in Z -4 BC 



is a rational number, e.g, — , where m and n are integers. 

n 

A dihedral angle of 180® has a plane angle of 180"*. 

.'.a dihedral angle of V has a plane angle of 1®. 

.'.a dihedral angle of [ - V has a plane angle of ( -j. 
.'.a dihedral angle of ( — V has a plane angle of [ — 



(520) 
(525) 

(525) 



)' 



Q. E. D. 



LINES AND PLANES IN SPACE 



325 



Case II. The number of degrees in Z ^BC is an irrational 
number. 

Any approximation oi Z.ABC, being a rational number, must 
equal the corresponding approximation oi BD (Case I). 

Or, all approximations of the numerical measures of ABO 
and BD are respectively equal. Hence these numerical meas- 
ures are equal. ^ (223) 



Ex. 1460. ' If two adjacent dihedral angles are respectively 30*^ and 
40"^, find the dihedral angle formed by the planes which bisect these 
dihedral angles. 

Proposition XVII. Theorem 

527. If a straight line is perpendicular to a plane^ 
every plane passed through this line is perpendicular 
to the plane. 




Given AB 1. plane MN, and plane EC containing AB, 
To prove. Plane EC ± plane MN. 

Hint. In plane MN at J5, draw BF X CD, and prove that Z ABF is 
a right angle. 

528. Note. The preceding proposition furnishes the usual method 
for constructing a plane perpendicular to a given plane. In such con- 
structions draw first a line perpendicular to the given plane, and then pass 
a plane through it. 
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Ex. 1461. Through a given point to construct a plane perpendicular 
to two given planes. 

Ex. 1462. Through a given point to construct a plane perpendicular 
to a given plane P and parallel to another given plane Q. 

Ex. 1463. Through a given straight line to construct a plane perpen- 
dicular to a given plane. 



Proposition XVIII. Theobem 

529. If tioo planes are perpendicular to each other ^ 
a straight line drawn in one of them^ perpendicular to 
their intersection^ is perpendicular to the other. 




Given plane CE ± plane MN, and in CE line BA ± CD, the 
intersection of the two planes. 

To prove AB ± plane MN, 

Hint. At B construct the plane angle and prove that AB ± two lines 
drawn through its foot. 

530. Cor. 1. If two planes are perpendicular to each other, 
a perpendicular to one of these, at any point of their intersec- 
tion, lies in the other. 

[Prove by indirect method.] 

631. Cor. 2. If two planes are perpendicular to each other, 
a straight line drawn from any point of one, perpendicular to 
the other, lies in the first. 

[Prove by indirect method.] 
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Ex. 1464. In the dli^ram for Prop. XVItl, find the length of AF, if 
plane Off J. plane MN, AB ± CD, AB = m in., and BF=niii. 

PKOPoaiTioN XIX. Theorem 

532. If tivo intersectiruj planes are each perpevdiew- 
lar to a third plane, their intersection is perpendicular 

to that plane. 




Given the planea PQ aud Bd A. plane MN, and iotersect- 
ing in AB. 
To ptove AB X plane MN. 

Proof. At A draw a straight line X UN. 
This line must lie in plane PQ and in plane BA. , (630) 

Hence it must coincide with ab. 
Or AB ± plane MN. q. e. d. 

533. Cor. If two planes are perpendicular to each other, 
and a third plane is perpendicular to their intersection, each of 
the three lines of intersection is perpendicular to the other 
two. 

Ex. 1466. If e, line is parallel to a plane, an; other plane perpendioa- 
lar to the line is perpendicular to the plane. 
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Pboposition XX. Theorem 

534. Every point in a plane bisecting a dihedral 
angle is equidistant from the faces of the angle. 




6iren plane OB bisecting dihedral Z abed, and FG and FH 
the distances ot a point F in BC, from AB and BD respectively. 

To prove FH = Fa. 

Proof. Through FQ and FS pass a plane intersecting the 
faces in EQ and eh. 

plane fqb A. AB and db. (627) 

Therefore plane Foa ± BE. (532) 

Hence EB X. EG, EF, and EH. (497) 

.-. QEF and HEF are the plane angles of dihedral angles 
ABEC ^.TlADBEC. 

[To be completed by the atudent. Compare 70.] 

535. Cor. Every point equidistant from the faces of a 
dihedral angle lies in a plane bisecting the dihedral angle. 



Ex. 1468. The locus of a 
planes consists at the two pU[i 
the planes- 



point equidistant from two intersecting 
8 bisecting the dihedral angles formed by 
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536. Def. The projection of a 
point on a plane is the foot of the 
perpendicular from the point to 
the plane. 

The projection of a figure upon a 
plane is the locus of the projections 
of all the points of the figure upon 
the plane. 

Thus, A'B' represents the projection of AB upon plane MN. 

Pboposition XXI. Theorem 

537. Through any given straight line not perpen- 
dicular to a plane, one plane can he parsed perpen- 
dicular to the given plane^ and only one. 





Given AB a line not ± plane'i/iV. 

To prove through AB one, and only one, plane can be passed 
A.MN. 

Proof. From any point C m AB, draw CD JL MN, 
Pass a plane AE through AB and CD, 

Then plane JD is ± MN, (627) 

If two planes could be passed through AB 1.MN, AB, their 
intersection, would be perpendicular to MN. (532) 

But this is impossible since it contradicts the hypothesis. 
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Hence, only one plane can be drawn perpendicular to MN 
and passing through J£. q.e.d. 

538. Gob. The projection of a line not perpendicular to a 
plane upon that plane is a straight line. 

539. Def. The inclination of a line to a plane, or the angle 
made by a line and a plane, is the angle which the line forms 
with its own projection upon that plane. 

Thus, in the diagram for the next proposition, it AC ia the projection 
of AB upon JfA^, then Z BAC is the angle formed by AB and MH, 



Ex. 1467. Two planes are parallel, and a circle in one is projected 
upon the other. What is the projection ? What is the projection if the 
planes are perpendicular to each other ? 

Ex. 1468. If the projection of a figure upon a plane is a straight line, 
the figure is a plane figure. 

]@x. 1469. If a line AB and a plane MN form an angle of 45°, and 
AB = 10 in., what is the length of the projection of AB upon MN? 

Ex. 1470. In the diagram for the preceding proposition find the incli- 
nation of AB to MN, if AA' = 6, BB' =11, and AB = 10. 



Pboposition XXII. Theorem' 

540. The acute angle formed by a line and its pro- 
jection upon a plane is the smallest angle that the line 
mxxkes with any line in the plane. 




Given the line AC, the projection of line AB upon plane MNy 
and AD, any other line drawn through A in MN. 
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To prore Z bag < Z bad. 

Proof. In plane mf make AJ) = ac and draw BD. 
In A ABC and ABD, 

AB = AB, 

AC=AD, 

BC < BD. 
Hence Z BAC < Z BAD. 



(Why?) 
(Why?) 



Ex. 1471. In tbe diagram lor Prop. XXII, if ^C = 3 in., ZBAC 

= 60°, a.ad /LOAD = 90", AC = AD, and Z C = W, find the length of BD. 

Ex. 1472. The Inclinations of two parallel lines to a plane are equal. 



Ex. 1474. In a dmilar diagram find AB and B£), if .dZ>=ni 
p, and Z ADC = B0°. 



I>C=n, 



Derive from these the value 
of Z ADD. 

Ex. 147S. To draw a 
common perpendicular to 
two IhiM, AB and CD, not 
in tbe same plane. 

Hint. Through CB draw 
plane afiV II .Aa 

Through AB draw plane 
AFl UN. 

Draw OIC± BF. 

OK is the required line. 

Ex. 1476. Find the locua of a pout equidistant from three ^ven 
points not In a straight Ime 

Ex. 1477. If a line meets ita projection on a plane, any line in the 
plane perpendicular to one of them at tbeii intersection, ia perpendiculai 
to the other also. 





832 SOLID GEOMETRY 

POLYHEDRAL ANGLES 

541. Def. a polyhedral angle is the figure generated by a 
moving straight line which continually intersects the boundary 
of a fixed polygon, and terminates in a fixed point not in the 
plane of the polygon. 

Thus, V-ABCD is a polyhedral angle. 

642. The vertex of the polyhedral angle 
is the fixed point, as F. An element is 
the moving line in any position. An 
element through one of the vertices of 
the polygon is an edge; as VA, VB, re, 
etc. A plane determined by two suc- 
cessive edges is a face; as VAB, VBC, etc. 
A face angle of the polyhedral angle is the angle formed by 
two successive edges ; as Z J FB, Z 5 re, etc. A dihedral angle 
of the polyhedral angle is the dihedral angle formed by two 
adjacent faces; as dihedral Z VA, VB, etc. 

543. A polyhedral angle is convex, if the given polygon is 
convex. 

544. Def. a polyhedral angle is called trihedral, tetrahedral, 
etc., according as it has three, four, etc., faces. 

545. Def. A trihedral angle is called rectangular, birec- 
tangular, or trirectangular, according as it has one, two, or 
three, right dihedral angles. 

546. Def. An isosceles trihedral angle is one, two of whose 
face angles are equal. 

547. Two polyhedral angles are congruent if the face angles 
and the dihedral angles of the one are respectively equal to the 
face angles and the dihedral angles of the other one, and all 
the parts are arranged in the same order (for evidently they 
can be made to coincide). 
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Two polyhedral arigles are symmetric if the face angles and 
the dihedral angles of the one are respectively equal to the face 
angles and the dihedral an- yr 

gles of the other, and all 
parts are arranged in re- 
verse order. 

Thus, in Fig. 1 the trihedral 
Z r-^^C^ trihedral Z V-A'B'C 
if ZAVB^ZA' V'B\ ZBVC 
= ZB' V'C, Z CVA = ZC' VA', 
and dihedral Z^F = dihedral 
ZA'V, dihedral ZBV= dihe- ^ 
dral Z B' F, and dihedral Z CV= 
dihedral Z C F. 

While in Fig. 2 V-ABG and V-A'B'O are symmetric. 

It is obvious that, in general, two symmetric polyhedral angles cannot 
be made to coincide. 

Proposition XXIII. Theorem 

548. The sum of any two face angles of a trihedral 
angle is greater than the third face angle. 

V 





Given Z A VC, the greatest face angle of trihedral angle 

V-ABC. 

To prove Z AVB -i- Z BVC>Z Arc. 

Proof. In the face A vc draw VD equal to VB, making 

Zdva^Z BVA. 
In the face A vc, draw AC through D, 
Draw AB and BC. 
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Then ' Aavb^Aavd. 

.\AB = AD. 
But AB + BOAC. 

.-. BC>DC. 

But in the Abvc and D vc, 

VC is common, 

and BODC, 

Hence ZbvoZ DVC. 

Adding the equal angles AVB and -dFi), 

Z AVB -[- Z BVa> Z. DVC -{- Z AVD, 

or Z^F5-hZBrc7>Z^FC. 



(Why ?) 

(Why?) 
(Ax. 4.) 



(Why?) 
(Why ?) 



Q. E. D. 



Proposition XXIV. Theorem 

549. The sum of the face angles of any convex poly- 
hedral angle is less than four right angles. 




Given V-ABCDE, any convex polyhedral angle. 

To prove the sum of ^ -4 VB, B FC7, etc., is less than four right 
angles. 
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Proof. Construct a plane intersecting the edges in -4, jb, c, etc., 
the faces mAB,B C, Ci>, etc. Then ABODE is a convex polygon. 
Join any point in plane ABC to A, B, C, etc. 

Then Z FB^ + Z F5C > Z ^5(7, 

and Z rcB + Z rci) >/.bcd, etc. (648) 

Therefore the sura of all the base angles of the triangles 
whose vertex is V is greater than the sum of all the base 
angles of the triangles whose vertex is 0. 

But the sum of all the angles of the triangles whose vertex 
is r is equal to the sum of all the angles of the triangles whose 
vertex is 0. (Why ?) 

Subtracting the base angles from the equal sums, the sum of 
all the angles at V is less than the sum of all the angles at 0. 

But the sum of all the angles at is equal to four right angles. 

Whence, the sum of all the angles at V is less than four 
right angles. q. e. d. 

Proposition XXV. Theorem 

550. Two trihedral angles are congruent if two face 
angles and the included dihedral angle of the one are 
respectively equal to two feme angles and the included 
dihedral angle of the other^ the equal parts being 
arranged in the same order. 

[Proof by superposition.] 

Proposition XXVI. Theorem 

551. Two trihedral angles are congruent if two di- 
hedral angles and the included face angle of the one are 
respectively equal to two dihedral angles and the in- 
eluded face angle of the other, all equal parts being 
arranged in the same order. 

[Proof by superposition. ] 
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Proposition XXVIL Theorem 

552. Two trihedral angles are congruent if the three 
face angles of the one are respectively equal to the 
three face angles of the other, and all are arranged in 
the same order. 





Given in trihedral angles V-ABC and v'-A'B'cfj 

/.AVB=^Z. A'V'B'y Z BVC = Z B'V'Cfy 

and /.OVA — /. (fy'A\ 

To prove V-ABC ^ v'-A'B'cf, 

Proof. On the six edges lay off 

rA=:VB = vc= y'a' = y'B' = v'(f. 

Draw ABy BCy CA, a'b', B'c^y and &A\ 

Then A ^ r^ ^ A ^' v'b', (Why ?) 

and AB = a'b\ 

In like manner, J?C = B'c\ 

and CA = cfA\ 

On AV and A'v\ respectively, lay off AD equal to -4'd'. 
Draw DE in face AVB, and DF in face -4FC7, perpendicular 
to VA, These lines meet AB and AC, respectively, since tri- 
angles A VB and A VC are isosceles. 

In like manner, draw b'e' and JD'-P', and join EF and z'F'. 

[To be completed by the student.] 



Hint. Prove 
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A ADE ^ A A'D'EK 
AADF^AA'D'r. 
AAEF^AA'E'F'. 
ADEF^AD'E'F, 

553. Def. Two polyhedral angles are vertical if the edges of 
each are prolongations of the edges of the other. 



Proposition XXVIII 

554. Tioo trihedral angles are symmetric : 
(1) If two face angles and the included dihedral 
angle of the one are respectively equal to two face 
angles and the included dihedral angle of the other ^ 
or, (2) If two dihedral angles and the included face 
angle of the one are respectively equal to two dihedral 
angles and the included face angle of the other ^ 
or, (3) Three face angles of the one are equal respec- 
tively to three face angles of the other ^ 
provided all equal parts are arranged in reverse order. 




Proof. If A and B are the given trihedral angles, construct 
trihedral angle C symmetric to A, 

Since C and A have all parts arranged in reverse order, C 
and B have all parts arranged in the same order. 

Hence C ^B. 



z 
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But since c is symmetric to A, the congruent figure B is 
symmetric to A. q. e. d. 

655. Cob. yei*tical trihedral angles are symmetric. 



556. Note. There is a remarkable analogy between triangles and 
trihedral angles (also between polygons and polyhedral angles). The 
sides of a triangle correspond to the face angles, and the angles of a 
triangle correspond to the dihedral angles of a trihedral angle. Proofs of 
theorems that relate to trihedral angles may often be found from the 
proofs of the analogous triangle proposition by the addition of the letter V 
(t'.e. the vertex) to each symbol. Thus, the following statement, if we 
erase everywhere the letter Fi is the proof of the proposition : 

If two sides (^AB and BC) of a triangle (ABO) are equal, the opposite 
angles (A and B) are equal. If we include the letter F, it is the 
proof for the theorem : 

If two face angles of a trihedral angle are equal, the opposite dihedral 
angles are equal. 

Ex. 1478. GiYen AVB = BVC. 

To prove VA = VC. 

Proof. Draw VBD bisecting Z VB. 

AVB=BVC. (Hyp.) 

AVBD= CVBD. (Con.) 

BVD = BVD. (Iden.) 

.'. V-ABD is symmetric (respectively congruent) 

to V-BDG. 

.-. VA = va 




EXERCISES 

Ex. 1479. State proposition relating to trihedral or polyhedral angles 
that correspond to the following theorems of plane geometry : 

(a) The sum of two sides of a triangle is greater than the third side. 
(6) If two angles of a triangle are equal, the opposite sides are equal. 

(c) If two sides of a triangle are unequal, the opposite angles are 
unequal, etc. 

(d) Two triangles are congruent if two sides and the included angle of 
the one, etc. 

(e) If the opposite sides of a quadrilateral are equal, the opposite 
angles are equal. 
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Ex. 1480. In the diagram for Prop. XXIII, 

^AVD+ZDVB<ZAVC + ZCVB, 

Ex. 1481. If in tetrahedral angle V-ABCD, ZAVB = ZAVD and 
Z BVC = Z CVD, then dihedral angle VD = dihedral angle VB. 

Ex. 1482. If the opposite face angles of a tetrahedral angle are equal, 
the opposite dihedral angles are equal. 

"Ebl, 1483. The projections of parallel lines upon the same plane are 
parallel. 

Ex. 1484. Planes bisecting supplementary adjacent dihedral angles 
are perpendicular to each other. 

Ex. 1485. A line is twice as long as its projection upon a plane. 
What is the inclination of the line to the plane ? 

Ex. 1486. If the three face angles of a trihedral angle are equal, the 
three dihedral angles are equal. 

Ex. 1487. If the three face angles of a trihedral angle are right 
angles, the three dihedral angles are right ones (a trirectangular tri- 
hedral angle) . 

Ex. 1488. If a straight line intersects two parallel planes, it makes 
equal angles with both planes. 

Ex. 1489. Vertical polyhedral angles are symmetric. 

Ex. 1490. Find the locus of a point equidistant from the three faces 
of a trihedral angle. 

Ex. 1491. Find a point equidistant from four given points, not in 
one plane. 

Ex. 1492. What is the locus of a point X, if Xlies in plane 3fiV, 
PX equals a given line, and P is a point without JfiV? 

Ex. 1493. If the sum of the four angles of a quadrilateral is equal to 
four right angles, its vertices lie in a plane. 

Ex. 1494. If Z> is a point within a trihedral angle V-ABC, then 

ZAVD '\- ZBVD + Z CVD>i{ZAVB + ZBVC -\- Z CVA). 



BOOK VII 

POLYHEDRONS, CYLINDERS, AND CONES 

POLYHEDRONS 

557. Def. a polyhedron is a solid bounded by planes. The 
faces of a polyhedron are the bounding planes ; the edges are the 
intersections of the faces ; and the vertices are the intersections 
of the edges. 




558. Def. A tetrahedron is a polyhedron of four faces; a 
hexahedron, one of six faces ; an octahedron, one of eight faces ; 
a dodecahedron, one of twelve faces; an icosahedron, one of 
twenty faces. 

Note. The least namber of faces that a polyhedron can have is /our; 
for three planes Intersecting in a common point form a triJiedral angle^ 
and, therefore, one more plane is needed to form a solid. 

559. Def. A diagonal of a polyhedron is the straight line 
joining any two vertices not in the same face. 



560. Def. A convex polyhedron is one, every section of 
which is a convex polygon. 

Note. All the polyhedrons treated of in this book are convex. 
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PfilSMS AND PASAIXELOPIPEDS 

561. Def. a prismatic euriace is a surface generated by a 

moving straight line which continually interseets the boundary 
of a given polygon (aa ASCDE) and is parallel 
to a fixed straight line not in the plane of the fdj||I|i 
polygon. ™ '"^ 

562. Dep. a prism is a polyhedron bounded 
by a prismatic surface and two parallel planes. 
The faces made by the parallel planes are the 
bases; the faces made by the prismatic surface 
are the lateral facea. The lateral edges are the in- 
tersections of two lateral faces. The lateral area is the sum 
of the areas of the lateral faces. The altitude of a prism is 
the perpendicular distance between the plaiies of the bases. 

Obviously all laterEil faces are, parallelograms (483) and the lateral 
edges are equal and parallel. 




563. Def. A right prism is a prism whose lateral edges are 
perpendicular to the planes of the bases. 

In a riglit prism all lateral faces are rectan^ea which are perpendicular 
to the base, and all lateral edges are equal to the altitude. 

564. Def. A r^fular prism is a right prism whose bases are 
regvlar polygons. 

565. Def. An oblique prism is a prism whose lateral edgas 
are not perpendicular to the planes of the bases. 

A prism is triangular, quadrangular, etc., according as its bases 
are triangles, quadrilaterals, etc. 



SOLID QEOMETBT 



566. Def. a truncated prism is the pnrt of a prism included 
between a base and a section made by a plane not parallel to 
the base and cutting all of the lateral edges. 




567. Dbf. a right section of a prism is a section made hj a 
plane perpendicular to all the lateral edges of the prism (pro- 
longed if necessary). 

If a plaDe is perpendicular to one Ititerat edge of a priem, it is perpen-^ 
dicQiar to every lateral edge (604). 

588. Def. a parallelepiped is a prism whose bases are paral- 
lelograms; hence one, all of whose faces are pai-allelograms. 

569. Def. A right parallelvpiped is a parallelepiped whose 

lateral edges are perpendicular to the bases. 

Obvioasljr a parallelopiped is a right parallelepiped if one of iu lateral 
edges is perpendicular to the base. 

570. Def. A rectangular paralleloplped is a right parallele- 
piped whose bases are rectangles ; hence all of whose faces are 
rectangles. 

To prove that a parallelopiped is rectangular it is only necessary to 
show that the three angles at any one vertex are right angles. 

571. Def. A cube is a parallelopiped alt of whose faces are 
squares. 

Ex. 149S. How many diagonals can be drawn in (a) a parallelo- 
piped ? (6) a pentagonal prism ? (c) quadrangular pyramid ? 
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Ex. 149S. What is the least number of faces tbat a polyhedron can 
have ? The least rmrober of edges ? of vertices ? 

PROPOaiTiotf I, Thboekm 

572. The sections of a prism made by parallel planes 
cutting all the lateral edges are congruent polygons. 




Oivea K3f, a prism intersected by parallel planes AD and 
a'd', cutting all the lateral edges. 

To prove section ad ^ section a'd'. 

Proof. AB II A'B', BC 11 B'c", etc. (483) 

/.ABC=^A'B'<f, Z BCD = z. b'c'd', etc. (496) 

AB = A'B', BC = b'c", CD = (fD', etc.' (144) 

.■. section jb ^section A'B'. C^^^) 

Q.E.D. 

573. Cob. The bases of a prism are congruent, and every 
section of a prism made by a plane parallel to the base is con- 
gruent to the base. 

Proposition II. Theorem 

574. The lateral area of a prism is equal to the prod- 
uct of the perimeter of a right section and a lateral 
edge. 
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(Hven ad' a. prism, L its lateral area, E a lateral e 

P the perimeter of right section OX, 

To prove L=sp XE. 

Proof. bb' X OS. (497) 

.■.area^B'=G'H'X BB' = GHxE. (360) 

Similarly area BC' = hi x E, etc. 

But L = area Jb' + area Bc' + — 

= oa^xz + irix£+/ffXE + — . 

= (_OH + HI + IK+-) XE 
= PXE. 
575. CoK. The lateral area of a right prism eqiials the 
perimeter of the base multiplied by the altitude. 

Ex, 1497. Find the lateral area, of a, right prism if its altitude is 15 
in., and its base ia a triangie the sides of which are 8 Id., 10 in., and 11 
In. respectively. 

£x. 1498. Find the altitude of a right prism if its lateral area equals 
190 sq. in., and its base is a quadrilateral the aides of which are 7 in., 
8 in., 11 in., and 12 in. respectiTelj. 

Ex. 1499. Find perimeter of a right section of a prism, if the lateral 
area equals 40, the projection of a lateral edge upon the base equals 4, 
and the altitude of the prism equals 3. (See 698.) 

Ex. 1600. Find the altitude of a right prism if its base is an equilat- 
eral triangle inscribed in a circle of radius 6 in., and its lateral area Is 
136 sq, in. 
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Proposition III, Theorem 
576. If two prisms have the three faces including a tri- 
hedral angle of one respectively congruent to the three 
faces including a trihedral angle of the other, and the 
faces similarly placed, they are congruent. 




Glvea the faces AD, AH, AO, of prism ^Sf = the faces a'd', 
A'tt, A'o' of prism a'm' respectively, and siniilai'ly placed. 

To prove AM^a'm'. 

Proof. Zbas^/Lb'a'^, ^baq=.Ab'a'q', 
Zeag = Zb'a'q'. 
,-. trihedral angle A '^trihedral angle 

Place trihedral Z X ou Z A'. 

Then face ad coincides with face a'd', face AH with face 
A'h', and face AO with face A'o'. 

The point C falls at (f, and D at o'. 

CK will fall on C'k', and dm on d'm'. 

The points 0, H, and coincide respectively with o', B', 

ando'. (Why?) 

.-. planes GM and O'm" coincide. (479) 

Hence point E coincides with E', and M with M'. (Why ?) 

.-. prisms coincide throughout and are congruent. Q. e. s. 



(Why?) 
(652) 



(Why ?) 
(Why?) 
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577. CoE, 1. Two right prisma having equal bases and 
equal altitudes are congruent. 

578. CoE. 2. Two truncated prisma are congruent when 
they fulfill the hypotheais of the abore theorem. 

579. Def. The volume of any solid ia the number of times 
it contains the unit of volume. The unit of volume is a cube 
whose edges are equal to the linear unit. 

580. Def. Equivalent or equal solids are solids whose vol- 
umes are equal. 

PKOPoaiTioN IV, Theorem 

581. An oblique prism is equivalent to a right prism 
whose base is a right section of the oblique prism, and 
whose altitude is equal to a lateral edge of the oblique 
prism. 




Given OM, a right section of oblique prism AD', and QU', a 
right prism whose altitude is equal to a lateral edge of AS'. 
To prove AD' = GM'. 

Proof. In quadrilaterals ABEH and A'b'k'e', 

ab = a'h', bk = b'e'. (Ax. 3.) 

ab = a'b', hk = e'k'. (141) 

Z.a = ^a',Zb=Ab',Zk = Ak',Ah^Zb'. (106) 

.-. aBKB^ A'b'e'H'. (157) 
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Similarly bemc ^ B'E'M'(f. 

Bat fa«e AD ^ face a'd'. (573) 

.', truncated priam AM ^ truucated prism A' it. (578) 

Hence AM' ~ Au=: am' — a'm', (Ax. 3.) 

or ad' = OM". q. k. d. 

682. Cob. Prisms having congruent right sections and 
equal lateral et^s are equivalent. 

Proposition V. Theorem 
583. The opposite lateral faces of a parallelopiped 
are congruent and parallel. 



Given AB' and DC", opposite faces of parallelopiped AC". 
To prove AB' ^DC" and AB' II DC'. 

Proof. AB = a.Dd\\DC. (568,141) 

A' A =!and II D'd. 
.: Z A'aB = Z D'DC. (495) 

.-.AB'^DC', (ISO) 

and AB' II 00". (491) 

Q. E. D. 

S84. Cor. Any two opposite faces of a parallelopiped may 
be taken as bases. 

Ex. 1501. In a rectangular parallelopiped, lettered aa the preceding 
flgore, find the length of the diagonal .^C, if ..IB = 9, BC= 12, CC ~S. 

Ex. 1602. In a right parallelopiped lettered similarly, find the length 
of the diagonal ..IC, if .^B = 5, BO = 3, CC = 2, and Z.dBC = 120". 
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£x. 1503. Find the total area of a right prism if its altitude is 12 in., 
and its base is a triangle the aides of which are 13 in., 16 in., and 4 in, 
respectively. 

Ex. 1604. Find the t4)tal area of a right prism if its altitude is 9 in., 
and its base is a rhombus of side 4 Id. and having an acute angle of 60°. 



Proposition VI. Theoreu 



585. Two rectangular parallelopipeds having equal 
hoses are to each other as their altitudes 




Olren AB and CD, the altitudes of parallelopipeds n and jn" 
which have equal bases. 

To prove M : M" = AB : CD. 

Gasi: I. • — - is a rational number. 
CD 

Let — = —, where m and n are 



I.e. if CD is divided into n equal parts, and one of them is 
laid off on ABy AB contains m such parts. 

Through the points of division pass planes parallel to the 
bases. 

[To be completed by the student] 

Case II. — is an irrational number. 
CD 

Use method of Prop. I, Bit. IV. 
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586. Def. The dimensions of a rectangular parallelopiped 
are the three edges that meet at the same vertex. 

587. Cor. The preceding theorem may be stated: Two 
rectangular parallelopipeds which have two dimensions in 
common are to each other as the third dimension. 



Proposition VII. Theorem 

588. Two rectangular parallelopipeds having equal 
altitudes are to each other as their bases. 




Given a, 6, c and a, b\ (/, the three dimensions of rectangular 
parallelopipeds M and N respectively ; a being the equal 
altitude. 

To prove M: N = b X c:V X(/. 

Proof. Construct a rectangular parallelopiped with dimen- 
sions a, b, and cf. 

(587) 

(687) 

(Ax. 7.) 



M _ 




c 




N 


6 
b" 


M 


bxc 

■ 1 1 H 


N 


6'xc' 
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589. CoH, Two rectangular parallelopipeda that have one 
dimension in common are to each other as the products of 

their other two dimenaions. 

690. Note. Tbe product of tbree lines, or the product of xa area and 
a line, denotes the prodact of tbe nainerical tneaauree ol theee qnantltlea. 



Ex. 1505. Two rectai^Lar p&ralleloplpedB have equal altitudes and 
bases whose dimensioDS are 4 and 7, and 6 and 9 reepectivelj'. Find tbe 
ratio of their volumes. 

Ex. 1506. What is the ratio of tbe volumes of two reotsngular par- 
allelopipeds having equal bases and altitudes a and 6 reBpectively ? 

Proposition VIII. Theorem 

591. Two rectangular parallelopipeds are to each other 
as the products of their bases and their altitudes. 




Given it and y", two rectangular parallelopipeds, B and J 
their bases, and a and a' their altitudes respectively. 
To prove m -. n = b xa: B' xc^. 
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Proof. Construct 0, a rectangular parallelepiped with base 
B, and altitude a'. 



N R' Xa' ^ ' 

«.E.n. 

592. Cob. Two rectangular parallelepipeds are to each 
other as the products of their three • dimensions. 



Proposition IX. Thbobem 

(. The volume of a rectangiUar paralldopiped i 
I to the prod/Wit of its three dimensions. 




Oiren a, b, c, the dimensions of -a rectangular parallelo- 
piped M. 
To proTC • volume of Jf = a x 6 X c. 
HiMT. Consttuct Fr; Unit of volume, and apply Prop. VIII. 

594. Coa. 1. The volume of a cube equals the cube of its 

edge. 

595. CoR. 2. The volume of a rectangular parallelepiped 
equals the product of its altitude by its base. 
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Ex. 1507. Find the area of the base of a rectangular parallelopiped 
whose altitude is 6, if the solid is equivalent to a rectangular parallelopiped 
whose dimensions are 8, 12, and 16. 

Ex. 1608. Find volume of a rectangular parallelopiped the dimensions 
of whose base are 12 and 20, and the area of whose entire surface is 800. 

Ex. 1609. Find the volume of a rectangular parallelopiped the dimen- 
sions of whose base are 12 in. and a in., and the area of whose entire 
surface is (120 + 34 a) sq in. 

Ex. 1610. Find the edge of a cube having a surface equal to the sum 
of the surfaces of two cubes whose edges are 120 in. and 209 in. 

Ex. 1611. The dimensions of a rectangular solid are proportional to 
3, 4, and 5. Find the dimensions and the volume if the entire surface 
contains 2350 sq. in. 

Ex. 1612. Find the volume of a cube whose diagonal equals Vl8. 



Proposition X. Theorem 



596. The volume of a right parallelopiped is equal 
to the product of one of its lateral faces and the corre- 
sponding altitude. 




Given i?, the volume of a right parallelopiped, B one of its 
lateral faces, and H the corresponding altitude. 

To prove R=zB x H, 

Proof. Produce CD and the edges parallel to it. Take (fD' 
= CD, and pass planes C'E and d'F perpendicular to C'd' ; thus 
forming parallelopiped &F, 

Then &F = R, (681) 

But the three angles at C' are right angles. (533) 
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.-. C'F is a rectangular parallelepiped. 
Heuce C'F = base x altitude. 
But the base of C'F = a, 
and the altitude of (fF =i H. 



Pkoposition XI. Theorem 



(570) 
(595) 
(35) 
(513) 

(Sub.) 

Q. E. D. 



597. The volume of any pardllelopiped is equal to 
the product of its base and altitude. 




Oiven F, the volume of aiiy parallelepiped, B, its base, and 
H, its altitude. 

To prove p = B X H. 

Proof- Produce edge CD and the edges parallel to it. Take 
C'd' = CD, and through & and D' pass the planes C'F and D'G 
perpendicular to c'd' ; thus forming the parallelopiped S. 

B = P. (581) 

But B is a right parallelopiped. (569) 

Hence r = EG' X altitude (596) 

But EC' = B, (35) 

and altitude = f. (513) 
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Hence 



•'. R = B X H» 
P = B XH. 



(Sub.) 

Q. E. D. 



598. NoTB. In any prism, the lat- 
eral edge E, the altitude H, and the 
projection of E upon the base form a 
right triangle. The angle e, opposite 
H, is the inclination of E to the base. 




Ex. 1513. Find the volume of a 
parallelopiped whose base is 50 and 
whose lateral edge is 20, if the inclina- 
tion of the lateral edge to the base 
is 30°. 



Ex. 1514. Find the volume of a parallelopiped whose base is 20 and 
whose lateral edge is 10, if the inclination of the lateral edge to the base 
is 45^'. 

Ex. 1515. In the preceding figure, find the volume of the parallelo- 
piped \iAB = e,AC=b,^BAC= 30°, E = 10, and the projection of E 
upon the base equals 8. 

Ex. 1516. In the same figure find the volume of the parallelopiped 
it AB = 6, AC = Q, AD = S, ^ BAC = 60°, and the inclination of ^ to 
the base equals 60°. 

Ex. 1517. Find the volume of a parallelopiped whose base is 10 square 
feet, if the projection of the lateral edge upon the base equals 2 feet, and 
the inclination of the lateral edge to the base is 60°. 

Ex. 1518. A rectangular tank, 5 ft. long, 4 ft. wide, and 3 ft. deep, 
is to be lined with zinc, } of an inch thick. How many cubic feet of 
zinc are required, if 3 sq. ft. are allowed for overlapping ? 

Ex. 1519.' If one cubic inch of gold beaten into gold leaf will cover 
20,000 sq. ft. of surface, what is the thickness of the gold leaf ? 

Ex. 1520. An open tank is made of iron i in. thick. The outer 
dimensions are as follows: length equals 2 ft., width 1 ft. 6 in., height 
1 ft. If one cubic foot of iron weighs 460 lb., find the weight of the tank. 

^Ex. 1521. In a rainfall of 1} in., how many tons of water fall upon 
an acre of ground, if 1 cu. ft. of water weighs 62.5 lb.? 
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Proposition XII. Theorem 



599. The plane passed through two diagonally oppo- 
site edges of a paraUelopiped divides it into tivo equiv- 
alent triangular prisms. 




Given bdd'b', a plane passing through edges />/>' and BB' 
of parallelepiped A&. 

To prove prism ABD-A' = prism BCD-c\ 

Proof. Draw right section EFQH, intersecting DD'b*B 
in HF, 



Similarly, 



Plane AB* plane DC\ 




(583) 


.-. EF HQ, 




(483) 


EH 1 FO. 






.'. EFGH is parallelogram. 




• 


A EFH ^ A FGH, 




(142) 


.'. prism ABD-A^ = ^nsm BDC- 


-&. 


(582) 

Q. E. D. 



Ex. 1522. If in the figure of Prop. XII, A ABD = 60 sq. in., and the 
altitude of the solid equals 10 in., find the volume of triangular prism 
A'-ABD. 

Ex. 1523. In a right paraUelopiped lettered as the figure above, 
AB :=6, AD = 4, AA' = 8, and Z DAB = 30°. Find the volume of the 
triangular prism A'-ABD, 
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' Proposition XIII. Theorem 

600. The voluTne of a triangular prism is equal to 
the product of its base by its altitude. 




Given V deDoting the volume, B the base, and H the altitude 
of the triaDgular prism abc-b'. 

To prove V=BXH. 

Pnot. Upon the edges AB, BC, BB', construct the parallele- 
piped ABCD-D'. 

ABC-B' = } ABCD-B'. (599) 

The volume of abcd-b' = base abcd x ff. (697) 

But ABCD = 2 B. 

Hence abcd-B' = 2b xH. 



Ex. 1526. In the same di^cram, find the voliitne of ABC-B', If 
AB = 4, BC = 6, BW = h, ZABO = 0<y, and the projection of BB' 
upou the base equals 4. 
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Proposition XIV. Theorem 
601. The volume of any prism is equal to the product 
of lis base by its altitude. 




OiTcn r denoting the volume, B the base, and H the altitude 
of any prism. 

To prove r=-B x H. 

Proof. Pass planes through one lateral edge BB', and the 
diagonals BE, BD, etc., of the base. 

The prism will l)e divided into triangulat prisms, all of 
which will have the altitude H. 

b'-abe = hx(abe). 
b'-bde = hx (bde), etc. 

.-. V = HX (ABE ■+ BDE + ■■■). 
Or V = HXB. 

602. Cor. 1. Prisma that have equivalent bases are to each 
other as their altitudes. 

603. Cor. 2. Prisms that have equal altitudes are to each 
other as their bases. 

604. Cor. 3. Prisms that have equal altitudes and equiva- 
lent bases are equivalent. 



358 



SOLID GEOMETRY 



Ex. 1527. Find the volume of a regular quadrangular prism if the 
side of its base is 4, and the lateral edge is 6. 

Ex. 1528. Find the volume of a regular hexagonal prism if the side 
of its base is 2, and the lateral edge is 5. 

Ex. 1529. Find the altitude of a regular hexagonal prism, if the side 
of the base equals 4, and the volume equals 60 VS. 

Ex. 1530. Find the volume of a regular triangular prism if the side of 
its base is 8, and the altitude is 10. 

Ex. 1531. Find the volume of a right triangular prism, if the lateral 
edge is 9, and the sides of the base are 6, 8, and 10. 

Ex 1532. E is the lateral edge and ABCD the base of a right quad- 
rangular prism. Find the volume if AB = 9, BC =z 12, CD = 14, DA = 13, 
AC := 16, Bind E = 10. 

Ex. 1533. Find the volume of a triangular prism, if the sides of its 
base are 6, 4, and 4, the lateral edge ^ = 8, and the inclination of i? to 
the base is 30°. ^ 

Ex. 1534. E is the lateral edge, p the projection of E upon the base, 
and 8 the side of the base of a prism. Find the volume, if i? = 7, p = 1, 
8 = 1, and the base is a regular hexagon. 

Ex. 1535. In the diagram for Prop. XIV, find AA', if F=200, 
ABCDE =i 25, and the projection of AA' upon the base is 6. 

Ex. 1586. In the diagram for Prop. XIV, find the volume of the 
prism, tf ABCDE = 16, the projection of AA' upon the base equals 3, and 
the inclination of AA' to the base equals 45°. 

Ex. 1537. In the same diagram 
find the inclination of AA' to the base, 
if AA' = 6, ABCDE = 20, and F = 60. 

Ex. 1538. The diagonals of a par- 
allelepiped bisect each other. 

Ex. 1539. Find the number of 
cubic feet of air in a building whose 
dimensions are given in the annexed 
diagram. 

Ex. 1540. What is the total surface of the house described in the 
preceding exercise ? 
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605. Def, a pyramid is a polyhedron bounded by tbe 
faces of a polyhedral angle and a plane. 

Obvjondy, all faces meeting at the vertex of the polyhedral angle are 
triangles, while the remaining surface is a polygon. 

606. The vertex o* the pyramid is the vertex of the poly- 
hedral angle, the lateral e^es are the edges of the polyhedral 
angle, the lateral faces are the triangles that meet at the vertex, 
the lateral area is the sum of the areaa of the lateral edges, and 
the baee is the face opposite the v«rtex. 

607. Def. A pyramid is triangular, quadrangular, etc., ac- 
cording as its base is a triangle, a quadrilateral, etc. 

Note. A tetrahedron is a Irlangalar pyramid. 

608. Def. The altitude of a pyramid is the length of the 
perpendicular from the vertex of the pyramid to the plane of 
the base, as VF. 
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609. Def. a res^ular pyramid is a pyramid whose base is 
a regular polygon, the center of which coincides with the foot 
of the altitude. 

A regular pyramid is also called a right pyramid. 

610. Def. The axis of a regular pyramid is its altitude. 

The lateral edges of a regular pyramid are equal since they cut off 
equal distances from the foot of the altitude. 

Hence the lateral faces of a regular pyramid are equal isosceles tri- 
angles. 

611. Def. The slant height of a regular pyramid is the alti- 
tude of any one of the lateral faces, as WE, (Diagram on p. 359.) 

612. Def. A truncated pyramid is the portion of a pyramid 
included between the base 

and a section formed by a /\^ 

plane cutting all the lateral y ^B 

edges. A'""^^^ 

613. Def. A frustum of a N^fer^^-^^^HPP^^" 
pyramid is a truncated pyra- 
mid in which the plane of the section is parallel to the base. 

614. Def. The altitude of a frustum is the perpendicular 
distance between its bases. 

615. Def. The lateral area of the frustum is the sum of the 
areas of its lateral faces; the lateral faces of a frustum of a 
regular pyramid are equal isosceles trapezoids. 

616. Def. The slant height of a frustum of a regular pyra- 
mid is the altitude of one of these trapezoids which form the 
lateral faces. 

Proposition XV. Theorem 

617. Tlie lateral area of a regular pyramid is equal 
to half the product of the slant height hy the perimeter 
of the base. 
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lateral faces, P 
and S the slant 



(610) 



OlTen r-ABCDE, a regular pyramid of i 
the perimeter of the base, L the lateral aref 
height. 

To prove L=P y.s. 

Proof. AvAB = ArBC = ^FaD, etc, 

A VAB=AB XS. 
.: L = nX AB X B, 
or L = pxs. 



618. Cob, The lateral area of a fruatum 
of a regular pyramid is equal to one half 
the sum of the perimeters of the bases multi- 
plied by the slant height 

Hint. What ia the shape of the lateral facet t 

619, For many calculationa relating to regu- 
lar pyramids three types of right triangles are of importance. 
(See the figure for Prop. XV.) These types are illustrated 
by triangles YKF, VAE, and VFC. 

A VFK contains S, U, r, Af 



A VAK contains E, s, ^• 
A VFC contains E, B, R, Z e. 
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The notations used here indicate : 

E = lateral edge. 
H = altitude of solid. 
S = slant height. 
8= side of base, 
r = apothem of base. 
B = radius of base. 
Z e = inclination of E to base. 
. Zf= inclination of a lateral face to the base. 

A few other notations used hereafter are : 

B = area of base (or lower base if there are two). 
b = area of the upper base. 
L = lateral area. 
F = volume. 
T = total area. 

h = altitude of (lower) triangular base. 
A' = altitude of upper triangular base. 
8^ = side of upper base. 
/ = apothem of upper base. 
J?' = radius of upper base. 



Ex. 1541. Find the lateral area of a regular triangular pjrramid if 
« = 6, and /S' = 4. 

Ex. 1542. Find the lateral area of a regular quadrangular pyramid 
if « = 8, and jy = 8. 

Ex. 1543. Find total area of a regular triangular pyramid if s = 2, 
S = S. 

Ex. 1544. Find the lateral area of a regular octagonal pyramid, if 
E = 13, and s = 10. 

Ex. 1545. Find the total area of a regular hexagonal pyramid if 
a = 4, and ^"=2. 

* Ex. 1546. Find the lateral area of a regular quadrangular pyramid 
if ^ = 8, and Z « = 30°. 

Ex. 1547. Find the slant height of a regular pentagonal pyramid if 
i = 90, a = 3. 
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Ex. 1548. Find tbe lateral area of e, frustum of a regular triangular 
pjramid if S = B, a = 4, aod »' = 8. 

Ex. 1549. Find the lateral area of a frustum of a regular quadrangu- 
lar pyramid if » = !2, a' = 4, and H = Z. 

Pkoposition XVI. Theokem 
620. If a pyramid be cut by a plane parallel to its 
base: 
(1) The laterai edges and the altitude are divided 



(2) The section is a polygon similar to the base. 




Given pyramid V— ABODE, cut by a plane parallel to its base, 
intersecting the lateral edgea in a', b', (f, d', e', and the 
altitude VP in p'. 

1. Totroy. Z^ =. I^ = ... Zt' . 

VA VB VP 

This follows directly from 4S3. 

2. To prove abode '^a'b'c'd'e'. 

Proof. Pass a plane through' VB and VE intersecting the 
parallel planes in BE and b'e' respectively. In like manner 
obtain BD and B'd'. 

ab II A'B' and BE II b'e". (483) 

.-. Z ABE = Z A'B'E'. (495) 
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Similarly, Z BE A — Z b*e'a'. 

.-. A ABE ^ A A'B'E'. (302) 

In like manner A BED ^ A b'e'd\ etc. 

.-. ABODE ^ A'B'(fD'E\ (314) 

621. Cob. 1. A section of a pyramid parallel to the base is 
to the base as the square of its distance from the vertex is to 
the square of the altitude of the pyramid. 

It follows from the similarity of A VAB and V'A'b' that 

AB : A'b' = VA : VA' = VP : VP\ 
but ABODE : A'b'ODE' = Z? : aHb^ 



= vP iVF^. 

622. Cob. 2. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to the bases, 
and at equal distances from the vertices, are equivalent. 

Hint. If B is the area of the equal bases, and b and b' are the areas 
of the sections, then 

B:b= VP : FF^ 
and B:b' = VF^ : VP^. Apply (277) 



Ex. 1550. The altitude of a regular triangular pyramid, each side of 
whose base is 4 ft., is 12 ft. Find the area of a section made by a plane 
parallel to the base and 4 ft. from the vertex. 

Ex. 1551. Each side of the base of a regular quadrangular pjrramid 
is 3 ft. and its altitude is 8 ft. Find the area of a section made by a plane 
3 ft. from the vertex and parallel to the base. 

Ex. 1552. The base of a regular hexagonal pyramid measures 10 in. 
on a side. If the altitude be 5 in., how far from the vertex must a plane 
be passed to form a section the area of which is 3 V3 ? 

Proposition XVIL Theorem 

623. Two triangular pyramids which have equivalent 
bases and equal altitudes are equivalent. 
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Olren two triangular pyramids 0-ABC and O'-a'b'c" having 
eqnal altitudes, equivalent bases, and the volumea F and r' 
respectively. 

To [ffove y =s f'. 

Proof. Suppose V' > V. 

Place the pyramids so that their bases are in the same plane. 

Divide the altitudes into n equal parts, calling the length of 
each part h. 

Through the points of division pass planes parallel to the 
bases. 

The corresponding sections thus formed are equivalent. (622) 

On the base a'b'c', and on each parallel section of o'-A'B'cf 
as a lower base, construct a prism with lateral edges parallel 
to 0'<:f and altitude equal to h. On each section of o-abc 
as an upper base construct a prism with lateral edges parallel 
to oc and altitude equal to h. 

Each prism of O-ABC is equivalent to the prism next above 
it in o'-a'b'g', hence the difference between the two sets of prisms 
is the lowest prism in O'-A'b'c". By increasing the number 
of parts into which each altitude is divided, each part h, and 
hence the volume of the lowest prism in o'-A'B'&, can be 
diminished indefinitely. Or if P' and P denote the volumes 
of the two acts of prisms, the limit of P' — P = 0. 
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But 


p' > r, 


(Ax. 11.) 


and 


p<r. 
.-. p' —p>r' — v.* 


(Ax. 11.) 



If, however, f' were greater than V, V* — V would be a 
positive quantity, or a positive' quantity would be less than 
a quantity which approaches zero as a limit, which is im- 
possible. 

.*. f' is not greater than F. In the same manner we may 
prove that pyramid F is not greater than pyramid F'. 

.-. F= f'. 



Proposition XVIII. Theorem 

624. The volume of a triangular pyramid is equal 
to one third of the product of its base by its altitude. 




Given F the volume, B the base, and H the altitude of the 
triangular pyramid E-ABC, 

To prove v = \B x H. 

Proof. On ABC construct the prism ABC-DEF, having its 
lateral edges equal and parallel to EB. 

The prism is composed of the pyramid E-ABC and the 
quadrangular pyramid E-ACFD, 

* The principle involved here is an axiomatic one, although it can be de- 
rived from the other axioms, viz. : If unequals are subtracted from uneqoals 
of the opposite order, the remainders are unequal. 
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Through ED and EC pass a plane cutting ACFD iu DC, 
forming t*o triangular pyramids, E-DCF and E-ADC. 

Let ua denote the volumes of E-ABC, e-adc, and E-DCF 
by I, II, and III respectively. 

Considering c as their common vertex, pyramids I and II 

have the same altitude and equivalent bases. (1^2) 

.-.1 = 11. (623) 

Considering E the vertex of II and III, it follows in like 
manner that h ~ HI, 

.-. I = II = II1. 

Hence,- 1 = i prism ABC-efp. 

Therefore V=s-iSXfl. (600) 

625. Cob. 1. The volume of any p 

pyramid is equal to one third the 
product of its base by its altitude. 

For the pyramid may be divided 
into triangular pyramids by passing 
planes through any edge and the 
corresponding diagonals of the base, 
all having the common altitude VM, 
or if. 

V-ABE = ^Hy. ABE. 
7-BED = ^ if X BED, etc. ^ ^ 

.-. 7-ABCDE = \ h(abE + BED + ■■■). 
Or r-ABCDE = ^HXli. 

686. Cob. 2. The volumes of two pyramids are to each 
other as the products of their bases and altitudes. 

627. Cor. S. Pyramids having equivalent bases are to each 
other as their altitudes, and those having equal altitudes are to 
each other as their bases. 

688, CoR. 4. Pyramids having equal altitudes and equiva- 
lent bases are equivalent. 
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Ex. 1553. Find the volume of a triangular pyramid, if its base equals 
20, one of its lateral edges equals 12, and tlie inclination of this edge to 
the base is 30''. 

Ex. 1554. Find the volume of a triangular pyramid whose altitude 
equals 8, and the sides of whose base equal 14, 15, and 13. 

Ex. 1555. Find the altitude of a pyramid whose base is a square, if 
the volume equals 72, and the side of the base equals 6. 

Ex. 1556. Find the volume of a regular hexagonal pyramid if s = 6, 
andJ7=8. (For notations see 619.) 

Ex. 1557. Find the volume of a regular triangular pyramid if s = 4, 
and H=6. 

Ex. 1558. Find the volume of a regular quadrangular pyramid if 
« = 6, /S' = 6. 

Ex. 1559. Find the volume of a regular quadrangular pyramid if 
/S'=12, andZ/=30^ 

Ex. 1560. Find the volume of a regular hexagonal pyramid if ^ = 12, 
and Ze = 30". 

Ex. 1561. Find the volume of a regular quadrangular pyramid if 
^=11, and ^=7. 

Ex. 1562. Find the volume of a regular hexagonal pyramid if i? = 7, 
« = 1. 

Ex. 1563. Find the volume of a regular quadrangular pyramid if 
S = 4, andZ/=46°. 

Ex. 1564. Find the lateral edge of a regular quadrangular pyramid if 
F=:336, andir=7. 

Ex. 1565. The Great Pyramid (Pyramid of Ghizeh) is 233 m. square 
at the base and 146.5 m. high. Compute its volume, and its weight, if we 
assume the average weight of the material as 3 T. per cubic meter. 

Proposition XIX. Theorem 

629. If H denotes the altitude of a frustum of a pyramid, B 
the area of the lower base, and b the area of the upper base, 
the volume equals ^ jy (^ -f 6 + V^). 
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Proof. Produce the lateral edges of the fraBtum until they 
meet in O, and denote the altitude of the upper pyramid by x. 
Obviously, r=(o-ABCD) - (o-a'b'c'd') 

= iB(H + x)-lbx (624) 

= ^[BH + Bx — bx] 

= ilBH + xiB-b)2. (1) 

To obtain the value of x, eonaider the proportion. 

B:b = {H + xy:a^. (621) 

.■.>/B:^b = H + x:x. (289) 

.■- V5 - V6 : V6 = if: (E. (284) 

. ffVF 



Substituting this value 



Vfl 


-VS 


= m (1), 




31 -^B-Vb J 


-i-l 


jj+V5(Vii+V6)]. 


V~\B[ 


S+VB6 + 6]. 



Or 

630. Cor. 1. The frustum of a pyramid is equivalent to 
the sum of three pyramids each having the same altitude as 
the frustum and whose bases are the upper and lower bases 
of the frustum, and the mean proportional between these bases. 
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Ex. 1566. Find the yolume of the frustum of a triangular pyramid, if 
the lower base is 9, the upper 4, and the altitude 5. 

Ex. 1567. Find the volume of the frustum of a regular quadrangular 
pyramid, if the edge of the lower base is 7, of the upper 6, and if the 
altitude is 8. 

Ex. 1568. The upper base of a frustum of a pyramid is 2, the lower 
18. . Find the altitude if the yolume is 260. 

Ex. 1569. The sides of the bases of a frustum of a regular triangular 
pyramid are 8 and 6, and the altitude is 0. Find the volume. 

Ex. 1570. The sides of the bases of a frustum of a regular hexagonal 
pyramid are 4 and 2,. and the altitude is 3. Find the volume. 

631. Note. For more difficult frustum examples three trapezoids are 
of importance, viz. AFF^A\ FPF'F', and BFF'B' (annexed figure). 
Using the notations of (619), 
APPA contains fl, E, B, B', Z e. 
FPP'F' contains H, S, r, r', Zf. 

BFF'B' contains S, E, - , - • 

'22 

As each of these quadrilaterals con- 
tains two right angles, all parts can be 
found if three of them are given. 

To solve a trapezoid we usually draw through 
one vertex a parallel to the opposite side and 
solve the resulting triangle. 

Ex. 1571. Find the volume of the frustum 
of a regular hexagonal pyramid, if 8 = 10, «' = 6, 
and E = 6. 

Ex. 1572. Find the volume of a frustum of a regular quadrangular 
pyramid it S = 13, r = 11, and r' = 7. 

Ex. 1573. Find the lateral area of a frustum of a regular pentagonal 
pyramid if s = 11, s' = 6, and ^ = 6. • 

Ex. 1574. Find the lateral area of a frustum of a regular hexagonal 
pyramid if s = 10, «' = 8, ^ = 4. 

Ex. 1575. Cleopatra^s Needle is an Egyptian obelisk that was removed 
to Central Park, New York City. It is a frastum of a quadrangular 
pyramid 64 ft. high, 8 ft. square at the base, 5 ft. square at the top, and 
surmounted by a pyramid 7 ft. high. Find its volume and its weight. 
(Assume 165 lb. per cubic foot.) ' 

Ex. 1576. A stone spire of a church is a hollow regular pyramid 
40 ft. high, on a hexagonal base, each side of which is 10 ft. The hollow 
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part of the spire is also a hexagonal pyramid 36 ft. high, on a hexagonal 
base each side of which is 9 ft. How many cubic feet of stone were 
required to build the spire ? 

Proposition XX. Theorem 

632. The volumes of two triangular pyramids^ that 
have a trihedral angle of one equal to a trihedral angle 
of the other, are to each other as the product of the 
three edges of these angles. 




Given V and f', volumes of the triangular pyramids 0-ABC 
and O'-EFGy having the equal trihedral angles and 0'. 

• V OAXOBX 00 

To prove — ; = -; ; 7—" 

^ y O'E X O'F XO'Q 

Proof. Place the pyramids so that trihedral Z will coincide 
with trihedral Z o'. 

Draw C'P and OR perpendicular to face O'FE, and let the 
plane of c'P and OR intersect face O'EF in line O'PR. 

Since O'a'b' and O'EF are bases, and &P and OR the 
altitudes of pyramids c'-0'a!b' and O-O'EF, 

V 






_ ^o'a'b' X c'p __ a o'a'b' c'p 

F' "" A O'EF X OR " A O'EF QR 

A O'A'b' O'A' X O'B' 
A O'EF O'E X O'F 

c'p _ O'Cf 

QR "" O'Q ' 
V O'A' X O'B' O'C' _ OAXOBX 00 



y> O'E X O'F O'O O'E X O'F XO'O 



(626) 
(378) 
(Why?) 



Q. E. D. 
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633. Def. Similar polyhedronB are polyhedrons that have 
the same number of faces similar each to each and similarly 
placed, and have their homologous polyhedral angles equal. 

Peoposition XXI. Theorem 

634. The volumes of two similar tetrahedrons are to 
each other aa the cubes of their homologous edges. 



Oiven V and v', the volumes of the similar tetrahedrons 
i-ABC and t-efg. 

To prove —=~ = ^, etc. 

Proof. Trihedral Z S = trihedral / T. (633) 

V_^SBX3CX3A ^^SB^SC^SA^ ,^. 

V' TFy.Tg X TE TF TG TE 

But ?i. = ^ = M. 

TF TO TE 



Ex. 1677. In the diagram for Prop, XXII, if fii = 8 and TS = 2. 
find the ratio of Fto V. 

Ex. 1578. In tbe siune diagram, find TF, U SB = 2,AaaV:y' = 1:2. 
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REGULAR POLYHEDRONS 

635. Def. a regular polyhedron is a polyhedron all of 
whose faces are equal regular polygons, and all of whose 
polyhedral angles are eqiial. 

It is proved in Prop. XXII that only five regular polyhedrons are pos- 
sible, viz. the tetrahedron, the octahedron, the cube, the icosahedron, 
and the dodecahedron. (For diagrams see pp. 340 and 374.) 

Proposition XXII. Problem 

636. To determine the number of regular convex 

polyhedrons possible. 

A convex polyhedral angle must have at least three faces, 
and the sum of its face angles must be less than 360^ (623) 

1. A convex polyhedral angle may be formed by combining 
three, four, or five equilateral triangles. Since each angle of 
an equilateral A is 60°, the sum of six such angles is 360®, a 
sum greater than that of the face angles of a convex polyhe- 
dral angle. 

Hence three regular convex polyhedrons are possible with 
equilateral A as faces. 

2. A convex polyhedral angle may be formed by combining 
three squares, but not by using four or more squares. (Why ?) 

Hence one regular convex polyhedron is possible with squares 
as faces. 

3. A convex polyhedral angle may be formed by combining 
three regular pentagons, but not by using four, etc.* pentagons. 

(Why?) 
Hence one regular convex polyhedron can be formed having 
reg^ular pentagons as faces. 

4. It is impossible to form a convex polyhedral angle by 
combining hexagon, heptagon, octagon, etc. (Why ?) 

Hence only five regular convex polyhedrons are possible; 
the tetrahedron, the octahedron, the icosahedron (having equi- 
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lateral triangles as faces), the hexahedron or the cube (having 
squares as faces), and the dodecahedron (having regular pent^ 
gons as faces). 

637. To construct the regular polyhedrons, draw on stiff paper or 
cardboard the fuUuwing diagrama. Cut parti; tbrough the paper along 
the dotted )inee. Fold over and bold the edges in contact by pasting the 
narrow strips. 




Ex. 1579. ir three equal lines AA', BB', and CC Lave tieir mid- 
points at a point O, and each line is perpendicular to the other two. 




then the points A, B, C, A', B', C, determine a regular octahedron. 
(The lines AA', BB', aud CC are called the axes of the octahedron.) 

Ex. 1580. If a side of an octahedron equals 2 in., find the length of 
the axes (AA', etc.). 

Ex. 1581. If a side of an ociahedroD equals 4 in., find the volume 
and the surface of the solid. 

Ex. 1682. The three sides of the base of a pyramid are respectively 
10, 17, and 21. Find the volume if the altitude is 6. 
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Sx. 1683. ' The three sides of the base at a pyramid are respectively 
9, 10, IT. Find the Tolume if a lateral edge is 20, and its projection upon 
the base equals 12. 

Sx. 1684. A lateral edge of a pyramid equals 10, and ita inclination 
to the base is 30°. Find the area of the base if the volume of the pyra- 
mid is 100. 

Ex. 1586. The base of a pyramid is a rhombus whose diagonals are 
respectively ID and 12. Find the volume if the altitude is S. 

Ex. 1586. The diagonals of a parallelopiped divide the figure Into six 
equivalent pyramids. 

Ex. 1587. If any point within a parallelopiped be joined to the 8 
vertices, pyramids are formed, of which the simi of any opposite two is 
equal to the sum of any other opposite two. 

Ex. 1568. Each edge of a triangular pyramid is equal to 10. Find 
the volume. 



Ex. 1690. The base of a pyramid is a parallelogram of base 10 and 
altitude 8. Find the volume if a lateral edge ia equal to f), and forms 
with the base an angle of 15°. 

Ex. 1591. The base of a pyramid is a rectangle having sides respec- 
tively equal to a and b. A lateral edge is equal to c, and is inclined to 
the base 30°. Find tiie volume. 

Ex. 1592. Pind the altitude of a pyramid of base b, equivalent to 
another pyramid of base a and altitude h. 
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638. Def. a cylindrical surface is a surface generated by a 

moving straight line that continually interBects a fixed curve 
and is always parallel to a 
fixed straight line not in 
the same plane with the 
given curve. 

639. Def. The genera- 
trix of the surface is the 

moviDg straight line; the 
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directrix is the given curve ; and an element of the surface is 
the moving line iu any of its positions. 

640. Def. a cylinder is a solid bounded by a cylindrical 
surface and two parallel planes ; the bases of a cylinder are 
the parallel planes ; and the lateral surface is the cylindrical 
surface. 

The elemente of a cylinder are equal since they are II lines included 
between II planes. 

641. Def. a circular cylinder is a cylinder whose bases 
are circles. 

642. Def. A right cylinder 

is a cylinder whose elements 
are perpendicular to the bases. 

643. Def. An oblique cylin- 
der is one whose elements are 

oblique to the bases. 

644. Def. The altitude of a cylinder is the perpendicular 
distance between the bases. 

645. Def. A straight line is tangent to a cylinder, if the line 
touches the lateral surface in 

one point but does not intersect 
it if produced. A plane ib 
tangent to a cylinder if it con 
tains one element of the cjl 
iuder and does not intei'sect 
the cylinder. 

646. Def. A prism is in 
scribed in a cylinder when ils 
lateral edges are elements uf 
the cylinder and its bases are 
inscribed in the bases of the 
cylinder. 
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647. Dkp. a section of a cylinder is the figure formed if 
the cylinder is intersected by a plane; a right section is a 

section formed by a plane perpendicular to the elements. 

Pboposition XXIII. Theorem 

648. Every section of a cylinder made hy a plane 
passing through an element is a parallelogram. 



lilliii li 



\i 




Given ABCD, a section of cylinder AC, made by plane through 
element ab. 

To prove ABCD is a parallelogram. 

Proof. Through D, in plane AC, draw a line II AB. 

This line is an element of the cylinder (638), 

Since this line is in the plane AC and is an element of the 
cylindrical surface, it must be their intersection, and therefore 
coincides with DC. 

.: DC is a straight line II AB. 

Also AD is a straight line II Bc. (Why?) 

,-. ABCD is a parallelogram. <t. e. d. 

649. CoR. Every section of a right cylinder made by a 
plane passing through an element is a rectangle. 
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Proposition XXIV. Theorem 
650. The hoses of a cylinder are congruent 




Given ABC and A*B'&, the bases of the cylinder BC. 

To prove Base ABC ^ base A^B'Cf. 

Proof. Let A, B, and C be any three points in the lower 
base, and AA', BB\ CC' the corresponding elements. 
Draw A ABC andi^'B'C'. 

AB', BCf, and CA* are [U. (648) 

Hence AB = A'B*, BC = B'Cf, CA = (fA\ 

. •. A ABC ^ A A^B^Cf. (S. 8. S. = S. S. 8.) 

Place the upper base upon the lower base so that A^B^ coin- 
cides with AB. Then Cf must coincide with C. But as Cf is 
any point in the perimeter of the upper base, all points in the 
upper base coincide with the corresponding points in the lower 
base. 

.*. the bases are congruent. q.e. d. 

651. Cor. 1. Any two parallel sections cutting all the ele- 
ments of a cylinder are congruent. 

652. Cor. 2. Any section of a cylinder parallel to the base 
is congruent to the base. 

653. Def. The area of the lateral surface of a cylinder is 
the limit which the lateral area of an inscribed prism ap- 
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proaches, if the Dumber of its lateral faces is i 
increased 

The volume of a cylinder is the limit which the volume of 
the tDSCiibed prism approaches if the number of its faces is 
increased indefinitely 

Peoposition XXV Theorem 
654. The lateral area of a cylinder is equal to the 
product of the penmeter of a right section of the cylin- 
der by an element 




(Hven L the lateral area, p the perimeter of a right section, 
and E an element of the cylinder AK; l' the lateral area, P' 
the penmeter of a section of a prism with a regular polygon 
as base, inscribed in cylinder AK. 

To prove L = PxS. 

Proof. The edge of the inscribed prism coincides with an 
element of the cylinder. 

.■.L' = p'xx. (574) 

If the number of faces of the inscribed prism be increased, 

L' will approach £ as a limit, and P' will approach p as a limit 

.■.L = PXE. (422) 
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655. Dep. a cylinder of revolution is a right circular cylin- 
der because it may be generated by a rectangle revolving 
about one of its sides as an axis. 

656. Def. Similar cylinders of revolution are cylinders gen- 
erated by similar rectangles revolving about homologous sides 
as axes. 

657. Cou. 1. The lateral area of a cylinder of revolution 
is the product of the circumference of its base by its altitude. 

658. Cor. 2. If L denote the lateral area, T the total area, 
H the altitude, and R the radius of a cylinder of revolution, 

Z = 2 irRH, and 

T = 2irR{n-{-R), 

Ex. 1593. Find the total area of a cylinder of revolution, if ^= 6, 
and B = 2, 

Proposition XXVI. Theorem 

659. The volume of a circular cylinder is equal to 
the product of its base by its altitude. 




A 

Given V the volume, B the base, and JT the altitude, of cylin- 
der AK', F' the volume, B' the regular polygon forming the 
base of a prism inscribed in AK. 

To prove v=zB x n. 

Hint. Use the Theorem of Limits as in preceding proposition.* 

* Assume that B is the limit which B' approaches, if the number of sides is 
Indefinitely increased. 
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660. Cor. For a cylinder of revolution with radius of base 

Proposition XXVII. Theorem 

661. 77ie lateral areas ^ or the total areas, of similar 
cylinders of revolution are to each other as the squares 
of their radii, or as the squares of their altitudes; and 
their volumes are to each other as the cubes of their 
radii, or as the cubes of their altitudes. 






H' 



H 




Given X, L', the lateral areas ; T, T*, the total areas ; F, F*, 
the volumes ; R, R', the radii ; and H, H', the altitudes of two 
similar cylinders of revolution. 

To prove L : L'=T: T'=^ 
F : F' = 1?« : iJ'8 = jj8 

H __ R __ H-\-R 
It R^^H^-hR^' 
L 2irRH 



and 
Proof. 






(282) 



L' 2irR'n' R' H' iJ'2 



H 



/2' 



and 



and 



T ^ 2'irR{n-\-R) ^R y. H-^-R ^ R^ ^ H^ 
r 2 irR' (H' + R") R' H' + R' R'^ H'^' 

V _ irR^H __R^ y^ H _R^ _H^ 
r^TTR^'H' R'^ H' iJ'8 H^ 



^ — - • Q. E. D. 
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Ex. 1594. Find the ratio at the volumes of two Bimllar ojUndeiB of 
revoIutloQ, it their altitudee are to eiich other aaZtai. 

Ex. 1S96. Find the raditu of Che base of a cylinder of reTolation U 
the lateral surface equals 440, and the altitude equals 7 | assume r = ^V 

Ex. 1696. Find the radios of the baee of a cylinder if its lateral sur- 
face is equivalent to the sum of the lateral surfaces of throe cylinders of 
revolution, whose radii are 3, 4, and 6, and all four Oflinden have equal 
altitudes. 

Ex. 1597. Two oylindera of revolution have equal altitudes, and their 
radii are respecttTsly 3 and i. Find a third cylinder of revolution of 
the same altitude and equivalent to the sum of the two given cylinders. 

Ex. 1698. Find volume of a circular cylinder if the radius of the base 
is 3, an element, E, equals 4, and the inclination of £ to the base la 45°. 



CONES 

662. Def. a conical surface is a surface generated by a 

raoviug straight line which continually intersects a given fixed 
curve and constantly passes through a fixed point not in the 
same plane with the curve. 

663. Def. The generatrix of the surface is the moving 
straight line; the directrix is the given curve; and the Tertex 
is the fixed point. 
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664. Dbf. An element of a, conical surface is the generatrix 
in any position. 

665. Def. The upper asd lower nappes are the portions of 
the conical surface formed above and below the vertex when 
the length of the generatrix is unlimited. 

666. Def. a cone is a solid bounded by a conical surface 
and a plane cutting all its elements. 

667. I>EF. The lateral surface of the cone is the conical sur- 
face ; the base of the cone Is the plane surface ; the vertex of the 
cone is the vertex of the conical surface ; and the elements of 
the cone are the elements of the conical surface. 

668. Def. a circular cone is a cone whose base is a circle ; 
the axis of a' circular cone is the straight line joining the vertex 
and the center of the base 




669. Dbp. a right circular cone is one whose axis is perpen- 
dicular to the base ; an oblique circular cone is one whose axis 
is not perpendicular to the base. 

Note. In tbis book only circular cones are treated of. 

670. Def. The altitude of a cone is the perpendicular from 
the vertex to the plane of the base. 

671. Def. A cone of revolution is a right circular cone, for 
this latter may be generated by a right triangle revolving about 
one of its arms as an axis. 
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672. Def. Simllai cones of nrolntion are coaes generated by 
the revolution of similar right triangles about homologous arms. 

673. Def. a line is tangent to a cone, if the Hue touches 
the cone in one point only and does not interfieot it if 'produced. 

674. Def. a plane is tangent to a cone, if it contains an 
element but no other point of the coue. 

675. Def. a pyramid is inscribed in a cone when its base is 
inscribed in the base of the coue aud its vertex coincides with 
the vertex of the coue. 




676- A pyramid is circumscribed about a cone when its base 
is circumscribed about the base of the cone and its vertex 
coincides with the vertex of the cone 
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677. Def. a frustum of a cone is the portion included 

between its base and a plane parallel to the base. The lower 
base of the frustum is the base of the cone, and the upper base 
is the section made by the plane. 




678, If pyramids are circumscribed about and inscribed in 
a cone with volume r, lateral surface L, base B, circumference 
of the base c, and the number of lateral faces of the pyramids 
is increased indefinitely, then 

L is the limit of the lateral surfaces of the circumscribed 
pyramids. 

V is the limit of the volumes of the inscribed pyramids. 

'b is the limit of the base of the inscribed pyramid. 

is the limit of the perimeter of the base of the circum- 
scribed pyramid. 

Note. The firet two atatements may be considered as defluitions ; the 
last two are assumptionB. 

It will be furtlier assumed in the following Eectiou that 

(a) Tbe limit of the sum of several vitriabLes equals tbe sum of tbe 
limits of these variables. 

(6) The limit of the product of two variables equals the product of 
their respective limits, when no one of ihese limits is zero. 

All tour asaiunptions are capable of proof. 
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pROFOSiTiOK XXVIII. Theorem 

679. Every section of a cone made by a plane pass- 
ing through its vertex is a triangle. 




Oiven ABC, a section of the cone made by plane paesiug 

through vertex A. 
To prove ABC a triangle. 

Proof. Join A and fl by a straight line. 
This line is an element of the cone. (662) 

This line lies in the given plane. (^^S) 

.-. this line is the intersection of the conical surface and the 

given plane. 
In like manner it follows that the straight line AC is the 

intersection of conical surface and the given plane. 
BC is a straight line. (480) 

.'. ABC, the section, is a triangle. g.E.D. 

680. Cor. Every section of a right cone made by a plane 
passing through its vertex is an isosceles triangle. 
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Proposition XXIX. Thborku 
681. Every section of a circular cone made by a 
plane parallel to the hose is a circle. 




Olven A'b'C, a section of cone V-ABG made by a plane 
11 ABC, the center of tlie base, and 0', the point of intersec- 
tion of VO and plane A'B'&, 
To prove. A'B'ff ia a circle. 

Proof. Pass planes through vo and OB, and through ro 
and OC, and let them intersect plane A'b'& in o'B' and O'c" 
respectively. 

OB n o'B'. (483) 

.-. A FOB ~ A ro'B'. (311) 



Similarly 
But 



VO' 

vo _ 



OC 



, ro' o<f 

OB = OC". 

.: o'B' = o'(f. (277) 

.-. A'B'(f is a circle. <j. e,d. 

682. Gob. 1. The axis of a circular cone passes through 
the center of every section which is parallel to the base, or 

The locus of the centers of the sections of a circular cone 
made by planes parallel to the base is the axis of the cone. 
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683. Cor. 2. Sections made by planes parallel to the bases 
of a circular cone are to each other as the squares of their radii, 
or as the squares of their distances from the vertex of the cone. 

Proposition XXX. TnEOREi^f 

684. The lateral area of a cone of revolution is equal 
to half the product of the slant height by the circumr 
ference of the base. a 



Given L lateral area, C the circumference of the base, and 
S the slant height of the cone; i' the lateral area, P the 
perimeter of the regular polygon forming the base of a circum- 
scribed pyramid. 

To prove z = ^ (7 x 5. 

Hint. Circumscribe a pyramid ; its slant height is 8. Use Theorem 
of Limits. 

685. Cor. If L is the lateral area, T the total area, H the 
altitude, S the slant height, R the radius of the base, of a cone 
of revolution, L = 7rR'S, 

T=7rR{S-^R). 



Ex. 1599. Find the lateral area of a cone of revolution whose radius 
is 12 and whose altitude is 5. 

Ex. 1600. Find the lateral area of a cone of revolution if the hy- 
potenuse of the generating triangle be 10 in. and the acute angles be 45° 
each. 

Ex. 1601. Find the altitude Of a cone of revolution if X = 36 ar, and 
i? = 4. 
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PROPOsiTtoN XXXI. Theorem 

686. The volume of a cone is equal to one third the 
product of its base by its altitude. 




Given r the volume, B the base, and H the altitude of the 
cone ; F' the volume, B' the regular polygon forming the base 
of an inscribed pyramid. 

To prove v = \B x H. 

Hint. Use Theorem of Limits. V^ = \B' x H. (624) 

687. Cor. If the cone is a cone of revolution, with R as 
radius of B, then 

rr _ 



F = i irR^ff. 



Ex. 1602. Find the volume of a cone of revolution with radius 6 and 
altitude 2. 

Ex. 1603. Find the volume of a cone of revolution whose radius is 5 
and whose slant height is 13. 

Ex. 1604. Find the lateral surface of a cone of revolution if its 
volume is 314 and its altitude is 3. (Assume ir = 3. 14.) 

Ex. 1605. The axis of a circular cone equals 17 in., its projection 
upon the base equals 8 in. Find radius of the base if the volume equals 
80 IT. 

Proposition XXXII. Theorem 

688. The lateral areas, or the total areas, of two 
siviilar cones of revolution are to each other as the 
squares of their altitudes, as the squares of their radii. 
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or as the squares of their slant heights; and their 
volumes are to each other as the eubes of their alti- 
tudes, as the cubes of their radii, or as the cubes of 
their slant heights. 





Given z, i' the lateral areas, r, r' the total areas, F, F' the 
volumes, Hj h! the altitudes, i?, n* the radii, fif, s! the slant 
heights of two similar cones of revolution. 

To prove i : z' = r : r' = 5f* : IT'* = iJ* : J?'* = 5* : 5'*, 
and F : F' = ir* : J?" = if* : i?" = iS« : 5'*. 

The proof is similar to that of Prop. XXVII. 



Ex. 1606. Tind the r.itio of the total areas of two similar cones of 
revolution whose altitudes are 

(a) 12 in. and 24 in. respectively. 

(&) 6 in. and d in. respectively. 

Ex. 1607. The volume of a cone of revolution is 843 cu. in. and its 
altitude is 7 in. Find volume of a similar cone of altitude 

(a) 8 in. 
(6) 16 in. 

Proposition XXXIII. Theorem 

689. The lateral area of a frustum of a cone of revo- 
lution is equal to one half the sum of the circumferences 
of its bases multiplied by its slant height. 
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Given L the lateral area, C and & the circumferences of 
the bases, R and R' their radii, and S the slant height of the 
frustum; L' the lateral area, P and P' the perimeters of the 
bases, of a frustum of a regular pyramid circumscribed about 
the cone. 

To prove I, = ^(C7+ C')x -sr. 

Proof. The slant height of the frustum of the circumscribed 
pyramid = S. (Why ?) 

... i' = ^(p + p') X S. (Why ?) 

[To be completed by the student. Use Theorem of Limits.] 

690. CoR. The lateral area of a frustum of a cone of revo- 
lution is equal to the circumference of a section equidistant 
from its bases multiplied by its slant height. '^ 

For ^(c + &) = ^(2^R^2^R\ = 2j^±^Y 

But 2 w( -^ — j= the circumference of a section equidistant 
from the bases. 



Ex. 1608. Find the lateral area of a cone of revolution, if the radii 
of the bases are respectively 6 and 7, and 

(a) slant height equals 3. 
(&) the altitude equals 12. 

Ex. 1609. Find the radius of the upper base of a frustum of a cone of 
revolution, if X = 35 ir, 5 = 6, ^ = 4. 
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Proposition XXXIV. Theorem 

691. The volume of a frustum of a circular cone is 
equivalent to the sum. of its baseSy and the mean pro- 
portional between its bases, multiplied by one third 
its altitude. .^:=^t"==::5. 



Given V the volume, B the lower base, b the upper base, 
H the altitude of the frustum ; F' the volume, i?' the lower 
base, 6' the upper base, of an inscribed frustum of a pyramid 
with regular polygons as bases. 

To prove V = iH{B -|- b+^B x b). 

Proof. The altitude of the frustum of the pyramid = H. 

Then r=^H(B' + b'+ V^' x b'), (601) 

By increasing the number of the lateral faces of the inscribed 
frustum indefinitely, 

r' becomes a variable with F as a limit, 

5' approaches 5 as a limit, 

6' approaches 6 as a limit, and 5' x 6', 5 X 6 as a limit. 



.-. 5' -I- 6' 4- -y/WxF approaches 



B +b -{-Vb X 6 as a limit. 



.'. V = i H(B -\-b -{-VBxb), Q.E.D. 

692. Cor. If the frustum is that of a cone of revolution, 
with B and ij' as radii of its bases. 
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Note. The preceding proposition may be stated : 

The volume of a frustum of a circular cone is equivalent to the sum of 
the volumes of three cones whose common altitude is the altitude of the 
frustum, and whose bases are the lower base, the upper base, and the 
mean proportional between the bases of the frustum. For, the value of 
V may be written, 

iHxB + iHxb + \Hx VB x 6. 



Ex. 1610. Find the volume of a frustum of a circular cone, it B = 6, 
^' = 4, and ^=6. 

Ex. 1611. The masonry of a Dutch windmill forms a hollow frustum 
of a cone, 50 ft. high. The outer diameters are 35 ft. at the bottom and 
30 ft. at the top. The inner diameters are 30 ft. at the bottom and 26 ft. 
at the top. How many cubic feet of stone are in the masonry of the wind- 
mill? 

MISCELLANEOUS EXERCISES 

Ex. 1612. Find the lateral edge, lateral area, and volume of a regular 
triangular pyramid each side of whose base is 5 and whose altitude is 3.* 



E= F^ == V^^mTI^ = V9T^ = >/I|a == JV39; 

8-VK= ^m + KF^ = \/9 + } I = V^ = J V599. 
L-\ 8{AB + BC+CA)=\^ J V399 • 15 = | V399. 
V=:\BxH= 1(¥^3) . 3 = J^Va. 

Ex. 1613. Find the lateral edge, lateral area, and volume of a frus- 
tum of a regular hexagonal pyramid, the sides of whose bases are 14 and 
6, respectively, and whose altitude is 8. 

*For notations see (619). For the principle underlying the solutions of 
this and the following examples see (619) and (631). 
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Let O and P be the centers of the lower and upper bases. Draw OE 
and PF perpendicular to BG and OH, respectively. Draw OA, PD, 
DM± OA, and FNl. OE. 
NE= OJF-PF=7\/8-3\/8 = 4V3. 



8=FE = ^FN^ + iV^'^ = V64 + 48 

= 4\/7. 



AD=^/>if^+^^*=V64-|-64 = 8>/2. 
2i = J [(14 4. 6)4 V7] = 240\/7. 




IT 



8 



V-(B + b+ y/Bb) ^ = (294 VS + 64\/3 + 126 VS) - = 1264 VS. 

3 3 

Ex. 1614. Let 8 = a side of the base, n the number of sides of the 
base, and H the altitude of a regular pyramid. Find the lateral edge, 
and the volume if («) n = 3, s = 12, ^ = 12. 

(6) n = 4, « = 6, ^=9. 

(c) n = 4, « = 12, H=7, 

(d) n = 6, « = 8, ^ = 6. 

Ex. 1616. Using the notations of the preceding exercise find the 
Uteral area if (^) , ^ g^ ^ ^3^ ^^ 1. 

(6) « = 8, n = 4, fr=6. 

(c) » = 5, n=4, ^=3. 

(d) « = 4, n = 6, ^=7. 

Ex. 1616. Let 8 = a side of the lower base, s' a side of the upper 
base, n the number of sides of the base, and H the altitude of a frustum. 
Find the lateral edge, and the volume if 

(o) » = 10, «' = 6, n = 4, H= 1. 

(6) » = 8, »' = 5, n = 4, ^=3. 

(c) 5 = 10, «' = 6, n = 6, ^=2. 

(d) s = 6, «' = 4, n = 6, ^= 5. 

(e) » = 9, «' = 6, n = 3, ^= 3. 

Ex. 1617. Using the notations of the preceding exercise find the 
lateral area if ^^^ ^ ^ ^^^ ,; ^ g, n = 4, H= 6. 

(6) 5 = 6, s' = 4, n = 4, fl'=3. 

(c) « = 8, s^ = 2, n = 3, ^ = 1. 

(d) « = 8, «' = 6, n = 6, jH'= 3. 

Ex. 1618. Find the volume of a regular quadrangular pyramid, if 
^=11, and« = 12. 
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Ex. 1619. The total surface of a cube is 336 sq. in. Find its volume. 

Ex. 1620. The lateral area of a right prism is 140, and its base is a 
triangle whose sides are 6, 7, and 8. Find its volume. 

Ex. 1621. Find the volume of an oblique prism whose base is a regular 
hexagon inscribed in a circle of radius 5 in., if a lateral edge be 8 in. and 
its projection on the plane of the base be 3 in. 

Ex. 1622. The base of a pyramid whose altitude is 24 is a square of 
side 10. Find the area of a section 4 in. from the vertex and parallel to 
the base. 

Ex. 1623. How far from the vertex, on the lateral edge a, must a 
plane II to the base be passed to divide a pyramid into two equivalent 
parts? 

Ex. 1624. The altitude of a pyramid, having for its base a regular 
hexagon, each of whose sides is 8 in., is 28 in. Find the distance from 

the vertex of a section whose area is sq. in. 

2 

Ex. 1625. Find the surface and volume of a cube in which the diag- 
onal of each face is 16 in. 

Ex. 1626. Find the surface and volume of a cube whose diagonal is 
30 in. 

Ex. 1627. The base of a right' prism is a quadrilateral ABCD, in 
which AB=7 in., BC=20 in., CD = 16 in., D^ = 24 in., and the 
angles at A and C are right angles. If the height of the prism is 12 in., 
find its entire surface and volume. 

Ex. 1628. Find the lateral area of a right pyramid having the same 
base and height as a cube whose edge is 10 in. 

Ex. 1629. The diagonals of a rectangular parallelopiped are equaL 

Ex. 1630. Find the lateral area of the frustum of a regular pyramid 
the altitude of which is 15 in., and the bases of which are squares of 
sides 40 in. and 24 in., respectively. 

Ex. 1631. A cone of revolution 12 in. in height and 10 in. in diameter 
at the base is cut by a plane parallel to the base and 9 in. from it. Find 
the lateral area and volume of the frustum so formed. 

Ex. 1632i The mid-points of two pairs of opposite edges of a tetra- 
hedron determine a parallelogram. 
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Ex. 1633. The length of a right prism is 10 in., and the base is a 
regular hexagon whose sides are 8 in. Find the surface and volume of the 
greatest possible cylinder, of the same axis, that can be cut from the 
prism. 

Ex. 1634. The base of a right pyramid is a regular hexagon whose 
sides are 20 in., and the lateral faces are inclined to the base at an angle 
of 60°. Find the volume. 

Ex. 1635. Lines joining the mid-points of opposite edges of a tetra- 
hedron meet in a point and bisect each other. 

Ex. 1636. The altitude of a cone of revolution is 27 in., and its curved 
surface is 7 times the area of its base. Find the radius of the base. 

Ex. 1637. Find the volume of a regular hexagonal pyramid, if the 
lateral edge equals 13, and the side of the base equals 11. 

Ex. 1638. Find the volume and surface of a regular tetrahedron whose 
edge equals (a) 4 in., (5) n in. 

Ex. 1639. Find the total surface of a regular tetrahedron, if the per- 
pendicular from one vertex to the opposite face is 5 in. 

Ex. 1640. The comers of a cube are cut off by planes which pass 
through the middle points of each set of edges meeting at a common ver- 
tex. If the edge of the cube is 2 ft., find the volume of the solid formed. 

Ex. 1641. A cylindrical vessel 10 in. in diameter is required to hold 
10 gal. Find the height to the nearest tenth of an inch, if one gallon 
equals 231 cu. in. 

Ex. 1642. Find the weight of a hollow cylindrical column 6 ft. long, 
1 ft. in outer diameter and 1 in. thick, if the material is 7} times as 
heavy as water (i.e. the specific gravity = 7.6), and 1 cu. ft. of water 
weighs 62.5 lb. 

Ex. 1643. A cylindrical vessel, 6 in. in diameter, is partly filled with 
water. Upon immersing a body of irregular shape the surface of the 
water rises 2 in. Find the volume of the body. 

Ex. 1644. How many yards of platinum wire y^ in. thick can be 
made from a cubic inch of platinum ? 

Ex. 1646. By folding a semicircular piece of paper whose radius is 
5 in. a conical surface may be formed. Find the volume and the total 
surface of the cone determined by this surface. 
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Ex. 1646. The area AA'B'B, bounded by two concentric arcs and 
parts of two radii is folded so as to form the lateral surface of a frustum 
of a cone whose lower base equals 36 ir. Find Z O, 
and the volume of the frustum if OA = 6 and OA' = 10. ^^ 

Ex. 1647. By folding a piece of paper similar to the 
figure of the preceding exercise we wish to obtain a 
frustum of a cone, whose slant height equals 6, and 
whose bases have the radii 9 and 6 respectively. Find 
OA, OB, and Z O. 

Ex. 1648. A cylindrical tin can closed at the top 
requires the least amount of tin if its height equals 
its diameter. Find the diameter of such a can which holds one quart. 
(1 qt. = 57.75 cu. in.) 

Ex. 1649. How many square feet of ground are covered by a conical 
tent 8 ft. high, if the canvas contains 188^ sq. ft. ? (Assume r = 3^.) 

Ex. 1650. A conical vessel whose height equals the diameter of the 
base contains water to a depth of 6 in. Upon immersing a cube the 
water rises 2 in. Find the edge of the cube. 

Ex. 1651. A cylindrical boiler which is partly filled with water hsus a 
length of 6 ft. and a diameter of 2 ft. Find the volume of the water if 
its greatest depth is 6 in. and the axis of the cylinder has a horizontal 
position. 

Ex. 1652. A cylindrical log of wood, 10 ft. long and 1 ft. in diameter, 
floats on water. Find the volume and the weight of the displaced water 
if 9 in. of the vertical diameter are immersed in water. (1 cu. ft. of 
water weighs 62.5 lb.) 



BOOK VIII 

THE SPHERE 

693. Def. a sphere is a solid bounded by a surface, all the 
points of which are equally distant from a point. The fixed 
point is called the center of the sphere. 

6941 Def. The radius of a sphere is a straight line drawn 
from the center to any point in the surface. 

695. Def. The diameter of a sphere is a straight line pass- 
ing through the center and terminated at either end by the 
surface. 

696. From the definitions it follows that 

(1) All the radii of a sphere are equal, and all diameters are 
equal. 

(2) A semicircle rotating about its diameter generates a 
sphere. 

(3) Two spheres are equal if their radii or their diameters 
are equal, and conversely. 

(4) A point is without a sphere if its distance from the 
center is greater than the radius. 



Ex. 1663. The radii of two spheres are respectively 10 in. and 4 in., 
their line of centers (i.e. the line joining their centers) is 7 in. Does 
every point of the smaller sphere lie within the larger one ? 
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Pkoposition I. Theokem 
697. Every section of a sphere made by a plane is 
a circle. 




Qivtn UBD, the intersection of plane Mif, and a aphere 
whose center is 0. 

To prove CBD is a circle. 

Proof. From o draw OA A. MN. 

Draw A, AB, AC, CO, and OB. 

Since OC=OB, 

CA = AB. (474) 

Since any two points B and C in CBD are equidistant from 
A, all points must be equidistant from A. 

Or CBD is a circle. q.e. d. 

698. Cor. 1. Circles of a sphere made by planes equidis- 
tant from the center are equal; and of two circles made by 
planes not equidistant from the center the circle made by the 
plane nearer to the center is the greater. 

For since Jc' = OC*— Jo", AC is the smaller, the greater 

AO. 

699. Def. a great circle of a sphere is a section made by a 
plane passing through the center, • 
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700. Def. a small circle of a sphere is a section made by a 
plane not passing through the center. 

701. Def. The axis of a circle of a sphere is the diameter 
perpendicular to the plane of the circle ; its ends are the poles 
of the circle. 

702. Cor. 2. The axis of a circle passes through the center 
of the circle. 

703. CoR. 3. All great circles of a sphere are equal. 

704. CoR. 4. Any two great circles of a sphere bisect each 
other. 

For since the plane of each contains the center of the sphere, 
their intersection is a diameter and bisects both circles. 

705. Cor. 5. !Every great circle bisects the sphere. 

706. Cor. 6. One and only one circle may be drawn through 
any three points in the surface of a sphere. (A plane is deter- 
mined by three points.) 

707. CoR. 7. A great circle may be drawn through two 
points B and C in the surface of a sphere. (Three points, By 
(7, and the center 0, determine a plane.) 

Generally there is only one great circle which passes through 
two given points, but if the given points are ends of a diame- 
ter, any number of great circles can be passed through these 
points. 

708. Def. The distance between two points on the surface of 
a sphere is the length of the minor arc of a great circle between 
them. 

Ex. 1654. Considering the earth as a sphere, what kind of circles ar& 
the meridians? the parallels of latitude? the equator? What are the 
poles of the parallels of latitude ? 

Ex. 1665. What is the radius of a small circle, if the distance of its 
plane from the center of the sphere is 9 in., and the radius of the sphere 
is 15 in.? 
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Ex.1656. WbaC is the area of a section of a sphere made by a plane, 
if the distance of the plane from the center of the sphere ia 3, and the 
ladius of the sphere is 4 ? 

Pkoposition II. Thewbem 
709. All points in the circumference of a circle of a 
from a pole of the circle. 





Given P and P', the poles of circle abc of a sphere. 
To prove arc PA = arc FB = arc PC, 

and arc f'A = arc P'B = arc P'C. 

HwT. prove by means of (609) the equality of atraight lines PA, PB, 
and PC. 

710. Def. The polar distance of a circle of a sphere is the 

distance of a point in the circumference from the nearer pole. 

711. Brmabk. a quadrant ia Spherical Geometry is the 

fourth part of the circumference of a great circle. 

712. GoR. The polar distance of a great circle is a quadrant. 



Ex. 16B7. The polar distance of a circle of a sphere la 6 
radiua of the sphere is 13 in. Find 

(a) the distance of its plane from the center. 
(py the radius of the circle. 
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Ex. 1668. Considering the earth as a perfect sphere whose radius 
equals 4000 mi., find the polar distance of the Tropic of Cancer (23 J° N.) 
from the north pole. 

Proposition III. Theorem 

713. On the surface of a sphere, a point at a quad- 
ranfs distance from two other points^ not the extremi- 
ties of a diameter J is the pole of a great circle passing 
through these two points. 




Given P, A, and B, three points on the surface of a sphere, 
and PA and PB are quadrants. 

To prove P is the pole of a great circle AB. 

Hint. Prove that a line OP is perpendicular to plane ABO by means 
of (499). 

714. Remark. Theorem III enables us to construct a 
great circle through two points on the surface of a material 
sphere by means of compasses, provided we know the radius of 
the sphere. 

From the given points A and B as centers draw arcs with a 
radius equal to the chord of a quadrant, intersecting in p. 
From P, with the same radius, draw a circle which is the 
required one. 

715. Def. a plane is tangent to a sphere if it has one and 
only one point in common with the surface of a sphere. 
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716. Def. a line is tangent to a sphere if, however far 
extended, it has one and only one point in common with the 
surface of a sphere. 

717. Def. Two spheres are tangent to each other if their 
surfaces have one and only one point in common. 

718. Def. A sphere is inscribed in a polyhedron if all the 
faces of the polyhedron are tangent to the sphere. 

719. Def. A sphere is circumscribed about a polyhedron if all 
the vertices of the polyhedron lie in the surface of the sphere. 

Proposition IV. Theorem 

720. A plane perpendicular to a radius of a sphere 
at its outer extremity is tangent to the sphere. 




Given plane MN ± to radius OA of sphere at its extremity 
A. 

To prove MN is tangent to the sphere. 

Proof. Join any point B in MN to 0. 

Then OB>AO, (512) 

Hence B lies without the sphere. (696, 4) 

Therefore, every point of MN, except A, lies without the 
sphere, and MN is tangent to the sphere. q. b. d. 



Ex. 1669. Any straight line perpendicular to a radius of a sphere at 
its extremity is a tangent to the sphere. 
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Ex. 1660. Any line or plane tangent to a sphere is perpendicular to 
the radius drawn to the point of contact. 

Ex. 1661. A straight line tangent to a circle of a sphere is a tangent 
to the sphere and lies in a plane that is tangent to the sphere at the point 
of contact. 

Proposition V. Theorem 

721. The intersection of two spherical surfaces is a 
circle. ^^^^ 



Given ABD and ABE, two intersecting spherical surfaces 
whose centers are and O'. 

To prove the intersection of ABD and ABE is a circle. 

Proof. The two intersecting spheres may be generated by 
the revolution of two intersecting circles ABD and ABE about 
their line of centers 00', The line of intersection is then 
generated by the rotation of point A, 

But 00' is the perpendicular-bisector of AB, (80) 

.-. the line AB rotating generates a plane surface. (501) 

The point A (or B) rotating generates a circle whose radius 
is CA. 

Hence the intersection of the two spherical surfaces is a 
circle. q. e. d. 

722. Cor. The plane of the circle of intersection of two 
spherical surfaces is perpendicular to the line of centers, and 
the center of the circle lies in the line of centers. 
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Proposition VI. Theorem 



723. A sphere may be circumscribed about any tetra- 
hedron. 




Given ABCD, a tetrahedron. 

To prove a sphere may be circumscribed about ABCD. 

Proof. At Ef the mid-point of AB, construct a plane perpen- 
dicular to AB, 

Similarly, construct planes perpendicular to ^C and AD at 
their respective mid-points. 

Let the three planes meet at 0. 

OE is the perpendicular-bisector of AB. (497) 

.-. OA = OB. (123) 

In like manner, OA = OC, and 04 = OD. 

Hence is equidistant from A, B, C, and i), and a sphere 
described from as a center with a radius equal to AO will be 
circumscribed about the tetrahedron. 



7S84. CoR. Four points not in the same plane determine a 
sphere. 

The six planes which are perpendicular to the six edges at 
their respective mid-points meet in a point. 
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Proposition VII. Theobem 

725. A sphere may he inscribed in any given tetror 
hedron. 




Given ABCD, a tetrahedron. 

To prove a sphere may be inscribed in ABCD, 

Proof. Bisect any three dihedral angles as AD, DCj and AC 
by the planes OAD, ODC, and OAC, 

Then is equidistant from the four faces of the tetrahedron. 
[To be completed by the student.] 

726. CoR. The six planes bisecting the dihedral angles of 
a tetrahedron meet in a point. 



Ex. 1662. The volume of a tetrahedron is equal to one third the 
product of its surface and the radius of the inscribed sphere. 

Proposition VIII. Problem 

727. To construct the diameter of a material sphere. 
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Given a material sphere ABCE. 
Required the diameter of the sphere. 

Construction. From any point P as center, with any [opening 
of compasses as] radius, draw circumference ABC, 

Measure [with compasses] the three chords AB^ BC, and CA, 
and in any plane construct A A'B'cf^ having its sides respec- 
tively equal to AB^ BC, and CA, 

Construct d'A' the radius of the circumscribed circle A'B'cf, 

Draw right triangle P"A"D"y having the hypotenuse P"^" = 
PA, and one arm d^'a" = d'a\ 

At ^" draw ^"^" ± p^'a", meeting P"l)" produced in z". 

Then p"e" is the required diameter. 

Hint. Prove the equality of ^ PAE and Pf'A"E". 

728. Def. The angle between two intersecting curves is the 
angle formed by the tangents at the point of contact. 

729. Def. A spherical angle is the angle between two inter- 
secting great circles. 

Proposition IX. Theorem 

730. A spherical angle is measured by the arc of a 
great circle described from its vertex as a pole, and in- 
eluded between its sides, produced if necessary. 

D P 
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PA 

pole. 



Given DPE, tJie spherical angle formed by the great circles 
iC and PBC', AB, an arc of a great circle having P for its 



To prove Z DPE is measured by AB. 
Proof. Draw radii OA and OB, 

Z POA is measured by quadrant PA, (227) 

Hence AG J. OP, 

But DP ± OP, (204) 

and AO and DP are in the plane of O PAO. 
Hence AO II dp. (96) 

Similarly BO W EP. 

.-. Z Z)P^ = Z ^OB. (496) 

But Z ^OB is measured by AB, (227) 

Hence Z 7>P^ is measured by AB. Q. e. d. 

731. Cob. 1. An angle formed by two great circles is equal 
to the plane angle of the dihedral angle formed by their planes. 

732. Cor. 2. If the ends of a diameter (PC) are joined by 
two semicircles, the two spherical angles thus formed are 
equal. (I.e. Z C = Z P.) 
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SPHERICAL POLTOOnS 



733. Def. a spherical polygon is a portion of the surface of 
a sphere bounded by three or more arcs of f^reat circles. 

The arcs ate the sides, their points of intersection are the 
vertlceB, and the spherical angles formed by the sides are the 
angles of the polygon. 

Thus, ABCD Is a apheiical polygon, AB, BO, etc., its aideB, A. B, C, 
etc., ite veitlces, and d ABC, BCD, etc., iu angles. 




734. Dep. a diagonal of a spherical polygon is an arc join- 
ing any two non -adjacent vertices. 

735. Def. a spherical triangle is a spherical polygon of 
three sides. It is called isosceles, equilateral, etc., in the same 
cases in which a plane triangle would be so called. 

The planes of the sides of a spherical polygon form at the 
center a polyhedral angle (o-ABCD) which is said to corre- 
spond with the spherical polygon. 

The sides of the spherical polygon are measured by the sides 
of the corresponding polyhedral angle ; its angles are equal to 
the dihedral angles of the corresponding polyhedral angle. 

736. Bbmark. By means of the relations between the parts 
of a spherical polygon and those of Its corresponding polyhedral 
angle, we can deduce from any theorem of polyhedral angles an 
analogous theorem of spherical polygons. 
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737.' A spherical polygon is convex if its corresponding 
polyliedral angle is convex. All spherical polygons are sup- 
posed to be convex polygons unless stated otherwise. 

738- Spherical polygons are symmetric if their corresponding 
polyhedral angles are symmetric. Evidently, their parts must 
be respectively equal, but follow in reverse order. 

In general, two symmetric spherical polygons cannot be made 
to coincide. 

The sides of a spherical polygon are usually measured in 
degrees. 

Ex. 1663. State tbe Ibeorems relating to spherical polygons which 
follow directly from the following propoaitionB ; 

(a) Tno trihedral angles are cODgrueut or Bymmetric if their face angles 
are respectively equal. 

(b) If two face nngles of a trihedral angle are equal, tbe opposite 
dihedral angles are equal. 

(c) If the three face angles of a trihedral angle ara right angles, the 
three dihedral angles are right angles. 

(d) The Bura of the face angles of a polyhedral angle is less Uiaa 380°, 

(e) The sum of two face angles of a trihedral angle Is greater than 
the third face angle. 

(/) If the opposite face angles of a tetrahedral angle are equa^l, the 
opposit« dihedral angles are equal. 

Proposition X. Theokeh 
739 The sum of two tides of a spherical triangle is 
greater than the third side 
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Given ABC, a spherical triangle. 

To prove ab + bc>ac. 

Proof. Draw radii OA, OB, and OC. 

Then ZAOB+Zboc>Zaoc. (648) 

But the central angle is measured by the intercepted arc. 

.-.AB + BC>AC. Q.E.D. 



Proposition XI. Theorem 

740. 77te sum of the sides of any spherical polygon 
is less than four right angles. 





Given ABODE, a spherical polygon of n sides. 

To prove ab + BC + CD + DE + EA, ete.< 360°. 
HiBT. Construct the ooiresponding polyhedral angle and compare 
Eemark (736). 

Pkoposition XII. Theorem 

741. Two triangles on the same sphere are congriLent . 

(1) If tivo angles and the included side of the one 
are respectively equal to two angles and the included 
side of the other. 
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(2) If two sides and the included angle of the one 
are respectively equal to two sides and the included 
angle of the other^ 

(3) If three sides of the one are respectively equal 
to three sides of the other, 

Provided the equal parts are arranged in the same 
order. 

Hint. Prove the congruence of the corresponding polyhedral angles. 

742. Cor. Two symmetric isosceles triangles are congruent. 

Proposition XIII. Theorem 

743. Two triangles on the same sphere are symr 
metric: 

(1) If two angles and the included side of the one 
are respectively equal to two angles and the included 
side of the other ^ 

(2) If two sides and the included angle of the one 
are respectively equal to two sides and the included 
angle of the other , 

(3) If three sides of the one are respectively equal 
to three sides of the other, 

Provided the equal parts are arranged in the reverse 
order. 

Hint. Prove that the corresponding polyhedral angles are symmetric. 

744. Eemark. The equality of spherical ang^les and arcs is 
usually proved by means of equal or symmetric triang^les. 
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Proposition XIV. Theorem 



745. The hose angles of an isosceles spherical triangle 
are equal. 




Hint. Bisect the vertex angle and prove that two symmetric triangles 
are formed. 

746. Cor. An equilateral spherical triangle is also equi- 
angular. 

747. Eemark. ICany theorems of Spherical Geometry may be 
proved by methods analogous to those of Plane Geometry. 

748. Note. All figures to which the following exercises refer, are 
supposed to be drawn on the surface of a sphere, and all constructions 
should be earned out on the surface of a spherical blackboard by means 
of a pair of compasses and a device for drawing arcs of great circles {e.g. 
the edge of a hemispherical cup). 

In propositions relating to spherical figures, the words, ** lines," 
"radii," ** lines of centers," ** central angles," etc., are often' used for 
**arcs of great circles," ** polar distances," **arcs joining the poles of two 
circles," "angles formed at the pole," etc. 



Ex. 1664. Every point in a perpendicular bisector of an arc of a great 
circle is equidistant from the ends of the arc. 

Ex. 1666. Two points equidistant from the ends of an arc of a great 
circle determine the perpendicular bisector of the arc. 
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Ex. 1666. To bisect a spherical angle. 

Ex. 1667. To bisect an arc of a great circle. 

Ex. 1668. At a point in a given arc of a great circle, to draw a per- 
pendicular to the arc. 

Ex. 1669. From a point without, to draw a perpendicular to a given 
great arc. 

Ex. 1670. If the opposite sides of a spherical quadrilateral are equal, 
the opposite angles are equal. 

Ex. 1671. Vertical spherical angles are equal. 

Ex. 1672. If the opposite sides of a spherical quadrilateral are equal, 
the diagonals bisect each other. ' 

Ex. 1673. To circumscribe a circle about a spherical triangle. 

Ex. 1674. At a given point in a great circle, to draw an angle equal 
to a given angle. 

Ex. 1676. To construct a spherical triangle having given two sides 
and the included angle. 

Ex. 1676. To construct a spherical triangle having given three sides. 

Ex. 1677. To construct a spherical triangle having given the base, the 
altitude, and the median corresponding with the base. 

Ex. 1678. The bisectors of the base angles of an isosceles spherical 
triangle are equal. 

Ex. 1679. The diagonals of an equilateral spherical quadrilateral are 
perpendicular to each other. 

Ex. 1680. A central angle of a circle on a sphere is measured by the 
intercepted arc. 

Ex. 1681. If two small circles on a sphere intersect, their line of 
centers bisects the common chord at right angles. 

Ex. 1682. If a radius bisects a chord of a small circle on a sphere, it 
is perpendicular to the chord. 

Ex. 1683. In a circle on a sphere, equal chords are equidistant from 
the pole. 

749. Dep. Two spherical polygons are ver- 
tical if their corresponding polyhedral angles 
are vertical. (553) 

Ex. 1684. Two vertical spherical triangles are 
symmetric. 
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POLAB TKIAHGLES 

750. Dep, If from the vertices of any spherical triangle 
ae poles, arcs of great circles are described, another triangle 
will be foimed which is called the polar .triangle of the first. 

Thus, it A is the pole of great circle 
B'<f, B the pole of great circle A'C", and c 
the pole of great circle a'b', Aa'b'C is , 
the polar triangle oi ABC. 

If from the polea A, b, and C entire ' 
circles should be described, eight triangles 
would be formed. 

The polar triangle is selected by the following method: 
Denote the vertex formed by the intersection of the arcs from 
B and C by a', then of the two points of intersection that 
one is a' whose distance from A is less than a quadrant. 
Similarly for B' and C". 

Proposition XV. Theorem 

751. If one spherical triangle is the polar triangle of 
another^ then the second is the polar triangle of the 
first. 





Given A a'b'c", the polar triangle of A ABC. 
To prove A ABC is the polar triangle of A A'B'C'. 
Proof. Since A is the pole of fl'c/, the distance AS' is a 
quadrant, and since C is a pole of A'b', b'c is a quadrant. 
Therefore, B' is the pole of AC. (713) 
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SimDarly, A' is the pole of BC, 

and c* is the pole of AB. 

But the distances AA', BB', CCf, are less than a quadrant. 
Hence ABC is the polar triangle of A'B'(f. q. e. d. 

Pkoposition XVI. Theorem 
752. In two polar triangles, each atigle of one is 
measured by the supplement of the opposite aide of 
the other. (/ 




Olven ABC and A'B'ff, polar triangles. 
To prove Z c is the supplement of B'a'. 
Proof. Produce the sides of C till they meet liA' in B and 
E respectively. 



Then Z C is measured by arc BE, 

and B'E and DA' are each 90°. 

But BE + B'^ = B'E + DA' or 2 rt. d. 

Hence BE and B'a' are supplementary. 

.■. Z C and b'a' are supplementary. 



(730) 
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Ex. 1685. The sides of a spherical triangle are 60°, 50'', and 100'^ 
Find the angles of the polar triangle. 

753. Remark. Polar spherical triangles are the means of 
proving propositions relating to angles by the corresponding 
propositions relating to sides, and vice versa. 

Ex. 1686. What theorems relating to A ABC follow directly from 
the following propositions that relate to the polar triangle A'B'C ? 

(a) If A'B' = A'C, then ZB' =Z C". 
(6) A'B' -{-B'C -h a A' < 360°. 
(c) A'B' JtB'OA'C. 

Ex. 1687. If in spherical ^ABC,/.A = 110°, and Z J5 = 80°, prove 
that Z C> 10°. 

Hint. Construct the polar A A'B' C. 

Proposition XVII. Theorem 

754. TTie sum of the angles of a spherical triangle is 
greater than two and less than six right angles. 




Given ABC, o, spherical triangle. 

To prove Za-\-Zb -hZc> ISO'*, 

and Z.A'\-Zb-}'Zc< 540^ 

Proof. Construct the polar triangle A'B'cf^ and denote the 
number of degrees in B'cf^ c'a\ and A'b\ respectively, by a, 
by and c. 
Then A = 180^ - a. (762) 

B = 180° - h. 
C = 180°-c 
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Adding the equations, we obtain 

^ + B 4- c= 540^ -(a + 6 4- c). 
^ -f B -f C < 540**. 
(a -f6-f c)<360^ 
^ + B + c> 180**. 



Hence 

But 

Hence 



(740) 

Q. £. D. 




765. Cor. A spherical triangle may have one, two, or three 
right angles, also one, two, or three obtuse angles. 

756. Def. a bi-rectangular spherical triangle is a spherical 
triangle that contains two right angles. 

9 

757. Def. A tri-rectangular spherical triangle is a spherical 
triangle that contains three right angles. 

758. Cor. 1. If three planes be passed through the center 
of a sphere, each perpendicular to the other two, the sur- 
face is divided into eight equal tri-rectan- 
gular triangles having all their sides equal 
to quadrants. 

759. Cor. 2. The surface of a sphere is 
equal to eight times the surface of a tri- 
rectangular triangle. 

Ex. 1688. The exterior angle of a spherical triangle is less than the 
sum of the two remote interior angles. 

Ex. 1689. The sum of the angles of a spherical quadrilateral is greater 
than four right angles. 

Ex. 1690. A tri-rectangular triangle is congruent to its polar triangle. 
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Proposition XVIII. Theorem 

760. If two angles of a spherical triangle are equals 
the sides opposite are equal. 




Given spherical triangle ABC, with Z.B=^Z.c. 

To prove AB =iAC. 

Proof. Construct polar A A'b'c\ 

Then A'b' is the supplement of Z C, and A*c' the supplement 
of Z 5. (752) 

Hence Fb' = i^'. 

.-. Z B' = Z c/. (746) 

But AB and AC are respectively the supplements of (f 
and JB'. (752) 

Whence ^B=^C. q.e.d. 



Ex. 1691. An equiangular spherical triangle is also equilateral. 

Ex. 1692. If on the three sides AB, BC, and CA of the equilateral 
spherical triangle ABC, equal distances AA', BB', and CC be laid off, 
then A'B^C is also an equilateral triangle. 

Proposition XIX. Theorem 

761. In any spherical triangle, the greater side is op- 
posite the greater angle. 
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Given spherical triangle ABC, with Z. BCA>Z.BAC. 

To prove AB > BC. 

Proof. Draw an arc of a great circle CD so that Z.DCA=Z,Ay 



and let D be the intersection of ^^ and DC. 
Then AD = ^. 

But DB-\-DC> BC. 

.\DB'{'AD> BC. 

Or i^ > BC. 



(760) 

(739) 

(Sub.) 

Q. B. D. 



Ex. 1693. If BC is the base of an isosceles spherical triangle ABC^ 
and D any point in ^C, then BD > CD. 

Proposition XX. Theorem 

762. In any spherical triangle, the greater angle is 
opposite the greater side. 




Given in spherical A ABC, AB> BC. 
To prove Z.c>/. A. 

Hint. Prove by the indirect method. 



Sx. 1694. Prove Prop. XX by means of polar triangles. 
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Proposition XXI. Theorem 

763. If two triangles on the same sphere are mutually 
equiangular^ they are mutually equilateral^ and either 
congruent or symmetrical. 





Given spherical A A and A' mutually equiangular. 

To prove A and A' mutuallj equilateral and either equal or 
symmetrical. 

Proof. Construct P the polar triangle of A, and P' the polar 
triangle of A\ 

Since A and A' are mutually equiangular, (Hyp.) 

P and P' are mutually equilateral. (752) 

Hence P and p' are mutually equiangular. (741, 743) 

But A and A' are the polar triangles of P and P'. (751) 

Hence A and A' are mutually equilateral. (752) 

Hence A and A' are either equal /)r symmetrical. q. e. d. 



Ex. 1695. If the opposite angles of a spherical quadrilateral are equal, 
the opposite sides are equal. 

Hint. Produce two opposite sides in both directions until they meet, 
and find (wo congruent triangles. (732) 

Ex. 1696. If in spherical quadrilateral ABOD, ZA:=ZB, and Z G 
= ZD, then BC = AD (Hint of Ex. 1695). 

Ex. 1697. If two points A and B whose distance is 180°, are joined by 
two semicircles, ACS and ADB, and Z BCD = Z CDA, then BC = AD. 
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Proposition XXIL Theorem 

764. The shortest line between two points on the sur- 
face of a sphere is the minor arc of a great circle. 




Given ABj the minor arc of a great circle, on a given sphere. 

To prove J 5 is shorter than any other line on the sphere 
joining A and B, 

Proof. Take any point C on AB, and from A and B as 
centers, with radii respectively equal to ^c and BC, draw two 
circles. These two circles cannot meet in any other point, for 
if they should meet in some point 2>, the sum of two sides AD 
and DB of A ADB would not be greater than the third side AB. 

Any other line AEFB between A and B must, therefore, inter- 
sect the circumferences in two points E and F, respectively. 

But AEFB cannot be the shortest line between A and B, for 
by revolving AE about Ay and BF about B till E and F coin- 
cide with C, we would obtain a line joining A and B which is 
shorter than AEFB, 

Hence, the shortest line between A and B must pass through a. 

But since C is any point in AB, the shortest line between A 
and B must coincide with AB. 

Or AB is the shortest line joining A and B, q. e. d. 



Ex. 1698. New York and Oporto (Portugal) lie (approximately) on 
the same parallel of latitude. If a ship sailed from New York to 
Oporto by remaining always on the parallel of latitude, would its course 
be the shortest possible course ? 
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BIEASUREBIENT OF SPHERICAL FIGURES 

765. Def. a lune is a portion of a spherical surface bounded 
by two semicircumferences of great circles, as ABCD, 

766. Def. The angle of the lune is the 

spherical angle included by the arcs. 

Evidently^ lunes on the sanie sphere are equal if 
theh* angles are equal. Hence if the angle of a lune 
is divided into n equal parts, each of the small lunes 
thus formed is the nth part of the given lune. 

767. In spherical geometry the area of a tri-rectangular tri- 
angle is often takea as a unit of surface, and the right angle as 
the angular unit. 

The area of a sphere is then measured by 8, and the area of 
a hemisphere by 4. 

Proposition XXIII. Theorem 

768. If the right angle is taken as angular unit, and 
the tri-rectangular triangle as the unit of the surface, 
the area of a lune is measured by tioice its angle. 




Given L denoting the number of tri-rectangular triangles con- 
tained in a lune ABy and A the number of right angles in its 
angle. 

To prove L = 2 A. 
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Proof. We may consider the' «itire surface of the sphere as 
a lune whose angle = 4 rt. A 

Or if ^=4, x = 8. 

.-. If A = 1,L = 2. (766) 

.-.If ^=i, x=?. (766) 

n n 

.-.If A^'^^L^.^. 

n n 

Or X = 2 -4, if ^ is a rational number. 

If A is irrational, all successive approximations of 2 ^ and L 

are respectively equal. 

Hence l^2a. (223) 

Q. E. D. 

769. Cor. 1. Two lunes on the same sphere or equal spheres 
are to each other as their angles. 

770. Cor. 2. A lune is to the surface of the sphere on 
which it lies as its angle is to four right angles. 



Ex. 1699. Find the number of tri-rectangular triangles contained in a 
lune, if its angle equals (a) IJ rt. zS, (6) 46°. 

Ex. 1700. Let A denote the angle of a lune, Tr the area of a tri-rec- 
tangular triangle on a sphere whose surface equals 8. Find the area of 

the lune if 

(a) J = 2J rt. A, Tr = 20 sq. ft. 

(6) A = 60°, Tr - 30 sq. ft. 

(c) ^ = J rt. Z, iS^ = 80 sq. in. 

(d) A = 20°, /Sf = 4 sq. in. 
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Proposition XXIV. Theorem 

771. Symmetric triangles on the same sphere are 
equivalent. 





Given ABC and a'b*o\ symmetric, spherical triangles on 
same sphere. 

To prove t^ABC^t^ A'B'cf. 

Proof. Let P and p' be the poles of small circles passing 
through Ay B, C and A', B\ (f respectively. 

Since arcs AB, BC, CA are equal respectively to arcs A'b', 
B'(f, &A', 

Chords ABy BCf CA are equal respectively to chords A'b', 
B'c'y &A'. (188) 

Hence plane A -45(7 and a'b'c' are congruent. 

Hence circle -4JBC = circle a'b'c*. 

Join PA, PB, PC, P'A'y p'b', and P'c\ 

These arcs are equal. 

Hence A ABP = A a'b*p\ 

Similarly, AACP = A A'&p', 

Abcp^Ab'&p'. 

Hence by addition A ABC = A A'B'cf. 

772. Remark. 
If the poles of 
A ABC and of 
A A'B'C^ lie without 
the triangles, the 
proof has to be 
slightly modified. 

Hint. A ABC = A ABO + A BCO -A ACQ. 



(74) 
(193) 

(709) 
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773. Cor. If two arcs of great circles ABC and DBE inter- 
sect on the surface of a hemisphere, the sum of the areas of 
the two opposite spherical triangles ABE 
and DBC is equivalent to a lune whose 
angle is equal to the angle ABE, in- 
cluded by the two arcs. 

Hint. 

AB = CF, EB = DF, AE = DC. (491) 
.-. A ABC is symmetric to A DCF, 
.-. ABC = £^ DCF, etc. 

774. Def. The spherical excess of a spherical polygon is 
the excess of the sura of all its angles over the sum of the 
angles of a plane polygon of the same number of sides. In 
this book the spherical excess is always measured in right 
angles. 

Thus, if A, B, and C are the thr6^e angles of a triangle expressed in 
right angles, and the spherical excess is denoted by E, then 

E=A-{-B-\-C-2. 

It A, B, C, "', are the angles of a polygon of n sides, expressed in 
right angles, then 

E=(A + B+ C-\- —)-2{n-2). 



Ex. 1701. Find the spherical excess of a spherical triangle ABC^ if 

(a) ^ = } rt. Z, B = } rt. Z, (7=1 rt. Z. 

(b) A = 60°, B = 70°, C = 80°. 

(c) JL = 90°, -B + C7 = 180°. 

Ex. 1702. Find the spherical •excess of a spherical quadrilateral 

ABCD, if 

(a) ^ = 90°, J5 = 100°, C = 110°, D = 80°. 

(6) A = 160°, B = 110°, C-{-D= 190°. 

Ex. 1703. Find the spherical excess of a spherical hexagon, if each 

of its angles equals 

(a) 130°. 

(b) 170°. 
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Proposition XXV. Theorem 

775. If the right angle he taken as angular unit, and 

the tri-rectangular triawjle as unit of surface, the area 

of a spherical triangle is measured hy the spherical 





Given ABC, a spherical triangle. 

To prove area ABC=A + B+c — 2, if the angular unit is 
the right angle, and the unit of surface the tri-i'ectangular 
triangle. 

Proof. Complete the circle ACDE, and produce AB and CB 
until they meet ACD in 7) and B respectively. 

Then, since A ABC+ASED is equivalent to the lune, whose 

angle is equal to / ABC, (773) 

A ABC + A BED = 2b. (768) 

But A ABC + A ABE = 2C, (768) 

A ABC + A BCD = 2 A. (768) 

By adding these equatiojis, we obtain 

3 A ABC + A BED + A ABE + A BCD = 2 (A + B + Cf). 

But Aabc + A BED + A ABB + A SCfl = a hemisphere or 4. 

Hence 2 A abc + 4 = 2(a + s + c), 

or A ABC-]- 2 = A + B + C. 

Whence ' AABC = A + B + C — 2. q.e.d. 
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776. Cob. If E denotes the spherical excess of a spherical 
triangle lying on a sphere whose surface is s, the area of the 

triangle equals ^ X - • 

o 



Ex. 1704. If the surface of a sphere is 40 sq. ft., lind the area of 
a spherical triangle whose angles are respectively 40°, 60°, and 100°. 

Ex. 1705. What fraction of the surface of a sphere is covered by a 
spherical triangle whose angles are 90°, 100°, and 110°, respectively ? 

Ex. 1706. How large is the angle of an equiangular spherical triangle 
whose area is one fourth of the surface of the sphere ? 

Ex. 1707. What is the ratio of a lune whose angle is equal to 80°, and 
the area of an equilateral spherical triangle whose angle is equal to 80° ? 

Ex. 1708. The arms of an isosceles spherical triangle whose base 
angles are 80° are produced so as to form a lune. Find the vertex angle 
if the triangle is the third part of the lune. 

Ex. 1709. The angles of a spherical triangle are 80°, 90°, and 100^. 
Find the angle of an equivalent lune. 

Proposition XXVI. Theorem 

777. If the right angle be taken ces the angular unit, 
and the tri-rectangular triangle as unit of surface^ the 
area of any spherical polygon is measured by the spheri- 
cal excess. b 




Given A BCD •••, a spherical polygon of n sides. 

To prove ABCD ••• measured by (A -}- B -\- C -\- "*)—2(n — 2). 

Proof. Draw all diagonals from -4, which will divide 
ABCD ••• into n — 2 triangles. 
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The area of each triangle is equal to the sum of its angles 
less 2. (775) 

Hence the area of the polygon ABCD •••is equal to 

(^+5-f CH )— 2(n — 2). 



Q. E. D. 



778. Eemark. Props. XXV and XXVI do not give us 
the absolute, but the relative size of areas on the sphere. 



Ex. 1710. Find the area of an equiangular hexagon whose angle is 
160°. (The tri-rectangular triangle taken as unit.) 

Ex. 1711. What fraction of the surface of a sphere is covered by a 
hexagon whose angles are 130°, 140°, 130^, 160°, 120°, 160° ? 

Ex. 1712. The angles of a spherical quadrilateral are 90°, 100°, 110°, 
and 120°. Find the angle of an equivalent equilateral triangle. 

Ex. 1713. Find the angle of an equiangular spherical triangle equiva- 
lent to the sum of three equilateral triangles whose angle is 70°. 

Ex. 1714. The line of centers of two spheres is 13. Find the radius 
of the circle of intersection if the radii of the spheres are 5 and 12. 

Proposition XXVII. Theorem 

779. The area generated by the revolution of a straight 
line about an axis in its plane is equal to the projection 
of the line upon the axis multiplied by the drcwmr 
ference of a circle whose radius is the perpendicular 
erected at the mid-point of the line and terminating in 
the axis. x 
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Given AB revolving about an axis xr in its plane, producing 
surface ABKy CD, the projection of AB upon XT, and EF, the 
perpendicular bisector of AB terminating in XT 

To prove ABK = C2> X 2 nEF. 

Proof. Draw EG II BD and AH II CF. 

The surface ABK is the lateral surface of a frustum of a cone 
of revolution. 



Hencd 
But 



area ^BZ' = ^5x2 Tr^Qf. 

Aabh^Aefg. 



AB AH 



Whence 



EF EG 
AB X EG = AH X EF, 
or AB XEG=CD X EF. 

Substituting this value in (1), 

area ABK = CD x2 wEF. 



(1) (690) 
(306) 

(303) 

(276) 
(Sub.) 

Q. E. D. 
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780. Def. a zone is a portion of a spherical surface in- 
cluded between two parallel planes. p 

781. Dep. The circumferences of the 

sections made by the planes form the A^ 

bases of the zone, and the distance between 

the two planes is the altitude of the zone. 

Thus the portiou ABC of the surface of the 
sphere 8 represents a zone. If one of the two 
planes is tangent to the sphere, and the other intersects the sphere, they 
intercept a zone of one base, as PAB. 




Ex. 1715. Prove Prop. XXVII, when AB II XF. 

Ex. 1716. Prove Prop. XXVII, when A lies in XT. 

Ex. 1717. In the diagram for Prop. XXVII, find the area ABK, if 
EF is equal to 10 in., AB is equal to 8 in., and angle ABH= 30°, 



Proposition XXVIII. Theorem 

782. The surface of a S2?here is equivalent to fawr 
times the area of a great circle. 

Given S, the area of the surface, R, the radius 
of a sphere, generated by revolving semicircle 
ABE about AE. 

To prove 5 = 4 irR\ 

"PtoQit, Inscribe in the semicircle half of a 
regular polygon of an even number of sides, 
as ABODE, 

Draw BO, CO, and DH perpendicular to AE, and denote the 
common distance of the chords AB, BC, CD, and DE from 
by d. 

Then area AB* = AO x2ird, (779) 

area BC=00 x2ird, etc. 

* Area AB means area generated hy AB. 
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Adding the equations 

area abode = (AG -{- 00 -{- OH -{- HE) x 2 ird 

or area ABODE = 2 Rx2wd = 4: Rird. 

Now let the number of sides of the inscribed 
polygon be increased indefinitely. Then the 
area ABODE approaches 8, and d approaches 
J? as a limit. 

Hence, 5 = 4 wS^. (422) 

Q.E. D. 

783. CoR. 1. The areas of the surfaces of two spheres are 
to each other as the squares of their radii. 

784. Cor. 2. The area of a zone is equal to its altitude 
multiplied by the circumference of a great circle. 

The zone generated by the revolution of arc BC is 
equal to ^ x 2 irJB, for if we divide BC into equal parts, 
and join the successive points of division, it follows in the 
same manner as in (782), that 

area (BIKC) = ^. 2 ird. 



Hence, 



zone = H'2 irJB. 



(226) 




785. Cor. 3. Zones on the same or on equal spheres are to 
each other as their altitudes. 

788. Eemark. Prop. XXVIII, in connection with Props. 
XXV, and XXVI, enables us to find the absolute size of spheri- 
cal surfaces. 



Ex. 1718. Assuming ir = 3.1416, find the areas of spheres whose 
radii are 

(a) 10 in., (6) 4 ft., (c) 3 yd., (d) 2 ft. 4 in., (c) 4000 mi. 

Ex. 1719. Find the radii of spheres whose surfaces are 

(a) 314.16 sq. ft., (6) 628.32 sq. in., (c) 1 sq. ft., (d) lOir ft. 
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Ex. 1720. On a sphere whose radius equals 10 in., find the areas of 
lunes whose angles are 

(a) 30°, (6) 46°, (c) 90°, (d) 136°. 

Ex. 1721. Compute the area of a zone whose altitude is k, lying on 
a sphere whose radius equals B, if 

(a) 2? = 20 in., h = 10 in. 
(6) 2J = 4ft., A = 3ft. 
(c) 2J = lft., A =.001 ft. 

Ex. 1722. If B is the radius of the sphere, and ^ = ^, find the areas 
of spherical triangles whose angles are A, J?, and C, if 

(a) A = 60°, .B = 70°, O = 86°, B=10 ft. 

(6) ^ = 70°, B = 80°, C = 72°, i? = 1 mi. 

(c) ^ = 90°, B = 90°, C = 90°, 2? = 1 in. 

(d) ^ = 80°, J? = 90°, a = 100°, 2? = 20 ft. 

Ex. 1723. If 22 is the radius of the sphere, find the areas of spherical 
polygons whose angles are A, J?, C, Z), etc., if 

(a) A = 90°, B = 100°, G = 110°, 2) = 130°, 2? = 4 ft. 

(6) A = B=C=D = E=iF= 134°, 2? = 10 in. 

(c) ^ = 70°, B = 90°, C = 100°, 2) = 120°, 2? = 4 yd. 

Ex. 1724. Find the number of square feet in a hemispherical dome 
whose diameter is 40 ft. 

Ex. 1725. If we assume the earth to be a perfect sphere the radius 
of which is 4000 mi., what is the area of its surface ? 

Ex. 1726. If the radius of the earth is 4000 mi. and the altitude of 
the north temperate zone is |f of the radius, what is the area of the 
north temperate zone ? 

Ex. 1727. Find the area of the zone bounded by the equator and the 
parallel 30° N., if the radius of the earth equals 4000 mi. 

Ex. 1728. Divide the surface of a sphere into 10 equivalent zones. 

Ex. 1729. The surface of a sphere equals 110 sq. in., and a zone 
lying on the sphere is equivalent to 11 sq. in. Find the altitude of the 
zone. 

Ex. 1730. Find the angle of an equilateral spherical triangle on a 
sphere, whose radius is 2, if the area of the triangle is equal to ir. 
2f 
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SPHERICAL VOLUHES 

787. Def. a spherical sector is the solid generated by any- 
plane sector of a semicircle when the semicircle revolves about 
its diameter. 

The base of the spherical 
sector is the zone generated 
by the revolution of the arc. 





Thus, if the sector OAB re- 
volves about the diameter XF, 
it generates the spherical sector 

a-AB. 

If one radius of the plane sector that generates a spherical sector 
forms a part of the axis, the base of the spherical sector is a zone of one 
base, and the spherical sector is sometimes called a spherical cone. 



788. Def. A spherical pyramid is a solid bounded by a 
spherical polygon and the faces of the corresponding polyhedral 
angle. 

The spherical polygon is called the base 
and the center of the sphere the vertex of the 
spherical pyramid. 

Thus, OAB CD is a spherical pyramid having base 
ABCD, 




789. Def. A spherical segment is a portion of a sphere 
bounded by two parallel planes. 

The sections (circles) made by the parallel planes are the 
bases, and the distance between the planes is the altitude of 
the segment. 

If one of the bounding planes is tangent to the sphere, the 
segment is called a segment of one base. 

790. Def. A spherical wedge is a solid bounded by a lun6 
and the planes of its sides. 
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Propobitiox XXIX. Theorem 
791. The volume of a sphere is equal to the area of 
its surface multiplied by one third its radius. 




<Mven V, the volume of a sphere whose radius is B and whose 
surface is S. 

To prove v = S x^B. 

Proof. Conceive any polyhedron oircumscribed about the 
sphere, and let each vertex of the polyhedron be joined to the 
center of the sphere. 

The polyhedron is then divided into pyramids, each having 
one face as a base and It as the common altitude. 

Therefore, the volume of the polyhedron is equivalent to the 
sum of the bases multiplied by one third of R, or it is equiva- 
lent to the surface multiplied by one third of the radius. 

But by increasing the number of faces of the polyhedron 
indefinitely, its volume will approach the volume of the sphere 
and its surface, the surface of the sphere as a limit. 

Hence r = SX^B. (442) a, e. d. 

792. Cob. 1. If V denotes the volume, S the radius, and D 
the diameter of the sphere, 
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793. Cob. 2. The volumes of two spheres are to each other 
as the cubes of their radii. 

794. Cor. 3. The volume of a spherical pyramid is equal to 
the area of its base multiplied by one third the radius of the 
sphere. 

795. Cob. 4. The volume of a spherical sector is equivalent 
to the area of its base multiplied by one third the radius of the 
sphere. 

The proof is analogous to the proof of Prop. XXIX. 

796. Cob. 5. If H denotes the altitude of a spherical sector^ 
V its volume, and z the surface of the base, 

r=zxf. 
But Z = 2 TTi? X H. (784) 

797. Cob. 6. The volume of a sphere is to the volume of 
the circumscribed cylinder as two to three. 

For the volume of the circumscribed cylinder is 2 ttU*. 



Ex. 1731. Find the volumes of spheres whose radii are 

(a) 10 in., (6) 2 in., (c) 4 in., {d) 1 ft., (e) 4000 mi. 

Ex. 1732. Assuming ir = y, find the radii of spheres whose volumes 
are (a) 4861 cu. ft., (6) 100 cu. ft. 

Ex. 1733. Find the volume of a spherical sector whose base is 20, if 
the radius of the sphere is 10. 

Ex. 1734. Find the radius of a sphere whose volume is 100 cu. ft. 

Ex. 1736. Find the volume of a sphere whose surface is equal to 
10 sq. m. 

Ex. 1736. Find the surface of a sphere whose volume is equal to 3f. 
Note. The volume generated by an area {ABC •••) rotating about an 
axis XT will be designated by V{ABC • • • ) • 
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Ex. 1737. To find the volume of a spherical segment generated by 
ABCD, if ^5 = 6in., 5C=2in., i>a = 4in., and Z5 = ZC = 90". 

Solution. Draw OA^ and OD, Denote OA by x and OB by y. 



Since 


ZB = 90°,x^ = y^ + S6. 


Since 


Za = 90°, a:2=(y + 2)2 + 10. 


Subtracting, 


= 2/a-(y + 2)2 + 20. 




.\iy = 16. 




y = 4. 


Hence, 


a;2 = 16 + 36. 


Or 


x=y/b2 = B. 


But 


segment = V{ABCD), 


and 


V(ABCD)= V(OAD)-\- ViOBC)^ 




V( OAD) = zone x:? = 2ir2Jx^x^ = 2T.2.^ = ^^ 
^ ^ Z 3 3 3 



F(0Z)C) = (CZ))2ir. 
F( 0^5) = (^5)27r 



00 16 . T . 6 96 T 



3 
OJ? 



3 
36 T. 4 



3 

144 IT 



160 IT 



.-. V{ABCD) = f (208 + 96 - 144) = 



Ex. 1738. Find the volume of a spherical segment, the radii of whose 
bases are 2 and 6, and whose altitude is 1. 

Ex. 1739. Find the volume of a spheiical segment, the radii of whose 
bases are 6 and 8, and whose altitude is 2. 

Ex. 1740. Find the volume of a spherical segment of one base the 
radius of whose base is 3, and whose altitude is 2. 

Ex. 1741. Find the volume generated by the rotation of triangle 
ABC about AB as an axis if AB - 14, BC = 16, and CA = 13. 

Ex. 1742. Find the volume generated by the rotation of trapezoid 
ABCD about its base AB, if AB = 10, BC = AD = 6, and BD = 6. 

Ex. 1743. A line XY and a triangle ABC lie in one plane, A lies 
in XY, and from 0, CC is drawn perpendicular to XY, and similarly 
BB' ± XY. Find the volume generated by the rotation of triangle ABC 
about XY, ifAC' = 5, 0'^' = 7, AB' = 12, CC = 12, and BB' = 6. 




438 SOLID GEOMETRY 

Ex. 1744. In the annexed figure ABD is a straight line and B is the 
center of arc CD, Find the volume generated by the rotation of the 
entire figure about AD as an axis, if ^C = 15, 
CB = 13, and AB = 4. 

Ex. 1745. In the same diagram find the 
volume generated by the rotation of triangle 
ABC about AB as axis, if AB = 5, 5C = 8, 
and Z. ABC = 120°. 

Ex. 1746. The volumes of two spheres are to each other as 8 to 125. 
Find the ratio of their radii. 

Ex. 1747. The volumes of two spheres are to each other as 125 to 216. 
Find the ratio of their surfaces. 

Ex. 1748. Find the radius of a sphere whose surface is equivalent to 
the sum of the surfaces of two spheres whose radii are 3 and 4 respec- 
tively. 

Ex. 1749. Find the volume of a spherical shell whose exterior radius 
is 13 and whose thickness is 8. 

Ex. 1760. Find the radius of a sphere equivalent to the spherical shell 
whose exterior radius is 3 and whose thickness is 1. 

Ex. 1751. If the diameter of the moon is 2160 mi., find its surface 
and its volume. 

Ex. 1752. The area of a zone on a sphere is 80, its altitude 4. Find 
the radius of the sphere. 

Ex. 1753. Find the radius of a sphere equivalent to a cube whose 
edge is equal to a. 

Ex. 1754. A cylindrical vessel, 4 in. in diameter, is partly filled with 
water. Upon immersing a ball in the water, the surface rises 1 in. Find 
the diameter of the ball. 

Ex. 1755. A sphere whose radius is 2 in. weighs 32 oz. Find the 
weight of a sphere of the same material whose radius is 3 in. 

Ex. 1756. Find the volume of a spherical pyramid whose base is an 
equilateral triangle with its angles equal to 80"^, if the radius of the sphere 
is equal to 10. 

Ex. 1757. A square whose side is 4 revolves about one of its diag- 
onals. Find the surface and the volume of the generated solid. 

Ex. 1758. Find the volume of a spherical segment of one base, if its 
curved surface is 20 t and its altitude is 2. 
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Ex. 1759. Find the radios of a sphere whose surface is equivalent to 
the entire surface of a cube whose edge is equal to 4. 

Ex. 1760. The edge of a cube is 10 in. Find the diameter of the cir- 
cumscribed sphere. 

Ex. 1761. Find the radius of a sphere inscribed in a regular tetra- 
hedron whose edge equals 4 in. 

Ex. 1762. A lune whose angle is equal to 40° is equivalent to a zone 
on the same sphere. Find the altitude of the zone if the diameter of the 
sphere is 18 in. 

Ex. 1763. The dihedral angles of a spherical pyramid of six sides are 
140°. Find the volume of a pyramid if the radius is equal to 10. 

Ex. 1764. The surface of a sphere is equivalent to the lateral surface 
of the circumscribed cylinder. 

Ex. 1765. Find the ratio of a sphere to its circumscribed cube. 

Ex. 1766. If the diagonals of a spherical quadrilateral bisect each 
other, the opposite sides are equal. 

Ex. 1767. The radius of a sphere is in. Find the volume of a 
spherical wedge whose angle is equal to 60°. 

Ex. 1768. Find the radius of a sphere equivalent to a cone of revolu- 
tion, the radius of whose base is equal to r and whose altitude is equal to h, 

Ex. 1769. The area of a zone is equal to ^ ; its altitude is equal to h. 
Find the radius of the sphere. 

Ex. 1770. The volume of a sphere is numerically equal to one half 
its surface. Find the radius. 

Ex. 1771. The volume of a cylinder of revolution is equal to one half 
the product of its lateral surface by the radius of its base. 

Ex. 1772. What fraction of the surface of a sphere is visible to an 
observer whose distance from the center equals three times the radius ? 

Ex. 1773. How many square miles of the surface of the earth can be 
seen from a point 1000 mi. above the surface, if the earth is supposed to 
be a perfect sphere whose radius is equal to 4000 mi. ? 

Ex. 1774. How far from the center of a sphere whose radius is 6 ft. 
is an observer to whom y\ of the entire surface is visible ? 

Ex. 1775. If from a point without a sphere a tangent and a secant be 
drawn, the tangent is the mean proportional between the secant and its 
external segment. 
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Ex. 1776. Through a sphere whose diameter is 10 in. a cylindrical 
hole of 6 in. diameter is bored. Find the volume of the solid if the axis 
of the cylinder passes through the center of the sphere. 

Ex. 1777. The radius of a sphere is r, the area of a small circle a. 
Find its distance from the center. 

Ex. 1778. The volume of a sphere is F. Find the surface of an equi- 
lateral spherical triangle whose angle is equal to 100°. 

Ex. 1779. Find the area of the torrid zone if its altitude is J of the 
radius of the earth. 

Ex. 1780. How many miles from the surface of the earth can ^ of 
the surface be seen ? 

Ex. 1781. The average pressure of the atmosphere upon each square 
inch of the surface is 15 lb. Find the total weight of the atmosphere. 

Ex. 1782. How many bullets i of an inch in diameter can be made 
from a cubic foot of lead ? 

Ex. 1783. A coffee pot is 8 in. high, 4 in. in diameter at the top, and 
5 in. in diameter at the bottom. How many cups of coffee, each having 
a capacity of 10 cu. in., could the pot hold ? 

Ex. 1784. The places, A, B, and C, on the surface of the earth 
determine a spherical triangle ABC, whose angles are : A = 60°, B = 61°, 
C = 71°. Find the area of triangle ABC. 
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Proposition I. Theorem 

798. A truncated triangular prism is equivalent to 
the sum of three pyramids whose common base is the 
base of the prism and lahose vertices are the three 
vertices of the inclined section. 




Given ABC-HKO, a truncated triangular prism of whicli ABC 
is the base. 

To prove ABC-HOK = H-ABC + K-ABC + 0-ABC. 

Proof. Pass planes through H, B, C, and through H, JT, C, 
forming the pyramids H-ABC, ff-BCK, and H-CKO, 

H-ABC is evidently one of the required pyramids. 

H-BCK may be read C-HBK, 

C-HBK = C-AKB , (628) 

C-AKB may be read K-ABC. 

,', H-BCK is equivalent to the second of the required 

pyramids. 

441 
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H-CKQ = H-GBC. (628) 

B-aac or a-asc = b^aoc or o-abc. 

Hence e-ckq = to the third of the required pyramidB. 

.■• ABC-HKO = H-ABO + S-ABC + O-ABC. 

Q. E. D. 

799. GoR. 1. The volume of a truncated right triangular 
prism is equal to the product of its baae by one third the sum 
of its lateral edges. 

800. Cob. 2. The volume of any truncated triangular prism 
is equal to the product of its right section by one third the sum 
of its lateral edges. 

Htm. The right Bection divides the truncated prism so tbat two 
truncated right prlams are fonned. 

Ex. 1786. Find the volume of a truncated right triaDiB;u1sr pyramid, 
if the lateral edges are 4, 6 and 6 &nd the edges of the base are 3, 8, and 10. 

Ex. 1786. The sides of the base of a truncated triangular prism are 
13, 14, and 1 6 and the lateral edges are S, 8, and 10. Find the volume If 
the IncUaatloD of the edges to the base is 30°. 

Pbopobitioh II. Theorem 

801. Two similar polyhedrons can he decomposed into 
the same numher of tetrahedrons similar each to each 
and similarly placed. 




Given R and 8, two similar polyhedrons } A and A', homologous 
vertices. 
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To prove R and S can be decomposed into the same number 
of tetr9.hedrons, similar each to each, and similarly placed. 

Proof. From A and A' draw all diagonals of the two solids. 

If we consider every face of R and S, excepting those that 
pass through A or A'y as the base of a pyramid whose vertex is 
A or a\ each solid is decomposed into as many pyramids as we 
have assumed bases. 

By drawing in the homologous bases the homologous diago- 
nals and passing planes through these diagonals and A or A' 
respectively, we decompose homologous pyramids into the 
same number of triangular pyramids. 

Hence, R and S can be decomposed into the same number of 
tetrahedrons. 



In tetrahedrons A-KFG and A'-K'f'o', 

aakf^aa'e!f'\ 

A AFO ^ A AfF'Cf 
AKFQr^AK'F'G^ 

AK KF KG FO AG 



(313) 



(Why ?) 



A'K' K'F' K'G' F'G' G'A' 

.-. A AKG ^ A A'K'G^. (Why ?) 

The tetrahedrons A-KFG and A'-K'f'G^ have all homologous 
trihedral angles equal. (652) 

.-. tetrahedron A-KFG is similar to tetrahedron a!~e!f'q!. 

(633) 

When A-KFG and A'-K^F'cf are removed, the remaining 
polyhedrons are similar, for their faces remain similar, and the 
polyhedral angles are equal. 

In like manner any other two homologous tetrahedrons can 
be proved similar. 

Hence R and S can be decomposed into the same number of 
tetrahedrons similar each to each and similarly placed. q,e.d. 

802. CoR. 1. The homologous edges of similar polyhedrons 
are proportional. 
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803. Cor. 2. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous edges. 

804. Cor. 3. Two homologous faces of similar polyhedrons 
are to each other as the squares of any two homologous edges. 

805. CoR. 4. The total areas of two similar polyhedrons 
are to each other as the squares of any two homologous edges. 

806. CoR. 5. The volumes of two similar polyhedrons are 
to each other as the cubes of any two homologous edges. 

Hint. If an edge of the first polyhedron is to the homologous edge of 
the second polyhedron as 1 : n, then any edge of the second polyhedron 
is n times the homologous edge of the first polyhedron. Hence any tetra- 
hedron which forms a part of the second polyhedron is n^ times the 
homologous tetrahedron of the polyhedron. Hence by addition we ob- 
tain the conclusion. 



Ex. 1787. Prove that all regular dodecahedrons are similar. 

Ex. 1788. If B and ^S' are the volumes of two similar polygons, and 
r and s two homologous edges, find Sjil B = 100 cu. in., r = 6, and s = 4. 

Ex. 1789. The volumes of two similar polyhedrons are 216 cu. in. 
and 343 cu. in. If an edge of the first figure equals 12 in., find the corre- 
sponding edge of the second figure. 

Proposition III. Theorem 

807. In any convex polyhedron; the number of edges 
increased by twOy equals the sum of the number of ver- 
tices plus the number of faces, (Euler's Theorem.) 
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Given E, the number of edges, F, the number of vertices, and 
Fy the number of faces of a convex polyhedron. 

To prove F 4- ^ = ^ + 2. 

Proof. Imagine the solid formed by laying down one face, 
and then adding successively all the other faces, and denote 
the increase of the number of vertices, faces, and edges pro- 
duced by the addition of the mth face by v^ f^ e^. 

Obviously /^ = 1, no matter what the value of m. 

lie^ = l,v^^O. (Fig. I) 
Ue„ = 2,v„ = l. (Fig. II) 
Ife^ = 3,i;« = 2. (Fig. Ill), etc. 

It is not difficult to see that in general e^ — v„ = 1 =/«. 

Or 'y„4-/«-e„ = 0. 

Hence V-{-F — E is in general not changed by the addition 
of any face. There are, however, two exceptions, viz. the 
first face which is laid down, and the last one. 

Obviously Vi = ej. 

Therefore '^i 4-/i — «i = 1- 

And since for the last (or wth) face, v„ = 0, e„ = 0, 
we have a;^+/^-e^ = l. 

Hence we have 

Vi 4-/1-61 = 1. 

^2 4- /2— ^2 = 0. 

Vs 4-/3 — 63 = 0. 



By adding we obtain 

F4-^ — -K = 2. 

.'. F4-F = J54-2. Q.B.D 
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Proposition IV. Theorem 

808. The sum of the face angles of a convex poly- 
hedron of n vertices is equal to 2(n — 2) straight 
angles. 




Given n, the number of vei*tices, and s, the sum of the face 
angles of a convex polyhedron. 

To prove a = 2 (n — 2) st. A, 

Proof. In every face join a point (as Pi, Pj, Pg, etc.) to all 
vertices of the face. 

Let F = the number of faces of the polyhedron. 

E = the number of edges of the polyhedron. 

P = the sum of all angles formed at Pj, Pg, Pa, etc. 

T = the sum of all angles of the triangles formed in the 
faces. 

Obviously » = r — P. 

Since every edge is the base of two triangles, we have 2 M! 
triangles^ and 

r=:2zst. A 
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Since the number of points, Pi, Pj, P3, etc. is -F, 

p = i^ X 2 St. z^ = 2 ^ St. Z. 
.-. «=(2je: — 2^) St. /4 
= 2(z — ^)st. A 

But it follows easily from the preceding proposition that 

j^ — i^ = n — 2 (for n = F). 
.-. a = 2(n-2)st. A 



Ex. 1790. Find the sum of the face angles of a pyramid of ten lateral 
faces. 

Ex. 1791. Find the sum of the face angles of a polyhedron with six 
vertices. With 10 vertices. 

Ex. 1792. Find the sum of the face angles of a polyhedron, if the 
number of its edges is 30, and the number of its faces is 12. 

Ex. 1793. Show that the number of faces, vertices, and edges of the 
regular solids conform with Euler^s theorem. 

Ex. 1794. Prove that there can be no polyhedron with 7 edges. 

809. Def. a prismatoid is a polyhedron bounded by two 
polygons (called "bases'') in parallel planes and by a number 
of triangles and trapezoids (called "lateral faces") with one 
side lying in one base and the opposite vertex or side lying in 
the other base. 

The altitude is the distance between the planes of the bases. The mid' 
section is the section made by a plane parallel to the bases and bisecting 
the altitude. 

Proposition V. Theorem 

810. The volume of a prismatoid is equal to the sum, 
of its hoses and four times its mid-section multiplied by 
one sixth of its altitude. 
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. Given F, the volume ; Hj the altitude ; B and 6', the respective 
areas of the bases ; and if, the area of the mid-section of pris- 
matoid ABT, 



To prove 



F=|(JB + 6 + 4if). 



Proof. If a lateral face is a trapezoid, divide it into two tri- 
angles by drawing the diagonal. 

Let P be any point in if, and join M to all vertices. Then 
the solid is divided into a number of pyramids, all having P as 
their vertex, and for their bases B, 6, and the triangles formed 
by the lateral faces. 

The volume of P-B = i . - . i? = - . jB. 

3 2 6 

The volume of P-6 = - . ?• 6 =- • 6. 

3 2 6 

To find the volume of the remaining pyramids let us con- 
sider the pyramid P-ABR, 

RC = CA, AD = DB, (493) 

.-. ARAB =4: (A ROD). 

.-. P-RAB = 4 (P-RCD), (627) 

> But if we consider R as vertex of pyramid M-RCB, its volume 



is obviously - (PCD). 



.-. P-RAB = 4 . ^ {PCD). 
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In like manner the volume of each lateral pyramid is equal 
to 4 . X the area of that portion of M which is included by 
the pyramid. 

Hence the sum of all lateral pyramids equals 4 •— • if. 

or r = |(^ + 6 + 43f). 

Ex. 1795. Derive from the priamatoid formula, the formula for the 
volume of (a) a prism, (6) a pyramid, (c) a frustum of a pyramid. 

Ex. 1796. Find the volume of a prismatoid 
if ^ = 20, 6 = 6, 2f = 12, and H- 16. 

Ex. 1797. In the truncated prism 

ABC-A'B'C, AA' = 6, BB' = 2, CC = 8, 

the altitude of trapezoid A'B = 4, and the per- 
pendicular from C upon ABB' A' = 12. Find 
the volume of the solid. ^ f 



TABLE OF THE MOST IMPORTANT FORMULAS 

Notation. In addition to the notations in § 619 the following 
are frequently used : 

a, b, c = sides of A ABC. 

nia = median to a. 

h^ = altitude to a. 

8 = i(a + b'\-cy 

by V = base (in Plane Geometry). 

C = circumference. 

«„ = side of regular polygon of n sides. 

p = projection of b upon c. 

R = radius of circumscribed O. 
2q 
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r =s radius of inscribed O, or apothem. 

^, 6 = base (in Solid Geometry). 

L = lateral area. 

8 = slant height. 

T = total area. 

F= volume. 

E = lateral edge in solids, spherical excess in 
spherical polygons. 

Formulas for Line Values : 

Right A, a* + 6* = c*. 



Oblique A, 


a* = 6*-t-c*-2<5). 


Circle, 


C = 2 ttJ?. 


Equilateral A, 


A = |V3. 




«8=-»V3. 


• 


«4 = jjV2. 




8^=R, 


Areas of Plane Figures : 


• 


Eectangle, 


bh. 


Square, 


6'. 


Parallelogram, 


bh. 


Triangle, 


ibh. 


Equilateral A, 


t'V3. 
4 


Oblique A, 


V«(« — a) (s — 6) (« — c). 


Trapezoid, 


1^(6 + 6')- 


Circle, 


vRK 
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Areas of Solid Figures : 

Prism, L=E X perimeter of right section. 

Regular pyramid, l» = ^ 5 x perimeter of base. 

Frustum of R. P., L=^sx sum of perimeters of bases. 

Cylinder of revolution, z = 2 ttBH, r = 2 ^i? (it + i?). 

Cone of revolution, L = ttBS, T = irR{S-{- B), 



Sphere, 


T = 


= 4 irB\ 




Zone, 


T = 


= 2 ttBH, 




Lune, 


T = 


= AttB^ 


■ 


Spherical A, 


r= 


^^{A-\-B+C-2)irR\ 


Volumes : 








Parallelopiped, or prism 


, or cylinder. 


BE, 


Pyramid or cone. 






\BH. 


Frustum, 






\H{B-\-h'\-\/Bh), 


Cylinder of revolution. 






vB^H. 


Cone of revolution, 






\ ttB^H. 


Prismatoid, 






f(5-f6 + 4if). 
o 


Sphere, 






%irR\ 


Spherical pyramid, 






\BR. 


Spherical sector, 






\Ry. Zone. 
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worthy features of the book. The author does not stop here, 
however, but goes on to show how arithmetic is used in the 
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an excellent drill in arithmetical principles and processes, but it 
introduces the student to business technique. 

Problems are original and vital and they are numerous 
enough to provide abundant practice without becoming a bur- 
den. The great variety of form in which they are stated serves 
to increase interest and to emphasize principles rather than 
form of statement. 

Among the topics of common interest treated are rapid add- 
ing, short methods in multiplication, averaging, making change, 
household expenses, payment for service, advertising, aliquot 
parts, practical measurements, composite units, graphic arith- 
metic, insurance, savings accoimts, bids, and estimates. 

The book is alive from beginning to end. 
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